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Preface

This book is written as an introduction to analysis on the sphere and on the ball,
and it provides a cohesive account of recent developments in approximation theory
and harmonic analysis on these domains. Analysis on the unit sphere appears as
part of Fourier analysis, in the study of homogeneous spaces, and in several fields
in applied mathematics, from numerical analysis to geoscience, and it has seen
increased activity in recent years. Its materials, however, are mostly scattered in
papers and sections of books that cover more general topics. Our goals are twofold.
The first is to provide a self-contained background for readers who are interested in
analysis on the sphere. The second is to give a complete treatment of some recent
advances in approximation theory and harmonic analysis on the sphere developed in
the last fifteen years or so, of which both authors are among the earnest participants,
and several chapters of the book are based on materials from their own research.
The book is loosely divided into four parts. The first part deals with analysis
on the sphere with respect to the surface measure do, the only rotation-invariant
measure on the sphere. We give a self-contained exposition on spherical harmonics,
written with analysis in mind, in the first chapter, and present classical results of
harmonic analysis on the sphere, including convolution structure, Cesaro summa-
bility of orthogonal expansions, the Littlewood—Paley theory, and the multiplier
theorem due to Bonami—Clerc in the next two chapters. Approximation on the
sphere is discussed in the fourth section, where a recent characterization of best
approximation by polynomials on the sphere is given in terms of a modulus of
smoothness and its equivalent K-functional. An introduction to cubature formulas,
which are necessary for discretizing integrals to obtain discrete processes of
approximation, is given in the sixth chapter. A recent proof of a conjecture on
spherical design, synonym of equal-weight cubature formulas, by Bondarenko,
Radchenko, and Viazovska, is included, for which the necessary ingredient of the
Marcinkiewicz—Zygmund inequality is established in the fifth chapter, where the
inequality and several others are established for the doubling weight on the sphere.
The second part discusses analysis in weighted spaces on the sphere. The
background of this part is a far-reaching extension of spherical harmonics due to
C. Dunkl, in which the role of the orthogonal group is replaced by a finite reflection
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group, the measure do is replaced by hi(x)do, where hy is a weight function
invariant under a reflection group with k being a parameter, and spherical harmonics
are replaced by A-spherical harmonics associated with the Dunkl operators, a family
of commuting differential-difference operators that replace partial derivatives. The
study of h-spherical harmonic expansions started about fifteen years ago. Many
deeper results in analysis were established only in the case of the group Z<,
for which iy is given by hy(x) = [T%, |x;|¥i. In order to avoid heavy algebraic
preparations, we give a self-contained exposition of Dunkl’s theory in the case of
Z’zj , which is composed to highlight its parallel to the theory of spherical harmonics.
Most results on ordinary spherical harmonic expansions can be extended to h-
spherical harmonic expansions, including finer L? results on projection operators
and the Cesaro means, maximal functions, and multiplier theorem, as well as a
characterization of best approximation that was developed by many authors. We
give complete proofs of these results, which are more challenging than proofs for
classical results for do, and in fact, in some cases, simplify those proofs for classical
results when the parameters K are set to zero.

The third part deals with analysis on the unit ball and on the simplex. There are
close relations between analysis on spheres and that on balls of different dimensions,
which enables us to utilize the results in the part two to develop a parallel theory
for approximation theory and harmonic analysis on the unit ball. There is also a
connection between analysis on the ball and that on the simplex, which carries much,
but not all, of analysis on the ball over to the simplex. These results are composed
in parallel to the development on the sphere.

The fourth part consists of one chapter, the last chapter of the book, which
discusses five topics related to the main theme of the book: highly localized
polynomial frames, distribution of nodes of positive cubature, positive and strictly
positive definite functions, asymptotics of minimal discrete energy, and computer-
ized tomography.

Analysis on the sphere has seen increased activity in the past two decades. There
are other related topics that we decided not to include, for example scattered data
interpolation, applications of spherical radial basis functions (zonal functions), and
numerical or computational analysis on the sphere. These topics are more closely
related to the applied and computational branches of approximation theory. Our
choices, dictated by our own strengths and limitations, are those topics that are
closely related to the main theme—approximation theory and harmonic analysis—
of this book.

We keep the references in the text to a mininum and leave references and
historical remarks to the last section of each chapter, entitled “Notes and Further
Results,” where we also point out further results related to the materials in the
chapter. Some common notation and terminology are given in the preamble at the
front of the book, and there are two fairly detailed indexes: a subject index and a
symbol index.

During the preparation of this book, we were granted a ‘“Research in Team”
for a week at the Banff International Research Station and two months at the
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Centre de Recerca Matematica, Barcelona, where we participated in the program
Approximation Theory and Fourier Analysis. We are grateful to both institutions. We
thank especially the organizer, Sergey Tikhonov, of the CRM program for his help
in arranging our visit. We also thank Professor Heping Wang, of Capital Normal
University, China, for his assistance in our proof of the area-regular decomposition
of the sphere. The first author is greatly indebted to Professor Zeev Ditzian for
his generous help and constant encouragement. The second author used the draft
of the book in a seminar course at the University of Oregon, and he thanks his
colleagues Marcin Bownik and Karol Dziedziul (Technical University of Gdansk,
Poland) and graduate students Thomas Bell, Nathan Perlmutter, Christopher Shum,
David Steinberg, and Li-An Wang for keeping the course going. We thank our
editor, Kaitlin Leach, of Springer, for her professional advice and patience during
the preparation of our manuscript, and we thank the copy editor David Kramer at
Springer for numerous grammatical and stylish corrections. Finally, we gratefully
acknowledge the grant support from NSERC Canada under grant RGPIN 311678-
2010 (F.D.) and the National Science Foundation under grant DMS-1106113 (Y.X.)
and a grant from the Simons Foundation (# 209057 to Yuan Xu).

Edmonton, Canada Feng Dai
Eugene, OR Yuan Xu
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Preamble

Basics. Let R? denote d-dimensional Euclidean space. For x € RY, we write x =
(x1,-..,%4). The inner product of x,y € R? is denoted by (x,y) := 3¢, x;y;, and the
norm of x is denoted by ||x|| := +/(x,x).

The unit sphere S~! and the unit ball BY of R? are defined by

SIhi={x: x| =1} and BY:={x:|]x]| <1}.

Distance on the sphere. The distance on the sphere is the geodesic distance, or the
distance between x and y on the largest circle on S¢~! that passes through x and y
on the sphere:

d(x,y) := arccos (x,y), x,y €St

Distance on the ball. The distance on the ball is the projection of the geodesic
distance on S¢ onto B“:

aany) i arecos x4/ 1= 1012y e

Multi-index notation. Let Ny denote the set of nonnegative integers. For o0 =
(ap,...,0) € Ng, a monomial x* is a product x* = x}" ...xf;‘l, which has degree
|ot] := oy + - - - + 0. For a € R and n € Ny, the Pochhammer symbol (a), is defined
by

(@)p:=ala+1)---(a+n—1).
If a is not a negative integer, then (a), = I'(a+n)/T"(a).

Polynomial spaces. The space of polynomials of degree n in d variables is denoted
by H,’f . The space of homogeneous polynomials of degree n in d variables is denoted
by 3”,‘,’ . The restriction of H,’f to S~ ! is the space of spherical polynomials, denoted
by IT,(S1).

Xvii



XViii Preamble

L? spaces. For a weight function w defined on a domain €, we define L”(w) as the
space of functions on Q with finite || f|| ,,, norm, where

1

Il i= ([ lr@Pwe )", 1<p <o,

and we retain this notation for 0 < p < 1 even it is no longer a norm. For p = oo, we
consider the space of continuous functions with the uniform norm

[1f]les == esssup | f(x)].
x€Q

Constants. In various inequalities and estimates in this book, we will use ¢, cy, ¢z, . . .
to denote positive constants, possibly different at every occurrence. The notation
A ~ B means that c{A < B < ¢A.



Chapter 1
Spherical Harmonics

In this chapter we introduce spherical harmonics and study their properties. Most
of the material of this chapter, except the last section, is classical. We strive for a
succinct account of the theory of spherical harmonics. After a standard treatment
of the space of spherical harmonics and orthogonal bases in the first section,
the orthogonal projection operator and reproducing kernels, also known as zonal
harmonics, are developed in greater detail in the second section, because of their
central role in harmonic analysis and approximation theory. As an application of the
addition formula, it is shown in the third section that there exist bases of spherical
harmonics consisting of entirely zonal harmonics. The Laplace—Beltrami operator
is discussed in the fourth section, where an elementary and self-contained approach
is adopted. Spherical coordinates and an explicit orthonormal basis of spherical
harmonics in these coordinates are presented the fifth section. These formulas in
two and three variables are collected in the sixth section for easy reference, since
they are most often used in applications. The connection to group representation
is treated briefly in the seventh section. The last section deals with derivatives and
integrals on the sphere. With the introduction of angular derivatives that are first-
order differential operators acting on the large circles of intersections of the sphere
and the coordinate planes, it is shown that the Laplace—Beltrami operator can be
decomposed into second-order angular derivatives. These derivative operators will
play an important role in approximation theory on the sphere. They are used to
derive several integral formulas on the sphere.

1.1 Space of Spherical Harmonics and Orthogonal Bases

We begin by introducing some notation that will be used throughout this book. For
x € R?, we write x = (x1,...,x;). The inner product of x,y € R? is denoted by
(x,y) := ¥ | x;y;, and the norm of x is denoted by |x|| := /{x,x). Let Ny denote
the set of nonnegative integers. For o = (ay,...,0) € Ng, a monomial x* is a
product x* = x{"...xj, which has degree |a| = & + - + 0.

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 1
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4_1,
© Springer Science+Business Media New York 2013



2 1 Spherical Harmonics

A homogeneous polynomial P of degree n is a linear combination of monomials
of degree n, that is, P(x) = Y af=nCaXx®, Where cq are either real or complex
numbers. A polynomial of (total) degree at most  is of the form P(x) = Yol <nCaXx’.

Let 22¢ denote the space of real homogeneous polynomials of degree 7, and let IT¢
denote the space of real polynomials of degree at most n. Counting the cardinalities
of {oo € Nd: || =n} and {o € Nd : |ar| < n} shows that

—1
dim@,’j_<”+d > and dimn,;f_<”+d).

n n
Let d; denote the partial derivative in the ith variable and A the Laplacian operator

A:=0}+---+35.

Definition 1.1.1. For n = 0,1,2,..., let 72 be the linear space of real harmonic
polynomials, homogeneous of degree n, on R?, that is,

%f’::{Pe@j:AP:O}.

Spherical harmonics are the restrictions of elements in .7 to the unit sphere. If
Y € A%, then Y (x) = ||x||"Y ('), where x = ||x||x’ and x’ € S~ !. Strictly speaking,
one should make a distinction between .7 and its restriction to the sphere. We
will, however, also call % the space of spherical harmonics. When it is necessary
to emphasize the restriction to the sphere, we shall use the notation .J#¢ |sa-1. In the
same vein, we shall define 22,(S?1) := 29|qu-1 and IT,(S7!) := Hd|Sd .
Spherical harmonics of different degrees are orthogonal with respect to

f&)sit = — [ fR)g@)do), (LLD)

(j)d sd—1
where do is the surface area measure and @, denotes the surface area of S~ !,

27Td/2
g :/d 40 = Fraray (1.12)

Theorem 1.1.2. IfY, € 4, Y,, € #, andn # m, then (Y,,Yn)ga—1 = 0.

Proof. Let 5 denote the normal derivative. Since Y, is homogeneous, ¥, (x) =

Y, (x), Wherex—rx’ and ¥ € S9!, so that aY”( ") = n¥,(¥') for ¥ € S~! and
n > 0. By Green’s identity,

Y, v,
(n—m) /Sd—l YnYde = /Sd—l (Ym? —an> do

= [, (GnAY, = Y,8%,) dx =0,

since AY, =0and AY,, =0. O
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Theorem 1.1.3. Forn=20,1,2,..., there is a decomposition of 9’;’,

Pi= P ¥, (1.1.3)

0<j<n/2
In other words, for each P € 24, there is a unique decomposition

P(x)= Y |Ix|¥Piaj(x) with Py oj€ A7, (1.1.4)
0<j<n/2

Proof. The proof uses induction. Evidently 22§ = 5 and ¢ = 5. Since
A@d c 24, dim A > dim 2¢ — dim 29_,. Suppose the statement holds for

m=0,1,...,n—1. Then ||x|\2<@d , is a subspace of 29, and it is isomorphic

to 29 . By the induction hypothesis, [|x[|>2¢_, = @< <ot XY 25, )

Hence, by the previous theorem, 7% is orthogonal to [|x[|> 229 _,, so that dim £ +
dim 2¢ , < dim 2¢. Consequently, 2¢ = 74 @ ||x|* 24 _,. O

Corollary 1.14. Forn=0,1,2,..,,

dim. 24 — dim 27 — dim@jzz<n+d_l>—<n+d_3), (1.15)

n n—2
where it is agreed that dim 9‘1 ,=0forn=0,1
Corollary 1.1.5. Forn €N, I,(S* ') = 2,(S" 1) & 2,_1(S? ") and

dimIT,(S* 1) = dim 2¢ + dim 29_, = ("+d_ 1) + <"+d12). (1.1.6)
n n—

Proof. By Theorem 1.1.3, IT,(S?~!) can be written as a direct sum of 5% for 0 <
k < n, which gives the stated decomposition by Eq. (1.1.3). Moreover,

dimIT,(S* ') = Y dims4? = Y (dim 2 —dim 2{_,)
k=0 k=0

by Eq. (1.1.5), which simplifies to Eq. (1.1.6). a
The orthogonality and homogeneity define spherical harmonics.

Proposition 1.1.6. If P is a homogeneous polynomial of degree n and P is
orthogonal to all polynomials of degree less than n with respect to (-,-)ga-1, then
Pe e

Proof. Since P € 22¢, P can be expressed as in Eq. (1.1.4). The orthogonality then
shows that P = P, € . O
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Let O(d) denote the orthogonal group, the group of d x d orthogonal matrices,
and let SO(d) = {g € O(d) : detg = 1} be the special orthogonal group. A rotation
in R? is determined by an element in SO(d).

Theorem 1.1.7. The space % is invariant under the action f(x) — f(Qx), Q €
O(d). Moreover; if {Yy} is an orthonormal basis of 7, then so is {Yo(Q{-})}.

Proof. Since A is invariant under the orthogonal group O(d) (writing A =V -V and
changing variables), if ¥ € 7 and Q € O(d), then Y (Qx) € . That {Y,(Qx)}
is an orthonormal basis of .74 whenever {Y,(x)} is follows from

1 1
— Y Y, d = — Yo (x)Yg(x)d =94
o o Y@@ () = - [ Yal@)¥p()dox) = 8y
which holds under a change of variables, since do is invariant under O(d). O

Besides (f,g)sa-1, another useful inner product can be defined on #¢ through
the action of differentiation. For o € Ng, let 9% := 9" ... 9. Let (), := a(a+
1)---(a+n—1) be the Pochhammer symbol.

Theorem 1.1.8. For p,q € P, define a bilinear form

(P.q)y = p(d)q, (1.1.7)

where p(d) is the differential operator defined by replacing x* in p(x) by 9%
Then

1. (p,q), is an inner product on P4,
2. the reproducing kernel of this inner product is k,(x,y) := {x,y)" /n!; that is,

(kn(x,-),p)5 = p(x), Vp e 24,

3. forpe 2% and q € H1,

(p,q)y=2" <6§l>n (P, q)sa-1-

Proof. Let p,q € 2¢ be given by p(x) = Yja|=naax® and g(x) = ¥|q=p bax®,
where ay, by € R. Then,

(p.q)y = 2 agd” 2 bﬁxﬁ = 2 olagbg, (1.1.8)

|o|=n |B|=n |o|=n

which implies, in particular, that (p, p); > 0 for p # 0. It follows then that (-, -); is
an inner product on 2¢. By the multinomial formula, for g¢ (x) = x%, || = n,

1 n Pl
kﬂ-xa'u = — xﬁ_a: X),
(k. ). e n!ﬁ_n<ﬁ> = aal)

which shows that &, (x,y) is the reproducing kernel with respect to (-, -) .
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We now prove item (3). Integrating by parts shows that
O ()g(x)e W2y = — / T (Big(x) —xig(x))e” 1 2.
R JR

Since p(d)q is a constant, using this integration by parts repeatedly shows that
! ~lslP /2
(p,a)y = xR p(d)gq(x)e dx
= o [, 4 (p(x) +s(x)e M,

where s € Hr‘L 1-Since g € %f,d and p € 3”,‘,’ , switching to a polar integral and using
the orthogonality of /%4, we obtain

I S A PO - i\ N /
(P:q)y = (2n)d/2/o r e dr Sdf}q(x )p(x)do(x).

Evaluating the integral in r and simplifying by Eq. (1.1.2) concludes the proof. O

A large number of spherical harmonic polynomials can be defined explicitly
through differentiation. Let us denote the standard basis of R? by

e1=(1,0,...,0),e2=(0,1,0,...,0)...,eq4 = (0,...,0,1).

Theorem 1.1.9. Let d > 2. For o € N&, n = |a|, define
. (_1 " Z‘OCH*d*ZaOC —d+2 1.1 9
Pa(x) = ——=—|lx]| 1123 I (1.1.9)

Then

1. pa € %,d and p, is the monic spherical harmonic of the form
Palx) =+ |xlPqu(x), g€ Py . (1.1.10)

2. paq satisfies the recurrence relation

Pase,(x) = Xipa(x) I¥20ipa()- (LL11)

C2n+d-2
3. {pa:|o| =n,05 =0or 1} is a basis of .

Proof. Taking the derivative of py(x) gives immediately the recurrence relation
(1.1.11). Clearly po(x) = 1. By induction, the recurrence relation shows that p is
a homogeneous polynomial of degree n and that it is of the form (1.1.10). We now
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show that py, is a spherical harmonic. For g € 22¢ and p € R, a quick computation
using Y& x;d;g(x) = ng(x) shows that

A(|lx[IPg) = p(2n+p +d —2)[|x]|P~2g +|x||PAg. (1.1.12)

In particular, setting n = 0 and g(x) = 1 gives A(||x||~¥*?) = 0. Furthermore, setting
g=pgand p =—2n—d+2inEq.(1.1.12) leads to

Apalt) = gy P20 ] 42 o

Thus, py € 2%, Since ||x||?¢(x) is a linear combination of the monomials x# with
B4 > 2, by Eq.(1.1.10) and the linear independence of {x® : |a| =n,ay =0 orl},
it follows that the elements in the set {pqy : || = n,0; = 0 or 1} are linearly
independent. The cardinality of the set is

. d—1 . d—1 n+d—2 n+d—3
dim & +d1m9n1—< d2 >+< i_n )

which is, by a simple identity of binomial coefficients and Eq. (1.1.5), precisely
dim#¢. This completes the proof. O

The right-hand side of Eq. (1.1.9) is called Maxwell’s representation of harmonic
polynomials [88, 125]. The complete set of {pg : |0| = n} is necessarily linearly
dependent by its cardinality. Moreover, by Eq. (1.1.9),

(=D"

2(9)n

el P12 % A {1 =2} = o,

Pa+2e +'”+p0€+2€d =

which gives dim 229, linearly dependent relations among {pq, : |ot| = n}. The set
{pa : |a| = n} evidently contains many bases of #%. The basis in item (3) of
Theorem 1.1.9 is but one convenient choice. The proof of Theorem 1.1.9 relies on
the fact that ||x||~¥*2 is a harmonic function in R?\ {0} for d > 2. In the case of
d =2, we need to replace this function by log || x||. Since the case d = 2 corresponds
to the classical Fourier series, we leave the analogue of Theorem 1.1.9 for d =2 to
the interested reader.

The basis {pq : |a| = n,0y = 0or 1} of 2% is not orthonormal. In fact, the
elements of this basis are not mutually orthogonal. Orthonormal bases can be
constructed by applying the Gram—Schmidt process. An explicit orthonormal basis
for /¢ will be given in Sect. 1.5 in terms of spherical coordinates.
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1.2 Projection Operators and Zonal Harmonics

Let L?(S?~!) denote the space of square integrable functions on S~ !. Let
proj, < L2(541) s 2

denote the orthogonal projection from L?(S?~!) onto 4. If P € 2?9, then P =
B, + ||x||*Q., where P, € %’j,d and 0, € 9,’572, by Eq. (1.1.4), so that proj, P = P,.
In particular, Eq. (1.1.11) shows that p, defined in Eq.(1.1.9) is the orthogonal
projection of the function gq(x) = x*; that is, pg = proj,qq. This leads to the
following:

Lemma 1.2.1. Let p € ¢, Then

[n/2] 1 ai
roj, p = _ x||# A7 p. (1.2.1)
proj, p ;) 4j],(_nH_d/z)jll 1#A7p

Proof. By linearity, it suffices to consider p being gy (x) = x*. By Theorem 1.1.9,
proj, ga(x) = pa(x), and the proof amounts to showing that py(x) defined in
Eq. (1.1.9) can be expanded as in Eq. (1.2.1). We use induction on n. The case n =0
is evident. Assume that Eq. (1.2.1) has been established form =0, 1,...,n. Applying
Eq. (1.2.1) to go (x), |ot| = n, it follows that

a(x {Hx”fd+2} _ (_1)n2n (% _ 1)” ”foandJrZ

[n/2| | —
. JAT {3,
% Z;) 4Jj!(—n+2—d/2)j”xH R

Applying 0; to this identity, we obtain

29 {2} = (—1)2" (4 = 1), (20 —d+2) ]| 2442

Lr+1)/2] . . -
<X gt o), M A 27AT ().
Jj=0 : J

The terms in the square brackets are exactly A/{x;x*}, and the constant in front
simplifies to (—1)"*12""! (4 —1) ., so that Eq. (1.2.1) holds for p(x) = x;x*. This
completes the induction. a

Definition 1.2.2. The reproducing kernel Z,(-,-) of £ is uniquely determined by

1

— [ Zu(x,y)p(y)do(y) = p(x), Ype g, xesi!, (1.2.2)
Wy Jsd—1

and the requirement that Z, (x, -) be an element of .7 for each fixed x.
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That the kernel is well defined and unique follows from the Riesz representation
theorem applied to the linear functional L(Y) :=Y (x), Y € 74, for a fixedx € S~ 1.

Lemma 1.2.3. In terms of an orthonormal basis {Y; : 1 < j < dim £} of A7,

dim ¢
> H)%(y), xyesi, (1.2.3)

and despite Eq. (1.2.3), Z, is independent of the particular choice of basis ofjfjld.

Proof. Since Z,(x,-) € S, it can be expressed as Z, (x,y) = X ciYi(v), where the
coefficients are determined by Eq. (1.2.2) as ¢, = Y;(x). The uniqueness implies that
Z, is independent of the choice of basis. This can also be shown directly as follows.
Let Y, = (Y,...,Yy) with N = dim£?, and regard it as a column vector. Then
Zy(x,y) = [Ya(x)]*Y,u(y). If {¥] : 1 < j < N} is another orthonormal basis of HA,
then Y, = QY,,. Since the orthonormality of {¥;} can be expressed as the fact that
de Jsa—1 Y, (x)[Y,(x)]"do(x) is an identity matrix, it follows readily that Q is an
orthogonal matrix. Hence Z,(x,y) = [Y,(x)]"O"QOY, (y) = [Y,(x)]" Y} (»). O

The reproducing kernel is also the kernel for the projection operator.

Lemma 1.2.4. The projection operator can be written as

proj, f() = — [ () Zu(xy)do(y). (12.4)

(l) sd—1

Proof. Since proj, f € ¢, it can be expanded in terms of the orthonormal basis
{¥;,1<j<N,},Ny= dim.sZ, of %, where the coefficients are determined by
the orthonormality,

proj, f Zc, 0 with ;= — [ fO)0)do0).

sd—1

If we pull out the integral in front of the sum, this is Eq.(1.2.4) by Eq.(1.2.3). O
Lemma 1.2.5. The kernel Z,(-,-) satisfies the following properties:
1. Forevery &E,m € 8771,

L Zy(§,y)Zy(M,y)do(y) = Z,(E,m). (1.2.5)

Wy Jsd—1
2. Zy(x,y) depends only on {(x,y).

Proof. By Corollary 1.1.7, the uniqueness of Z,(x,y) shows that Z,(Qx,Qy) =
Zu(x,y) for all Q € O(d). Since for x,y € S?~!, there exists a Q € SO(d) such that

Ox = (0,...,0,1) and Qy = (0,...,0,4/1 — (x,y)?, (x,)), this shows that Z,(x,y)
depends only on (x,y). O
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From the second property of the lemma, Z,(x,y) = F,({x,y)), which is often
called a zonal harmonic, since it is harmonic and depends only on (x,y). We now
derive a closed formula for F;,, which turns out to be a multiple of the Gegenbauer
polynomial Cf; of degree n defined, for A > 0 and n € Ny, by

2y e An2" —55" 1
Cn (x) = 0 x”zFl (1 —n—l’xz 5 (1.2.6)

where F; is the hypergeometric function. The properties of the Gegenbauer
polynomials are collected in Appendix B.
Theorem 1.2.6. Forn € Nyand x,y € S*1,d >3,

n+A
A

d—2
Zi(xy) = == Crlley), A== (12.7)
Proof. Let p € 7. By Theorem 1.1.8, p(x) = (k,(x,-), p) . For fixed x, it follows

from the same theorem that

P(x) = (ka(x,-), P)g = (proj, (kn(x,-)),P);

2"(d/2 .

= 2P [ pro ke ()P ) ().
) sd—-1

Since the kernel Z,(-,-) is uniquely determined by the reproducing property, this
shows that Z,(x,y) = 2"(%),proj,[ka(x,-)](y). Since ky(x,-) is a homogeneous
polynomial of degree n and, taking the derivative on y, we have A/k,(x,y) =
[[x]|* kn—2;(x,y), as is easily seen from d;ky (x,y) = xik,—1 (x,y), Lemma 1.2.1 shows,
for x,y € S, that

L (d ' [n/2] (%l)nij
Zn) =2 (3) i as 0 = 3, ek ()
Using the fact 1/(n—2j)! = (—n)y;/n! = 2%/ (%) ;(=%);/n!, we conclude then

n+A (A),2" L’f (—%);(=%H); (ry) =
A nt & ji(1-n—2); Y

Zn(xvy) =

A2, (5
- )L n! <X7y> 2F1 <1 _n_)L’ <x,y>2 ’

from which the stated result follows from Eq. (1.2.6). a
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Let {¥;: 1 <i < dims#“} be an orthonormal basis of #?. Then Eq.(1.2.7)
states that

dim 73 ne A d—2

Y YWY0) == Chwy). A==~ (1.2.8)

This identity is usually referred to as the addition formula of spherical harmonics,
since for d = 2, it is the addition formula of the cosine function (see Sect. 1.6).

Corollary 1.2.7. Forn € Ngandx,y € S¥ !, d >3,

|Z(x,y)| <dimZ¢  and  Z,(x,x) = dim 7. (1.2.9)

Proof. Set F,(t) := #Cﬁ” (¢). By Eq. (1.2.7), Z,(x,x) = F,(1) is a constant for all
x € S9!, Setting x = y in Eq. (1.2.3) and integrating over SY~!, we obtain

1 dim )2”

_ . d
R =g [, 2 wdfsd1 kzl Y2 (x)do(x) = dim 7.

The inequality follows from applying the Cauchy—Schwarz inequality to Eq. (1.2.3).
O

Because of the relation (1.2.7), the Gegenbauer polynomials with A = 22 are

also called ultraspherical polynomials. A number of properties of the Gegenbauer
polynomials can be obtained from the zonal spherical harmonics. For example, the
corollary implies that C*(1) = HLA dim.#. Here is another example:

Corollary 1.2.8. For A = %, the Gegenbauer polynomials C,),L satisfy the orthog-
onality relation

Ba— 1/ CHO)CE (1) (1 — A~ 2dt = W Sy, (1.2.10)
where
A
h = cr(1).
=)

Proof. Set again F,(t) = %C,’} (¢). Since Z,(x,-) and Z,(x,-) are orthogonal over
S?=1, and by Eq. (A.5.1), their integrals can be written as an integral of one variable,
we obtain

-1 / Ea(OFn()(1 =) Pdt = — [ Fu((, ) En((x,3))do ()

a)d Sdfl
= F (1) = (dim A1) 8,00,

where the second line follows from Eq. (1.2.5) and Corollary 1.2.7. O
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The functions on S~! that depend only on (x, y) are analogues of radial functions
on R4, For such functions, there is a Funk—Hecke formula given below.

Theorem 1.2.9. Let f be an integrable function such that [*, | f(£)|(1—1%)4=3)/2ds
is finite and d > 2. Then for every Y, € H#2,

SN (0O (3) = Aa())Ya(x), x€ST, (1.2.11)

§d—1

where A,(f) is a constant defined by

2 t d-3
wdl/f L (1—l)2dl.

Proof. If f is a polynomial of degree m, then we can expand f in terms of the
Gegenbauer polynomials

d

==  d-

Z /’Lk d_ T(t)v

2

N

where A, are determined by the orthogonality of the Gegenbauer polynomials,

L _
f / F(OC* ()(1-1%) T,

and cd = j (1 —tz)%dt = wy/wy—1. From Eq.(1.2.7) and the reproducing
property of ,,(x,y), it follows that for n < m,

L e n0o0) = Ak, xest
S

Wy

Since A,/ @; = Ay(f) by definition, we have established the Funk—-Hecke formula
(1.2.11) for polynomials, and hence by the Weierstrass theorem, for continuous
functions, and the function satisfying the integrable condition in the statement can
be approximated by a sequence of continuous functions. O

1.3 Zonal Basis of Spherical Harmonics

In view of the addition formula of spherical harmonics, one may ask whether there
is a basis of spherical harmonics that consists entirely of zonal harmonics. This
question is closely related to the problem of interpolation on the sphere.
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Throughout this section, we fix n, set N = dim.sZ¢, and fix {Y;,...,¥Yy} as an
orthonormal basis for /<. Let {x1,...,xy} be a collection of points on S~ 1. We
let M} :=Y,(x;) and for k = 2,3,...,N, define matrices

Yi(xy) ... Yi(xg) " (x)

Mo=| o 5|, M=
Yk(xl) Yk(xk)

My

Yo 1(x)
Ye(x1), .. Ye(u1)| Ye(x),

The product of My and its transpose M}, can be summed, on applying the addition
formula (1.2.8), as ML, My = [Z, (Xiaxj)]f'\,]j:p which shows, in particular,
det[Z, (xi,x;)]};=; = (detMy)* > 0. (1.3.1)

This motivates the following definition.

Definition 1.3.1. A collection of points {xi,...,xy}in S?~!is called a fundamental
system of degree n on the sphere S~ if

N d—2
det[ (<x,,x,>)]l 20 A=t

Lemma 1.3.2. There exists a fundamental system of degree n on the sphere.

Proof. The existence of a fundamental system follows from the linear independence
of {Y1,...,Yy}. Indeed, we can clearly choose x; € S?~! such that detM; =
Yi(x1) # 0. Assume that xj,...,x;, 1 <k < N — 1, have been chosen such that
detMy # 0. The determinant detM,(x) is a polynomial of x and cannot be
identically zero by the linear independence of {Yi,...,Y;; 1}, so that there is an
xrs1 € S such that detMy | = detMy(xi, 1) # 0. In this way, we end up with a
collection of points {xi,...,xy} on S?~! that satisfies detMy # 0, which implies

det [C-((xi,x;))]1 ., = en(detMy)® > 0, where ey = AV /(n+ ). 0

The proof shows, in fact, that there are infinitely many fundamental systems.
Indeed, regarding xi,...,xy as variables, we see that detMy is a (d — 1)N-
dimensional polynomial in these variables, and its zero set is an algebraic surface of
RE@-DN which necessarily has measure zero.

Theorem 1.3.3. If {x|,...,xn} is a fundamental system ofpoints on the sphere,
then {Cf}((-,x,)):i:l,Z, N} A= d 2, is a basis of H|ga-1.

Proof. Let Pi(x) = ”# C*({-,x;)). The addition theorem (1.2.8) gives

(X0 Ye (x i=1,2,...,N,

HMZ



1.3 Zonal Basis of Spherical Harmonics 13

which shows that {Py,..., Py} is expressed in the basis {Y;,..., ¥y} with transition

matrix given by My = [Yi(x;)]¥,_,. Since {xi,...,xy} is fundamental, the matrix
is invertible, by Eq. (1.3.1). We can then invert the system to express Y as a linear
combination of Py, ..., Py, which completes the proof. a

A word of caution is in order. The polynomial C*((x,x;)) is, for x € S¢!, a
linear combination of the spherical harmonics according to the addition formula.
It is not, however, a homogeneous polynomial of degree  in x € R?; rather, it is the
restriction of the homogeneous polynomial ||x||"C2 ((x/||x||,y)) to the sphere. This
is a situation in which the distinction between #¢ and #%|q,1 is called for; see
the discussion below Definition 1.1.1.

Fundamental sets of points are closely related to the problem of interpolation.
Indeed, it can be stated as follows: for a given set of data {(x;,y;): 1 < j <N},
x; € S9! and y; € R, there is a unique element Y € £ such that Y (x;) = y;,
Jj=1,...,N,if and only if the points {x1,...,xy} form a fundamental system on the
sphere. Much more interesting and challenging is the problem of choosing points
in such a way that the resulting basis of zonal spherical harmonics has a relatively
simple structure.

A related result is a zonal basis for the space &, of homogeneous polynomials
of degree n and the space H,‘,l of all polynomials of degree at most 7.

Theorem 1.3.4. There exist points §; , € S 1< < i=dim P9, such that

(i) {(x,&n)": 1< j <rl}is abasis for P¢ of degree n.
(ii) For each polynomial f € I1¢, there exist polynomials p; : [—1,1]— R for 1 <
j < r? such that

ZPJ ,Ejn))-

Proof. Following the proof of the existence of a fundamental system of points, it is
easy to see that there exist points &; , such that f(&;,) = 0 if and only if f = 0 for
all f € 2¢. For the proof of (i), we first deduce by the binomial formula that

|
fin@) = (xgia)" = ¥ e, 1< <r.

|or|=n

Let f € 2. Then f(x) = ¥|¢j=naax®. By Eq.(1.1.8),

(fifin)g =n' Y, aakfty=n'f(&n),

o =n

which implies, by the choice of &; ,, that <f fin)g =0,1<j <74 if and only if
f=0.Thus {f;,}* = {0}. Since fj, € 2. This proves (i).

For the proof of (ii), let m be an integer, 0 <m <n— 1, and let fj ., := (x,&j )"
For f € 24, it follows as above that (f, fjmn)y =m!f(Ejm), 1 < j <r?. Hence if
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(f:fimn)g =0for 1 <j< rff, then f(&jm) = (fg)(§jm) =0for 1 < j < rff and
all g€ 224, which implies, by the choice of &;, and the fact that fg € 229, that
fg=0or f =0. Consequently, 24 = span{ fj m : 0 < j < r?} for 0 < m < n. Since
¢ =y"_, 24, this proves (ii). O

1.4 Laplace-Beltrami Operator

The operator in the section heading is the spherical part of the Laplace operator,
which we denote by Ag. The operator Ay plays an important role in analysis on the
sphere. The usual approach to deriving this operator relies on an expression of the
Laplace operator under a change of variables, which we describe first.

For x € R?, let x > u = u(x) be a change of variables that is a bijection, so that
we can also write x = x(u). Introduce the tensors

Ju; Quj

<i,j<d
8xk 8xk by ’

8xk 8xk
d
2 1 du; du; | and "/ Z -0
and let g := det(g,j)lj .- Then (g;;)~' = (¢/). A general result in Riemannian
geometry, or a bit of tensor analysis, shows that the Laplace operator satisfies

0
A:Z—z 22 aul\/—g J&u (1.4.1)

Iljl

The Laplace—Beltrami operator, i.e., the spherical part of the Laplace operator, can
then be derived from Eq. (1.4.1) by the change of variables x — (r,&,...,&4_1),
where r > 0 and & = (&;,...,&;) € S?~!. For this approach and a derivation of
Eq.(1.4.1), see [125]. We shall adopt an approach that is elementary and self-
contained.

Lemma 1.4.1. In the spherical-polar coordinates x = r&, r > 0, & € S, the
Laplace operator satisfies

02 d—-19 1
A= 57 + -3, + r—on, (1.4.2)

where
d—1 82 d—1d—1

02 -1 5
A = 2 aéz Z Z ézéjm—(d—l)i;éia_&, (1.4.3)

i=1 i=1 j=

Proof. Since & € S*7!, we have &7 + -+ 4+ £ = 1. We evaluate the Laplacian A
under a change of variables (xi,...,x7) — (r&,...,&s_1) under x = r&, which has
inverse & = x1/||x||,...,&s—1 =xa—1/||x||,7 = ||x||- The chain rule leads to
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0 10 dl 0
T rZ§,a€j+£§,a, 1<i<d-—1,

4 0
;g’ag, ~= (1.4.4)

axg
If we apply the product rule for the partial derivative on x4, it follows that

O 5

i=1

d 19

(- ”21&,85 ")2+<1 (”21&,85 +15)

where we have used x; = r&;, from which a straightforward, though tedious,
computation, and simplification using & 12 +-- 4 édz = 1, establishes Eqs. (1.4.2) and
(1.4.3). O

The Laplace-Beltrami operator also satisfies a recurrence relation that can be
used to derive an explicit formula for A under a given coordinate system of S?~!.
We write Ag 4 instead of Ay when we need to emphasize the dimension.

Lemma 1.4.2. Let Ay 4 be the Laplace—Beltrami operator for S1 For & € 891,
write £ = (V1 —12n,t) with —1 <t <1 and n € S*72. Then

1 0 d-1 d 1
Ayg=—"—"35= <(1—t )2 E) +on,d—1- (1.4.5)

Proof. We work with the expression for Ag 4 in Eq.(1.4.3) and make a change of
variables (&,...,&s-1) — (M1,...,Na—2,t) defined by

él = 1_t2nla EERE) &d*ZZ 1—f2nd—2a &d*l =1,
where we have switched &;_; and &, for convenience. The chain rule gives

d 1 d d ) d

— =——, 1<i<d-2, and ——=—— i—+ =,
& V1—120n; 0&_4 1—t2j:2‘1nj3nj ot

which can be used iteratively to compute Ay 4 on writing Eq. (1.4.3) as

d—2 82 82
A = 1—t 2t i
00 = 8§d1 t2op Zgaé,aédl
d—2d-2 82 d—1 a

" & AeeE TV hag
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A straightforward computation and another use of Eq. (1.4.3) then leads to

92 J 1
5p ~d=Dim+ =M1,

Agg=(1—1%) 51

which is precisely Eq. (1.4.5). O

The formula (1.4.3) gives an explicit expression for Ay in the local coordinates
of SY~!. An explicit formula for A in terms of spherical coordinates will be given
in Sect. 1.5.

Let V= (dy,...,d;). The proof of Lemma 1.4.1 also shows that

V:1V0+§i, x=rf, Eesi (1.4.6)
r ar

where V) is the spherical gradient, which is the spherical part of V and involves
only derivatives in &. Its explicit expression can be read off from Eq. (1.4.4). We
shall not need this expression and will be content with the following expression.

Corollary 1.4.3. Let f € C>(S?™1). Define F(y) := f(y/|Iy||), y € R%. Then

Mof(x) =AF(x) and Vof(x)=VF(x), xeS (1.4.7)

The corollary follows immediately from Egs. (1.4.2) and (1.4.6), since x/||x]|
is independent of r. The expressions in Eq.(1.4.7) show that Ay and V, are
independent of the coordinates of S~ !. In fact, we could take Eq.(1.4.7) as the
definition of Ag and V.

The usual Laplacian A can be expressed in terms of the dot product of V, A =
V-V, which can also be written—as is often done in physics textbooks—as A = V2.
The analogue of this identity also holds on the sphere.

Lemma 1.4.4. The Laplace—Beltrami operator satisfies
Ay = Vi V. (1.4.8)

Proof. An application of Eq. (1.4.6) gives immediately

1 1 0 2 (1 92
AZV'VZV—ZVO'VM-;VO (5$>+§E(—Vo)+m.

r

We note that & - Vo f(€) = 0, since & € SY~! is in the normal direction of &, whereas
Vof (&), by Eq. (1.4.6), is on the tangent plane at £. Hence, we see that

Jd [1 1 1 J
55 (;V0> Z—r—zé'vo—I—;é'VoE:O-
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Using Eq. (1.4.6), a quick computation gives V- & = d — 1, so that by the product
rule,

d Jd 0 d
Vo (65 ) = Vobgt 36 Vo= (@13

Consequently, we conclude that

2 d—19 1
= — R J— -V,
or? r 8r+r2V0 0

A
Comparing this with Eq. (1.4.2) completes the proof. O

Our next result shows that the spherical harmonics are eigenfunctions of the
Laplace—Beltrami operator.

Theorem 1.4.5. The spherical harmonics are eigenfunctions of Ay,
AY (E)=—n(n+d-2)Y(E), Vyex? Eesi ! (1.4.9)

Proof. Letx=r&, & € S 1. Since Y € # is homogeneous, Y (x) = 'Y (£), and
by Eq. (1.4.2),

0=AY(x)=n(n—1)""2Y(E)+ (d— Dnr" 2V (E) + " 2AY (€),

which is Eq. (1.4.9) upon dividing by r*~2. O

The identity (1.4.9) also implies that A is self-adjoint, which can also be proved
directly and will be treated in the last section of this chapter, together with a number
of other properties of the Laplace—Beltrami operator.

1.5 Spherical Harmonics in Spherical Coordinates

The polar coordinates (x1,x,) = (rcos@,rsin@), r >0, 0 < 0 < 27, give coor-
dinates for S' when r = 1. The high-dimensional analogue is the spherical polar
coordinates defined by

XxX]; =rsinB;_;...sin6,sin Oy,
Xy =rsin6,_;...sin6, cos O,
(1.5.1)

Xd—1 = rsin 6d71 COoS Gd,z,

Xg = rcos Od,l,
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where r >0,0< 0, <2m,0<6; <mfori=2,...,d—1. When r = 1, these are the
coordinates for the unit sphere S¢~!, and they are in fact defined recursively by

x:(ésined,l,cosed,l)eSd*I, Eesi2
Let do = doy be Lebesgue measure on S~!. Then it is easy to verify that
doy(x) = (sinB;_;)?2d6,_1doy_ (&). (1.5.2)
Since the Lebesgue measure of S! is d6, it follows by induction that
d-2 ,
do =doy = [] (sin6s,)* /"6, ,...d6:d6, (1.5.3)
j=1

in the spherical coordinates (1.5.1). Furthermore, Eq. (1.5.2) shows that

f(x)doy(x) / /Sl , f(Esin®,cos0)doy_1(E)(sin0)?2d6.  (1.5.4)

sd—1

The orthogonality (1.2.10) of the Gegenbauer polynomials can be written as

Var(dg) -2

T
/0C,’}(cosG)C,),L,(cose)(sin@)d’zde: o My Gnn, A== (155)

Together with Eq. (1.5.4), this allows us to write down a basis of spherical harmonics
in terms of the Gegenbauer polynomials in the spherical coordinates.

Theorem 1.5.1. Ford >?2 and o € N¢, define

Yo (x) = [ha]” ﬁsm@d 7" ‘C (cos By ), (1.5.6)
=1

where ga(el)—cosad 161 for ag =0, sinoy_10; for oy =1, |o/| = otj + -+ +

Ol — 1, |(X]+1|+(d ]—1)/2 and

=2 o) (T4 )‘a,ﬂ‘(a,m)

—baH

J=1 (21) ( )\oc/“\A’J

)

inwhich by =2 if g1+ 0y > 0, while bg = 1 otherwise. Then {Yq : |0t| =n, 0y =
0,1} is an orthonormal basis of%d,' that is, <Ya,Yﬁ>Sd,1 = 506’,3.

Proof. To see that Y, is a homogeneous polynomial, we use by Eq.(1.5.1) the
relation cos 6 = xgy1/ 4 /x% +--- +x,%+1 for 1 <k <d—1torewrite Eq.(1.5.6) as
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)
_ Py Xd—j+1
Yo (x) = [ho] ' g(x) TT (7 + "+x3ifj+1)a]/zcoc§ :

)
= /24 52
j=1 XA Xy

where g(x) = p%-tcosoy_10; for ay =0, p%-1cosay_10; for ¢y = 1, with p =

x% 4+ 2. Since x; = psin6; and x» = p cos O by Eq. (1.5.1), g(x) is either the real
174 [ P y BEq

part or the imaginary part of (x; + ix;)%-1, which shows that it is a homogeneous
polynomial of degree c;_; in x. Since C(¢) is even when n is even, and odd when
n is odd, we see that Y, € 3”,‘,1. Using Eq. (1.5.4), we see that

—17—1
hoc ha’ 2

Wy

<Ya7Ya’>Sd*1 = ga(el)ga’(el)del

d=2 ¢ 2

<[1 / C;(cos 0y ;)C,7 (cos 64 ;) (sin ed,j)%ded,j,
j:1 0 J

from which the orthogonality follows from the orthogonality of the Gegenbauer

polynomials (1.5.4) and that of cosm6 and sinm6 on [0,27), and the formula for

hy follows from the normalizing constant of the Gegenbauer polynomial. O

For d = 2 and the polar coordinates (x1,x;) = (rcos8,rsin0), it is easy to
see that Vo = dg, where dg = d/d6. Hence by Eq. (1.4.8), the Laplace—Beltrami
operator ford =2 is Ag = 83. Using Eq. (1.4.5) iteratively, we see that the Laplace—
Beltrami operator Ag has an explicit formula in the spherical coordinates (1.5.1),

1 d d
Ay = sin?=26,_ }
0 sin? 2 6,1 2041 ¢ 189(1—1
a2 1 P , P
+ ——— — |sin/ ! 94—] . 1.5.7
jg‘l sin@;_...sin’ 8;,sin/ 7! §; 96; [ 106, ( )

1.6 Spherical Harmonics in Two and Three Variables

Since spherical harmonics in two and three variables are used most often in
applications, we state their properties in this section.

1.6.1 Spherical Harmonics in Two Variables

For d = 2, dim.s#* = 2. An orthogonal basis of .7 is given by the real and
imaginary parts of (x; + ixy)", since both are homogeneous of degree n and are
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harmonic as the real and imaginary parts of an analytic function. In polar coordinates
(x1,%2) = (rcos @,rsin @) of R, this basis is given by

Y V() =rcosnd, ¥ (x) = P sinnb. (1.6.1)

Hence, restricting to the circle S!, the spherical harmonics are precisely the cosine
and sine functions. In particular, spherical harmonic expansions on S' are the
classical Fourier expansions in cosine and sine functions.

As homogeneous polynomials, the basis (1.6.1) is given explicitly in terms of the
Chebyshev polynomials 7, and U,, defined by

_ sin(n+1)6

T,(t) =cosnB® and Uy,(t) = , Where t=cos0,

sin 60

which are related to the Gegenbauer polynomials: U, (¢) = C} (¢) and

The basis in Eq. (1.6.1) can be rewritten then as

Y\ (x) =, ()%) . YW ) = U, (%) , (1.6.2)

which shows explicitly that these are homogeneous polynomials, since r = 4 /x% + x%
and both 7,(7) and U,(¢) are even if n is even, odd if n is odd.

When d = 2, the zonal polynomial is given by T;,({x,y)) = cosn(6 — ¢), and the
addition formula (1.2.8) becomes, by Eq. (1.6.1), the addition formula
cosnBcosng + sinn@sinng = cosn(6 — ¢).

The expression (1.4.2) of the Laplace operator in polar coordinates becomes

2 14d 1 &

A= —+—— 4+ ——
dr+rdr+r2d92’

in particular, the Laplace—Beltrami operator on S! is simply Ay = d?/d6?.

1.6.2 Spherical Harmonics in Three Variables

The space . of spherical harmonics of degree 7 has dimension 21 + 1. For d = 3,
the spherical polar coordinates (1.5.1) are written as
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x; =rsinfsing,
Xy =rsinfcos g, 0<6<m 0<¢<2m, r>0. (1.6.3)

x3 =rcosf,

The surface area of S? is 47, and the integral over S?~! is parameterized by

T 2w
./SZf(x)dG:/o /0 Sf(sinBsin@,sin O cos,cos 0)d¢ sin OdO. (1.6.4)

The orthogonal basis (1.5.6) in spherical coordinates becomes

1
Y1 (6,¢) = (sin G)kC:J:kz (cosB@)coskd, 0<k<n,
1
Y5(0,0) = (sin@)KC, 7 (cosO)sinkd, 1<k<n. (1.6.5)

Their L?(S?) norms can be deduced from Eq. (1.5.6). This basis is often written in
terms of the associated Legendre polynomials P,’f (t) defined by

P = (<11 =22 ) = k(11— ),

n

where P, (t) = CY(t) denotes the Legendre polynomial of degree n (see Appendix B
for properties of P, and P¥), and in terms of {¢*¢ ¢~*?} instead of {cosk¢,sink¢}.
In this way, an orthonormal basis of /> is given by

(2n+1)(n—k)!

1/2 '
CEl ) Py(cosB)e™®, —n<k<n.  (1.6.6)
n :

Yin(0,0) = (

The addition formula (1.2.8) then reads, assuming that x and y have spherical
coordinates (6, ¢) and (6',¢’), respectively,

> Yin(0,0)Yin(6,9") = (2n+ 1)Pu((x,)). (1.6.7)
k=—n

In terms of the coordinates (1.6.3), the Laplace—Beltrami operator is given by

1 9 (. 0 1 92
0—@@(811168—9)4-@87,)2, (168)

as seen from Eq. (1.5.7).
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1.7 Representation of the Rotation Group

In this section, we show that the representation of the group SO(d) in spaces of
harmonic polynomials is irreducible.

A representation of SO(d) is a homomorphism from SO(d) to the group of
nonsingular continuous linear transformations of L?(S?~!). We associate with each
element Q € SO(d) an operator T(Q) in the space of L?(S9~!), defined by

T(Q)f(x)=f(Q %), xes’ (1.7.1)

Evidently, for each Q € SO(d), T(Q) is a nonsingular linear transformation of
L?(S9!) and T is a homomorphism,

T(Q102) =T(Q1)T(Q2), VQ1,0> € SO(d).

Thus, T is a representation of SO(d). Since do is invariant under rotations,
IT(Q)f|l2 = ||f]l2 in the L>(S?~!) norm, so that T (Q) is unitary.

A linear space % is called invariant under T if 7(Q) maps % to itself for
all Q € SO(d). The null space and L?(S?~!) itself are trivial invariant subspaces.
A representation 7T is called irreducible if it has only trivial invariant subspaces. The
space . is an invariant subspace of T in Eq. (1.7.1).

Let T, ; denote the representation of SO(d) corresponding to T in the invariant
subspace ji’j,d . We want to show that T}, 4 is irreducible.

Lemma 1.7.1. A spherical harmonic Y € #, is invariant under all rotations in
SO(d) that leaves x, fixed if and only if

d—2
Y(x) = cllx II”C*(|| H) A== (1.7.2)

where c is a constant.

Proof. 1Y is invariant under rotations that fix x; and is a homogeneous polynomial
of degree n, then it can be written as

2j 2 \j 2012
Y(x)= Z bixy 7 (xy T+ taxg ) = 2 cjxy x|,
0<j<n/2 0<j<n/2

where the second equal sign follows from expanding (||x||? —x3)/ and changing
the order of summation. Since ¥ is harmonic, computing AY (x) = 0 shows that c;

satisfies the recurrence relation
4(j+1)(n—j—1)cjy1+(n—=2j)(n—2j—1)c;=0.

Solving the recurrence equation for ¢, we conclude that

Y(x) =Co Z .((__%lil#xzquuzj.

1n
2 /]
0<jn/2d! d—2);
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Consequently, Eq.(1.7.2) follows from the formula (B.2.5) for the Gegenbauer
polynomials. Since the function Y in Eq.(1.7.2) is clearly invariant under all
rotations that fix x; and we have just shown that it is harmonic, the proof is complete.

O

Theorem 1.7.2. The representation Ty, 4 of SO(d) on H#% is irreducible.

Proof. Assume that % is an invariant subspace of ./ and % is not a null space.
Let {Y;:1<j<M} M< dimji’j,d, be an orthonormal basis of % . Following
the proof of Lemma 1.2.5, there is a polynomial F(¢) of one variable such that
21]‘-”:1 Y;(x)Y;(y) = F({x,y)). In particular, setting y = e; = (0,...,0,1) shows that
F((x,eq))isin 74, and it is evidently invariant under rotations in SO(d) that fix x.
Hence, by Lemma 1.7.1, F((x,e;)) = c|\x||”C7L(HxH) In particular, this shows that

[l x||"CA( HXH) € % . On the other hand, let %+ denote the orthogonal complement

of % in 4. I f €U+ and g € %, then (T(Q)f,8)sa-1 = (f,T(Q)g)ca-1 =0,
which shows that %/ is also an invariant subspace of . Applying the same
argument as for % shows then ||x|"C* (4 T ) € %, which contradicts # N%+ =

{0}. Thus, % must be trivial. O

1.8 Angular Derivatives and the Laplace—Beltrami Operator

Consider the case d = 2 and the polar coordinates (xj,x;) = (rcos0,rsin0). Let
dr = d/drand dy = d/d O, while we retain d; and J for the partial derivatives with
respect to x; and x;. It then follows that

sin cos B

0d) =cos 00, — 89, 0, =sin0d, + do.

From these relations it follows easily that the angular derivative dy can also be
written as dg = x1d> —x20}, and the operator Ag is Ag = 83. We introduce angular
derivatives in higher dimensions as follows.

Definition 1.8.1. Forx € R? and 1 <i # j < d, define

d

D,'J sziaj —xj'a,‘ = W,
L]

(1.8.1)

where 6; ; is the angle of polar coordinates in the (x;,x;)-plane, defined by (x;,x;) =
ri j(cos6; j,sin6; j), r; ; > 0,and 0 < 6; ; < 27.

By its definition with partial derivatives on R?, D; ; acts on R?, yet the second
equality in Eq.(1.8.1) shows that it acts on the sphere S?~!. Thus, for f defined
on RY,

(Diif)(&) =Dijlf (&),  &es’, (1.8.2)

where the right-hand side means that D; ; is acting on f(&).
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Since D ; = —D; ;, the number of distinct operators D; ; is (‘é) The operator Ag
can be decomposed in terms of them.

Theorem 1.8.2. On S, A satisfies the decomposition

Ao= Y D (1.8.3)

1<i<j<d
Proof. Let F(x) = f (HXTH) A straightforward computation shows that

d—1& oF

d d
, LA
Y D}F(x)=(AF)(x ;; a ’8x,8xj Tl & o

I<i<j<d

Consequently, restricting to S~! and comparing with Egs. (1.4.3), (1.8.3) follows.
O

Let Q; ;¢ denote a rotation by the angle 6 in the (x;,x;)-plane, oriented so
that (x;,x;) = (scos8,ssinf). Then T(Q; j ¢), defined in Eq.(1.7.1), maps f into

T(Qij6)f(x) = f(Qij—ex). Written explicitly, for example for (i, j) = (1,2), we
have

T(Qip.0f)(x) = f(x1cos0 +x,8in0,—x;8inO +x¢080,x3,...,x7). (1.8.4)
Then D; ; is the infinitesimal operator of 7'(Q),

dT(Qi ) d J

=xim— —Xxj=— =Dj ;, 1.8.5
déo 6=0 . 8xj A ox; J ( )

where the first equality follows from Eq. (1.8.4). The infinitesimal operator plays an
important role in representation theory; see, for example, [169].

The operators D; ; will play an important role in approximation theory on the
sphere. We state several more properties of these operators.

Lemma 1.8.3. For 1 <i< j<d, the operators D; j commute with Ay. In particular,
D; j maps A 10 itself

Proof. By symmetry, we need to show only that D; 5. Let [A,B] = AB — BA denote
the commutator of A and B. A quick computation shows that

[0, Dit] = 610 — 0;19k,  [Xi,Dia] = 8ixx1 — 1%k,
from which it is easy to see that for | <i< j<d, 1 <k<l<d, wehave

[Di j,D1] = —6ixDj1+ 6:Dj i+ 8;xDis — 81D - (1.8.6)
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Using Eq.(1.8.6), a simple computation shows that [DI’Z,D%J] = —(D1 Dy +
DyDy ;) and [D12,D3;] = D1 ;D2 + DDy, so that [Dy5,D}, 4+ D3] = 0 for
| > 2. Moreover, by Eq. (1.8.6), [DLZ,D]%I] = 0 whenever 3 < k <! < d. Summing
over (k,1) for 1 <k <[ <d then proves [Dj2,Ap] = 0. O

Proposition 1.8.4. For f,g € C'(S? V) and 1 <i+# j<d,

f(x)D; jg(x)do(x) = —

Sd—1 Sd—1

Difex)do().  (187)

Proof. By the rotation invariance of the Lebesgue measure do, we obtain, for every
0 c[-n,n],

/S(F1 f(x)g(0; j—ex)do(x) = /

§d—1

f(Qij,x)g(x)do ().

Differentiating both sides of this identity with respect to 6 and evaluating the
resulting equation at 6 = 0 leads to, by Eq. (1.8.5), the desired Eq. (1.8.7). O

Equation (1.8.7) allows us to define distributional derivatives Dl’ jon S41 for
r € N via the identity, with g € C*(S4 1),

L, Piif@etodot) = (-1 [ r@Dfelodot).  (188)

sd—1

Summing Eq. (1.8.8) with r = 2 over i < j and applying Eq. (1.8.3), it follows
immediately that Ay is self-adjoint, which can also be deduced from Theorem 1.4.5.

Corollary 1.8.5. For f,g € C>(S471),

| Ao = [ Aof(vglx)do.
JS JS

The spherical gradient V) is a vector of first-order differential operator on the
sphere, which can be written in terms of D; ; as follows.

Lemma 1.8.6. For f € C' (S ") and 1 < j < d, the jth component of V f satisfies

(Vo) f(&)= Y  &Dif(&), Ees . (1.8.9)

1<i<d,i]
Furthermore, for f,g € C'(S?~1), the following identity holds:

Vof(&)-Vog(&)= Y Dif(E)D;g(E), &es (1.8.10)

1<i<j<d

Proof. Let F(y) = f(y/||y|]). From the definition and ||| = 1, we obtain
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d
(Vo) (&) = a%F(é) _af-& Y car 1811
i=1

d d d
=0if Z& —&; D Edif = Y &EDi i,
i=1 i=1 i=1
which gives Eq. (1.8.9), since D;; f = 0. Equation (1.8.11) means that

Vof(8) =Vf(S)—&(5- V). (1.8.12)

Since & - Vo f(§) =0, using Eq. (1.8.11) and the definition of D; ;, it follows that

d
Vof-Vog=Vof -Vg= Y 0;fd;g— 2 2€,€j8f8jg . Di;f(§)Dijg(§),

j=1 j=1li= i<j

where the second equality uses ||&|| = 1. O
As an application, we state an integration by parts formula on the sphere.

Proposition 1.8.7. For f,g € C'(S?1),
[, reVesao =~ [ (Vos()~ (- D) sdo. 1813
Furthermore, for f € C*(S?1) and g € C'(S?71),

/ vof-vogdo:—/ Aof(¥)g(x)do. (1.8.14)
Sd—1 sd—1

Proof. Using the expression (1.8.11) and applying Eq. (1.8.7), we obtain
[IRCLOFETES> /Sd,lef<x>z>n,~g<x>do

1<i<d,itj*
/Sd i (xif(x))g(x)do.

By the chain rule, recalling Eq. (1.8.2) if necessary, we have D; ;(x;f(x)) =xiD; j f —
x;f(x). Hence we obtain

1<i<d,i#j

[ r0aetio == [ (3 xbiss) - @= 15 )etiao

1<i<d,ij

which gives the jth component of Eq. (1.8.13). Equation (1.8.14) follows immedi-
ately from Eqgs. (1.8.10), (1.8.7), and (1.8.3). a
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1.9 Notes

Spherical harmonics appear in many disciplines and in many different branches of
mathematics. Many books contain parts of the theory of spherical harmonics. Our
treatment covers what is needed for harmonic analysis and approximation theory in
this book. Below we comment on some books that we have consulted.

A classical treatise on spherical harmonics is [88], a good source for classical
results. A short but nice expository work is [124], which was later expanded into
[125]. The reference book [71] contains a chapter on spherical harmonics. A rich
resource for spherical harmonics in Fourier analysis is [159]. Applications to and
connections with group representations are studied extensively in [169]; see also
[83]. For their role in the context of orthogonal polynomials of several variables, see
[67] as well as [71]. The book [5] contains a chapter on spherical harmonics in light
of special functions. The theory of harmonic functions is treated in [7], including
material on spherical harmonics. The book [78] deals with spherical harmonics
in geometric applications. Finally, the recent book [6] provides an introduction
to spherical harmonics and approximation on the sphere from the perspective of
applications in numerical analysis.

Aside from their role in representation theory, the operators D; ; do not seem to
have received much attention in analysis. Most of the materials in Sect. 1.8 have
not previously appeared in books. These operators play an important role in our
development of approximation theory on the sphere.



Chapter 2
Convolution Operator and Spherical
Harmonic Expansion

The convergence of spherical harmonic expansions is studied through projection
operators and various summability methods. We start with translation and convo-
lution operators on the sphere in the first section, which are essential for the rest
of the book. In particular, the projection operators and the Poisson integrals for
the Fourier expansion in spherical harmonics, discussed in the second section, are
convolution operators, which are also multiplier operators. The convolution and
translation operators are used to define and study the Hardy-Littlewood maximal
function on the sphere in the third section. As in the classical Fourier series,
spherical harmonic series do not in general converge beyond the L? metric. It is
then necessary to consider summation methods. One family of summation methods
is that of Cesaro means, which will serve as an important tool in our later chapters.
In the fourth section, we define the Cesaro means (C, 6) of the spherical harmonics
and establish their convergence for 6 above the critical index. Further results, in
greater depth, on the convergence of these means are collected in the fifth section.
A family of convolution operators that combine the polynomial-preserving property
of the partial sum operator and the convergence of the Cesaro means is defined
in terms of a smooth cutoff function in the sixth section. These operators provide
near-optimal polynomial approximation, and their convolution kernels are proven
to be highly localized in the sense that they decay faster than any polynomial order
away from the diagonal. Such operators and their kernels will be instrumental for
approximation on the sphere.

2.1 Convolution and Translation Operators on the Sphere

The distance between two points x,y € S?~! is defined as the geodesic distance

d(x,y) := arccos (x,y),

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 29
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4_2,
© Springer Science+Business Media New York 2013
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and the reproducing kernel of .Z¢ depends only on (x,y). This suggests a definition
of a convolution operator on the sphere. Let

Definition 2.1.1. For f € L'(S?"!) and g € L' (wy;[—1,1]) with A = 452,

(F9)0) = — [ FO)gll))do(). @.11)

Wy Jsd-1

Denote the norm of the space L”(wy;[—1,1]) by || - || »; for g € LP(wy;[—1,1]),

1 1/p
lelhpi= (e [ lelmeoas) ", 1<pse

where ¢, is the normalization constant such that ¢ fll wy (¢)dt = 1, and the norm
is taken as the uniform norm when p = e. The convolution on the sphere satisfies
Young’s inequality:

Theorem 2.1.2. Let p,q,r > 1 and p~' =r '+ ¢! — 1. For f € L9(S*"!) and
g€ L (wy;[—1,1]) with A = %,

17+ 8llp <1 qll8ll2. (2.1.2)

In particular, for 1 < p < oo,

If*gllp < IAlpllgliag and | f=gllp < [I£111lgll,p- (2.1.3)

Proof. The standard proof (cf. [15, p. 6]) applies in this setting. By Minkowski’s
inequality,

1/q
el o [, 10 (5 [ leCaniact)) a0t = Illel

Wg Jsi-1 Wy Jsd-1

on using (A.5.1). And by Holder’s inequality and (A.5.1), it follows readily that

1 1
1f*glle < 1A llgllgling —+-=1
q AP

Applying the Riesz—Thorin theorem to interpolate the above two inequalities with
0=q(1-— %) gives the stated result. O

In particular, (2.1.3) shows that f * g is well defined. By (1.2.4) and (1.2.7), proj,
is a convolution operator:
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proi, f = f *Z, Z,,(t)::"‘;’lc,%(t) with A:%. (2.1.4)

For g € L' (wy;[—1,1]), let g* denote the Fourier coefficient of g with respect to
the Gegenbauer polynomials,

$H0)

1—2)* " 1dr.
s )( )

1
gr=cy /7130)

=5
—
i,

Theorem 2.1.3. For f € L'(S*~) and g € L' (wy;[—1,1]) with A = 452,
proj,(f *g) = gx proj, f, n=0,1,2.... 2.1.5)
Proof. By (1.2.4) and the Funk—Hecke formula in Theorem 1.2.9,

projy(f ) (¥) = — [ (F*8)(E)Zu(xE)d0(E)

wd Sd—l

= 10 (5 [, s 38)00(E) ) dot)

(07 y
a1 M
=& — | f)Zu(x,y)do(y) = & proj, f(x),
Wy Jsd—1
where we have used the fact that ¢; = w;_/@; when A = %. O

The identity (2.1.5) can be viewed as an analogue of the fact that the Fourier
transform of f x g is equal to the product of the Fourier transforms of f and g.
It justifies our calling the right-hand side of (2.1.1) a convolution.

The translation operator Ty f on the sphere can be interpreted in terms of the
geodesic distance. It is defined as follows:

Definition 2.1.4. For0 < 60 < mand f € L'(S?"!), define

Tof(3) = —— /{x”:mwf(y)dfxﬁ(y), (2.1.6)

 wy_(sin@)d-1
where d/, ¢ (y) denotes Lebesgue measure on the set {y € S9! : (x,y) = cos6}.
The basic properties of the translation operator are listed below:
Proposition 2.1.5. Let 0 < 0 < mwand f € L*(S?~'). Then
1. Let S} :={y € S (x,y) = 0}, the equator in S*~" with respect to x; then

1
W1

Tof(x) =

/Sl f(xcos 8 +usin@)do(u). (2.1.7)

In particular, if fo(x) :=1, then Ty fo(x) = 1.
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2. Foragenericg:[—1,1]— R,

;-1 [ . d—2
o /Og(cose)Tgf(x)(smG) do. 2.1.8)

(f+8g)(x) =

Proof. The first item follows from a change of variable y — xcos 6 + usin 6. For the
second, we choose a coordinate system such that x becomes the north pole and set
again y = xcos 6 4 usin 0 to obtain

(fxg)lx)= wid./ong(cos 9)./Si f(xcos @ + usin8)do (u)(sin 0)42dO

Wy ﬂg
Wy Jo

(cos )Ty f(x)(sin8)?2d6,

since S} is isomorphic to the sphere S7~2. a

The next proposition gives the interaction between 7y and orthogonal
expansions:

Lemma 2.1.6. The operator Ty f maps IT,(SY~1) onto itself; for f € L' (S?~1),

C*(cos 0)

. d-2
i) proj, f, l_T. (2.1.9)

proj, To.f =

Proof. LetY € 5. Denote by (f,Y) the Fourier coefficient of f with respect to Y.
By Theorem 2.1.3,

rgd) = [ proi(Frg)(0F () do)

;1 [T C*(cos0)
gy >
o Jo S

=(f.Y) (sin)?~2d6.

On the other hand, by (2.1.8),

Wy

(frgY)=

= /ﬂg(cos 0)(Tof,Y)(sin6)*2d6.
'd 0

Since the above holds for a generic g whenever the integrals make sense, this
shows that the Fourier coefficient of Ty f with respect to Y satisfies (Tpf,Y) =
(f,Y)C*(cos@)/C(1), which proves the stated formula. O

Lemma 2.1.7. For f € LP(S? 1), 1 <p < oo, or f € C(S¥™1) and p = oo,

ITofllp <Ifl,  and lim 7o f — f|, =0.
6—0t
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Proof. For f € L'(S?"!) and A = 452, we have

I7afll < o [, 771 dotx) = projo(Tol )

)LCOS
—CC(A( )e)pomﬂ o | rwldoto =171,

where we have used the positivity of Ty in the first step, and Lemma 2.1.6 in the third
step. On the other hand, it follows directly from the definition that || Tg f||ce < || f]|ce-
Thus, using the Riesz—Thorin interpolation theorem, we deduce that || Ty f1|, < || f]| »

for all 1 < p < eo. This further implies ||To f — fl|, < 2||f — P||p, + || ToP — P|| , for
every polynomial P. By Lemma 2.1.6,

C’1 cos B
ToP—P= 2(# 1>proij, P e IT,(S7 1),
=\ Ci(1)

so that TyP — P — 0 as 0 — 0T, from which the convergence of || Ty f — f|| , follows
from the density of polynomials. a

2.2 Fourier Orthogonal Expansions

With respect to an orthonormal basis { Yy, }, say (1.5.6), a function f in L?(S?~!) can
be expanded in a Fourier series

()= Teatal), where ca=o- [ F0)aly)do.

It is often more convenient to consider the orthogonal expansions in terms of the
spaces %’j{j . Collecting terms of spherical harmonics of the same degree, the Fourier
series takes the form, by (1.2.4) and (1.2.3),

=Y proj, f(x), 2.2.1)

where proj,, f is the orthogonal projection of f onto the space /. The formulation
of (2.2.1) is independent of a particular choice of orthogonal basis. In particular, the
nth partial sum of (2.2.1) is defined by

Suf := . proj f. (2.2.2)
k=0
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By (1.2.4), S,.f can be written as an integral operator whose kernel enjoys a
closed form in terms of Jacobi polynomials.

Proposition 2.2.1. Forn=20,1,2,...,

Suf(x) = (fxKp)(x),  xes’, (2.2.3)
where the kernel K, satisfies, with A = %,
n 1 1
k)= K r o) - MP,E“T’“?)@). (2.2.4)
= A (A+2)n

Proof. The definition follows from the closed form of the zonal harmonics in
(1.2.7). The closed form follows from the Eq. (B.1.9). a

Since the space of spherical polynomials is dense in C(S9~!) by Weierstrass’s
theorem and, as a consequence, dense in L?(S?~1), the following theorem is a
standard Hilbert space result for L?(S?~1):

Theorem 2.2.2. The family of spherical harmonics is dense in L*(S?~1), and
LT =Y 40 e f=, proj, f
n=0 n=0

in the sense that lim, .. ||f — S,f||2 = 0 for every f € L*>(S*~V). In particular; for
f € L2(S?7Y), Parseval’s identity holds,

I£1I15 =", Il proj, £13-
n=0

Just as in the case of classical Fourier series in several variables, S, f does not in
general converge either pointwise or in L? for p # 2. The summability of Fourier
series will be studied in the next chapter. Here we are content with one result.

Definition 2.2.3. For f € L' (S?"!), the Poisson integral of f is defined by

Pf(E):=(f*P)(E), Eesi, (2.2.5)
where the kernel P,({x,-)) is given by, for 0 < r < 1,

1—r2

_ 2.2.6
(1 —2rt +r2)d/2 ( )

P.(t) :=

Lemma 2.2.4. For 0 < r < 1, the Poisson kernel satisfies the following
properties:



2.2 Fourier Orthogonal Expansions 35

(1) Forx,y € S 1, P.((x,y)) = Yo 0Zn(x,)r".
(2) Prf =3, _or" proj, f.
(3) P({x,y)) >0and w{;l Jsa—1 Pr({x,y))do(y) = 1.

Proof. The first item follows from (1.2.7) and the Poisson kernel of the Gegenbauer
polynomials in (B.2.8). The second item follows from the first. The infinite
series converges uniformly, since r < 1. Integration term by term shows that

w; ! fsa1 P({x,y))do(y) = 1. 0

Theorem 2.2.5. Let f be a continuous function on S*~'. For 0 <r < 1, u(ré) :=
P,.f(&) is a harmonic function in x = r& andlim,_,,— u(r€) = f(&), V& € S 1.

Proof. The proof is standard, and we shall be brief. By Lemma 2.2.4,

(r8) 1@ = 5| [, 10) - @R (E 3o
< s U0 O [ PENOE)
E—yll<é E-yl=6

for every 8 > 0. If || —y|| > &, then 2(1 — (&,y)) = ||€ —y||* > 8% fory € S47 1,
so that P.((€,y)) < (1—7r2)/((1 —=r)*>+r8%) — 0,as r — 17. Thus, taking r — 1~
and then 8 — 0, the proof follows because f is continuous. O

In other words, u is the solution of the Dirichlet problem Au = 0 inside the unit
ball with the boundary condition u = f on the unit sphere.

Corollary 2.2.6. If f,g € L' (S%"!) and proj, f = proj, g for all n=0,1,..., then
f=g

Proof. 1f proj, f = proj, g for all n € Ny, then P, f = P.g for 0 <r < 1. The desired
conclusion f = g then follows from Theorem 2.2.5 and the uniqueness of the limit
inL!. a

Next, we define multiplier operators of spherical harmonic expansions. The
operator norm of an operator T : L”(S?~1) — LP(S97!), 1 < p < oo, is defined by

TN pp):= sup [T Sllp:
Ifllp<1

where in the case of p = e, we assume f € C(S?1).

Definition 2.2.7. A linear operator 7 on LP(Sd’l) for some 1 < p < oo is called a
multiplier operator if there exists a sequence {{,} of real numbers such that

proj, Tf = U, proj, f,  YfeLP(SY), vneN,.

It is a bounded multiplier operator on LP (S~ 1) if || T || (p.p) 18 finite.
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Because of Theorem 2.1.3, the convolution operator f +— f % g is a multiplier
operator for every g : [—1, 1] — R. In particular, the translation operator Ty in (2.1.6)
is an example of a multiplier operator, as is the Cesaro operator defined later. We are
interested in the L? bounded multiplier operators. It is clear that a multiplier operator
is bounded on L*(S?!) if and only if its associated sequence {4} is bounded.

Proposition 2.2.8. If T is a bounded multiplier operator on LP(S*~1) for some p
and 1 < p < oo, then it extends to a bounded operator on L4(S*) with | T|| (4.4 =

T |l(g.q Jor all |cl/ — %| < |% —% , where é+% =1

Proof. Recall the inner product (f,g) = de Jsi-1 f(x)g(x)do(x), f,g € L2(S?71).
By the orthogonality of spherical harmonics, if f and g are polynomials, then it is
easy to see that (T f,g) = (f,Tg). By the density of spherical polynomials and the
Riesz representation theorem, we deduce that

ITll(g.qy= sup sup [(Tf,g)[= sup sup [(f,Tg)

1l <ligllg<1 £l <tlgllg=<t

= sup [Tgllq = [ITllgq)-
lgllg<1

Thus, if T is a bounded multiplier operator on L”, then it is bounded on L7 as
well. Using the Riesz—Thorin interpolation theorem, we further conclude that T is

bounded on L4(S?~!) for all |$ —1< |% — 1| This completes the proof. O

Our next proposition gives a characterization of multiplier operators on the
sphere. Recall the operator T defined by Ty f(x) = f(Q~'x) for Q € O(d).

Proposition 2.2.9. A bounded linear operator T on L*(S"!) is a multiplier
operator if and only if it is invariant under the group of rotations, that is, if and
only if TTo = TpT for all Q € O(d).

Proof. We begin with the proof of the necessity. Let T be a multiplier operator
associated with a bounded sequence {u;}. By (2.1.4) and the rotation invariance of
the Lebesgue measure do(x), Tp proj, = proj, Tp for all Q € O(d). Thus, for each
fer*(s? 1 and n € Ny, 0

proj, (ToT f) = Toproj,(T'f) = tnToproj, f = tn proj,(Tof) = proj,(TTof).

It then follows by Corollary 2.2.6 that TTyp = TpT. Next, we prove the sufficiency.
Assume that T is bounded on L? and that TTy = TpT for all Q € O(d). By
definition, it suffices to show that there exists a sequence of real numbers t, such
that proj, (T f) = u, proj, f for each f € 7 and all n € Ny. However, by (2.1.4), it
suffices to show that

T(Z(()](xX) = UnZa((x,3)), x,y €S
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Since the reproducing kernel Z,({x,y)) is invariant under simultaneous rotation in
both variables, the rotation invariance of 7' shows that for all Q € O(d),

T[Z, ({09 (Qx) = T [Z, ({Q(-), O9))] (x) = T [Zu ((-3))] (%),

which implies, as in the proof of Lemma 1.2.5, that T [Z, ({-,y))](x) is a zonal
function F,,({x,y)) of (x,y). On the other hand, for each fixed x € S~1, it follows
directly by (1.2.3) that the function y — T [Z, ({-,y))] (x) = F,, ({x,y)) is a spherical
harmonic of degree n. Thus, using (1.2.2) and the Funk—Hecke formula (1.2.11), we
conclude that for some real number y,,

Fy((x.y)) = wid/sml Fy((x,2))Zn({y.2)) d0(2) = tnZa ((x.3)),
which completes the proof. O

2.3 The Hardy-Littlewood Maximal Function

For x € SY~! and 6 > 0, we define a spherical cap c(x, 8) centered at x by
c(x,0):={yeS’ ' (x,y) >cosh}. (2.3.1)

Let |c(x, 0)| denote the surface area of c(x,0), that is,

0
e(x.0)]:= | o300 =00 | sino)* a0, (232)

where the second equation follows from (A.5.1), which is independent of x.

Definition 2.3.1. For f € L'(S?"!), we define the Hardy-Littlewood maximal
function

1
MIW) = s / o) TN,

0<
An alternative definition of M f is given in the following lemma.

Lemma 2.3.2. For a nonnegative function f € L*(S41),

,
Mf(x) = JSup mq* Xicos6.17) (%) (2.3.3)

_ o B Tef()(sing)!dg

, 234
0<o<z  Ji (sing)d—2dg ( )

where X, 1] denotes the characteristic function of the interval [a,1].
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Proof. The first equation follows from (2.3.2) and

— [ 1000 = - [ O o0 ((53)0) = (F* Koo

Qy . c(x,0) Wy

whereas the second equation follows from the above equation and (2.1.8). a

Given ECS?!, we denote by meas(E) the Lebesgue measure [ do(x) of E. The
maximal function satisfies a weak estimate for L' functions given by the following
weak type-(1, 1) inequality:

Theorem 2.3.3. For f € L'(SY™!) and a2 > 0,
d—1 Il f111
M > < c—.
meas{x€§ f(x)_oc}_c p

Proof. As in the case of the maximal function defined for functions in R4, the
proof relies on a covering lemma. Let Eq := {x € S"! : Mf(x) > o}. For every
x € Eq, there exists a spherical cap c(x,8) such that [, o) [f(y)|do > o|c(x,8)]
by the definition of Mf. The collection of such c(x, 0) for x € E, clearly covers
Ey. The covering lemma, which can be proved exactly as in the classical case
of R4 (cf. [159]), states that given an arbitrary compact subset E of E, there
exists a sequence of spherical caps c(xi, 6) that are mutually disjoint such that
Y lc(xk, 6¢)| > cmeasE, where c is a constant depending only on the dimension.
Hence, it follows that

1= [ 1f0)ldo0) 2 a X letu, 6] > comeasE.
Uke(xx,6c) X

Taking the supremum over all compact subsets E of Ey, we deduce the desired
inequality, which completes the proof. O

Corollary 2.3.4. Let f € LP(S91), 1 < p < oo, 0or f € C(S¥™ ") for p = co. Then the
maximal function is a strong type-(p, p) operator for 1 < p < oo; that is,

IMfllp <clfllp, 1T<p<ee

Proof. The definition of Mf shows immediately that ||Mf||« < ||f|l«. Thus, M is
of weak type (1,1) and strong type (eo,0), from which the result for I < p < oo
follows from the Marcinkiewicz interpolation theorem [159]. O

As an application of the boundedness of maximal functions, let us consider

x) = Jdo(y), 0<6<1, xeSi !
fo(x) x9|/(xe (v)ldo(y) <
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Lemma 2.3.5. If f € L'(S?" 1), then 6111})1+ fo(x) = f(x) for almost every x € S 1.
—

Proof. By (2.3.4), we can write

_ o (Tof(x) = f(x))(sing)!2dg
I3 (sin9)4-2d¢

fo(x) = f(x) ,
which implies || fo — f[l1 < supy<y<q[|Typf — fll1, and by Lemma 2.1.7, fp con-

verges to f in L'(S?~!). To prove the almost-everywhere convergence, we show
that

Qf(x) := |limsup fg(x) — liGm(i)rlf fo(x)| =0

0—0t

for almost every x € SY~!. Since C(S?~!) is dense in L! (S~ 1), we can write f = h+
g with h € C(S?"1) and ||g|, arbitrarily small. Since Qg(x) < 2Mg(x), the maximal
inequality implies

meas{x: Qg(x) > o} <meas{x:2Mg(x) > a} < C_Hil‘l'
Since Qh = 0, this shows that Q f(x) = 0 almost everywhere. 0

Theorem 2.3.6. Assume that g € L'([—1,1];w;), A = %52, and that k(6) :=
g(cos0) is a continuous, nonnegative, and decreasing function on [0, t|. Then for
ferl(sth),

|(Fg)(x)| < eM(|f)(x), xes,
where ¢ = [ k(0)(sin0)4-2d6.

Proof. For fixed x, define F(8) = [ Ty f(x)(sin¢)¢ 2d¢. By (2.1.8) and (2.3.3),
an integration by parts shows that

g = 2ot JA ”g<cose>ref<x><sin9>"Zde}
Mg 1 i /
= Ot ) [ 0)R (0100

< Mf(x) {k(n) [ sine) 200 ["w (o) | 6(sin¢v>“d¢de} ,

where we have used the fact that k() is nonnegative and k’(0) < 0. Consequently,
integrating by parts again, we see that | f *g(x)| < cM f(x) follows from the fact that
5 k(6)(sin ©)?~2d6 is bounded. 0
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2.4 Spherical Harmonic Series and Cesaro Means

By Theorem 2.2.2, the spherical harmonic series converges in L*(S?~!).
In particular, for f € L?>(S?~!), the partial sum operator S,f converges to f in
the || - ||2 norm, and the operator norm ||S,||2 is uniformly bounded. The operator
norm of S, in LP(S?~!) is defined by

[1Snllp := sup INTAIPE

r=
Theorem 2.4.1. Let d > 2. Then ||Sy|| = ||Snll1 = An, where

1 d=2
Ay = max — K, (x,y)|do(y) ~n 2
v= max o [ KiGy)ldo(y) ~n

Proof. That ||Sp|l< = ||Salli = A, follows from a standard argument for linear
integral operators. By the closed form of K, (x,y) in (2.2.4) and the integral relation
(A.5.1), we have

22 +1 ! 1a-1 d-2
py= B2 [ bbb, =422
A+1), 2
from which the asymptotic relation follows from (B.1.8). a

In the case of d = 2, we have ||S,|| ~ logn, as shown in classical Fourier
analysis.

The constant A, is often called the Lebesgue constant. Since it is unbounded
as n — oo, the uniform boundedness principle implies that there is a function f €
C(S¢1) for which S, f does not converge to f in the uniform norm. We then look for
summability methods for the spherical harmonic series that will ensure convergence.
One important class of such methods is that of Cesaro means.

Definition 2.4.2. For § € R, the Cesaro, or (C,d), means of the sequence {ax}7_,
are defined by
1 n
1

S A% a4, n=0,1,..., (2.4.1)

S, ‘= —<¢
S

where

. (2.4.2)

k+0 S+k)(0+k—1)...(0+1
AE;(/{);( )B4k 1.3+ 1)

The sequence is said to be (C,§) summable if s& converges as n — oo.

The properties of A,‘? and s’,f are collected in Appendix A. By (A.4.4), a simple

exercise shows that if s2 converges to s, then s2*% converges to s for all T > 0.

Denote by S f the (C,§) means of the spherical harmonic series,
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SOf .= A5 ZA,, L PrOj, f- (2.4.3)
n k=0

If § =0, then S,‘? f=S.f.-By(2.1.4), S,‘? f can be written as a convolution operator

1 & k+A
SUf=F*K2, K3 -ASZASk G (0), 2.4.4)
=0

where A = (d —2)/2. This kernel is closely connected to the Cesaro means
sf (wy; f) of the Fourier orthogonal series in the Gegenbauer polynomials. Indeed,
let k% (wy;-, ) denote the kernel of 58 (w; f),

sS(wasfix —CA/ FONKS (wsx,)wy (v)dy.

Then it is easy to verify that

Ko (t)=kS (wpilr), A= %. (2.4.5)

As a consequence, some of the convergence results of spherical harmonic series can
be deduced from those of the Gegenbauer series. Here is one example:

Theorem 2.4.3. For 6 >d—1, S,‘? is a nonnegative operator; that is, S,‘?f(x) >01if
f(x) >0 forallxe S 1.

Proof. By (2.4.4), we need only show that K¢~!(t) > 0 for t € [—1,1], which
follows, by (2.4.5), from the classical result of Kogbetiliantz that kS (wy;1,6) >0
if & > 24+ 1 ([5, p. 389)). O

Moreover, the relation (2.4.5) shows that the Lebesgue constant of SS can be
deduced from the Lebesgue function of s5 (w,,) evaluated at the point x = 1.

Theorem 2.4.4. Let A = 952 Then ||S8 || = ||S8||1 = A2, where

' 8 0<8<A,
6 ._ o o ~ _
APi= max — [ KD ()0 0) ~  logn,  5=12,
1 o> A.

In particular, || S| and ||S%||, are bounded if and only if & > 2

Proof. Again, that ||S9||.. = ||S||; = A? follows from a standard argument. By the
integral relation (A.5.1),

1
Af:%/
J—1

The asymptotic behavior of this integral, as n — oo, is given in [162, Sect.9.4]. O

k8 (w,l;l,t)‘ (1—2)*2dr.
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Corollary 2.4.5. If§ > 452, thenfor f € LP(S* 1) and 1 < p <o, or f € C(S* 1)
and p = oo,

sup[S3/1lp < ellfll, and lim |83~ ]}, =0.
n

Furthermore, for p = 1 or o, the convergence fails in general if 6 = d—gz.

Proof. The boundedness of ||SJf|, for § > 452 follows from Theorem 2.4.4 and
the Riesz—Thorin interpolation theorem. Since S,P = P for every polynomial P of
fixed degree m and S, = 89, it follows that S P converges to P as i — oo for all § > 0.
Hence, the norm convergence of Sf f follows from the boundedness of the norm. If
6= %, then ||S9||, is unbounded for p = 1 and p = o, and the convergence fails
in general by the uniform boundedness principle. O

The index A = 5= 2 is often called the critical index for the (C,§) means of the
spherical harmonic series on S?~ 1.

A pointwise estimate for the kernel of the Cesaro means of the Jacobi series is
given in Lemma B.1.2, from which the relation (2.4.5) gives the following:

Lemma 2.4.6. Let A = 42 > 0. If0< § <A +1, then

K] < 2 [(1 —t+n ) O (1 +t+n*2)*l/2] .
IfA+1<0<2A+1, then

K3 (6)| < en”! [(1—;+n*2)*(“1>+(1+t+n*2)*(2’”1*5)/2] '
If 6 >2A+1, then

K (1)) < en (1 =0 2) 4D,

These estimates of the kernel functions can be used to establish the upper bound
of A,? in Theorem 2.4.4. We use them to study the almost-everywhere convergence
of the Cesaro means. For § > 0, we define the maximal Cesaro (C, §) operator by

S2f(x) :=sup|S§f(x)],  xesS
N>0

It turns out that the maximal Cesaro operator S¢ % can be controlled pointwise by the
Hardy-Littlewood maximal function whenever 6 > 45= d 2,

Theorem 2.4.7. If§ > 452 and f € L' (S9™"), then for every x € S,

S2f(x) < c[Mf(x)+Mf(—x)]. (2.4.6)

If, in addition, § > d — 1, then the term M f(—x) in (2.4.6) can be dropped.
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Proof. For the proof of (2.4.6), it suffices to consider the case A < 6 < A + 1, where
A =432 since by (A.4.4), S577f(x) < S2(f)(x) for every T > 0. Setting

G (c0s0) - = n*S(n~ 4+-0) G4+ 11(6).
G(cos): = n*O(n " + 9)7/1%[07%](9)7

we obtain from Lemma 2.4.6 that for A < § <A +1,
K%(cosh) <c [Gil (cosB) + Giz(cos(n - 6))] .

It is easy to see that g(¢) = Gs‘i(z‘) satisfies the conditions of Theorem 2.3.6, so that
by To(—x) = Ty_g(x), (2.4.4), and Theorem 2.3.6, we have then

IS2AE < (1% GED@ + (11 Ga) ()]
< e[Mf(x) +Mf (~)].

Furthermore, if § > 2A + 1, then Lemma 2.4.6 shows that |[K? (cos 8)| is bounded
by a single term, and the same proof yields |S? f(x)| < cMf(x). O

From Theorem 2.4.7, Theorem 2.3.3, and the density argument in the proof of
Lemma 2.3.5, we deduce the following corollary.

Corollary 2.4.8. If§ > 452 and f € L'(S471), then ]\llim S f(x) = f(x) for almost
oo

every x € S and moreover

meas{x e S : 8% f(x) > a} <c ”le , Vo> 0.

2.5 Convergence of Cesaro Means: Further Results

According to Corollary 2.4.5, the (C,d) means S5 9 f converge to f in the L' (S?~1)
norm or in the uniform norm if and only if § > %2, We also know, since S° wf =Suf,
that convergence holds for § > 0 in the L*(S?~ 1) norm. The case | < p < o is more
delicate and far more difficult to resolve.

Below, we shall state several results for 1 < p < e without proofs. Some of these
results will be proved in the more general setting of weighted approximation in
Chap. 9. Throughout this section, we set, for 1 < p < oo,

é(p) :—max{O,(d—l)‘%—l‘—l}. (2.5.1)

We start with a negative result of Bonami and Clerc [18, Theorem 5.1].
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Theorem 2.5.1. If 1 < p < e and 0 < 6 < 6(p), then there exists a function f €
LP (S such that S® f does not converge in LP(S?~1). In particular, if § = 0 and
p # 2, then there exists a function f € LP(S4~1) such that S, f does not converge in
LP(S4—1).

Theorem 2.5.1 also implies that if 1 < p <eoand 0 < § < §(p), then { |3},
is unbounded.

In the positive direction, the convergence of S,? f depends on a sharp bound of
the projection operator. Such a bound was established by Sogge [155].

Theorem 2.5.2. If 1 < p <eoand |+ —%| >}, then

|| proj,, fll2 < can® || £l - (2.5.2)

The connection between (2.5.2) and the convergence of S,‘?, revealed in the proof
of Theorem 5.2 in [18], leads to the following theorem in [155].

Theorem 2.5.3. If 1 < p <eoand |§ — 3| >}, then lim 82 = fll, = O holds for
n—yo0
all f € LP(S*71Y if and only if § > §(p).

Theorems 2.5.2 and 2.5.3 will be proved in Chap.9 in the more general setting
of weighted approximation on the sphere.

In the case of d = 3, Sogge [155] further proved that the conclusion of
Theorem 2.5.3 remains true without the assumption |1/2—1/p| > 1/3.

For the maximal Cesaro operator Sf, the following result was proved, using
Stein’s interpolation theorem for analytic families of operators, in [18].

Theorem 2.5.4. [f1 < p <2 8> (d—2)(3 — ), and f € LP(S""), then
1S2A1lp < Collllp-
Together with Corollary 2.4.8, Theorem 2.5.4 implies the following corollary.

Corollary 2.5.5. If 1 <p <2, feLP(S'"), and § > (d —2)(5 — 3), then

lim S92 f(x) = f(x)

n—oo

for almost every x € S,

2.6 Near-Best Approximation Operators and Highly
Localized Kernels

For a given function f € LP(S9"!), its Cesaro means S f provide a sequence of
polynomials that approximate f. These means are useful for our further study, but
they are not ideal for quantitative results in approximation theory.
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Definition 2.6.1. Let f € LP(S* 1) if 1 < p < eoand f € C(SY!) if p = . For
n > 0, the error of the best approximation to f by polynomials of degree at most n
is defined by

Ei(f)p: eHmed N Ilf—gllp 1< p<eoo. (2.6.1)
The best-approximation element exists, since IT,(SY"!) is a finite-dimensional
space, by a general theorem on Banach spaces [54, p. 59]. Finding such a
polynomial, however, is not easy. For most applications, it fortunately is sufficient
to find a polynomial that is a near-best approximation.

Definition 2.6.2. Let 1 be a C*-function on [0,0) such that () =1 for0 <t <1
and n(¢) = 0 for t > 2. Define

1

Lif ()= fxLa(®) = o | SOLa((x3))do(y), xes™ (262)
forn=20,1,2,..., where
- k+A _d=2 B
Ln(t)._kgbn (n) — G (1), A= 5 te[-1,1]. (2.6.3)

In the following, if a function satisfies the properties of the 1 function in the
theorem, we shall call it a C™ cutoff function, or simply a cutoff function.

Since 1 is supported on [0,2], the summation in L, f can be terminated at k =
2n — 1, so that L, f is a polynomial of degree at most 2n — 1. It approximates f as
well as the best-approximation polynomial of degree n.

Theorem 2.6.3. Let f € L7 if 1 < p <ooand f € C(S?™ ') if p = oo. Then

(1) Lof € Ihy, (S* Y and L,f = f for f € IT,(S?71).
< [l f1lp-

3) ForneN,
If— L,,pr (1+c¢)E, (f)p (2.6.4)

Proof. We have already shown that L, f is a polynomial of degree at most 2n — 1.
Using the projection operator proj, of 74, we can write

=50 ()

Since the definition of 1 shows that 1 ( %) =1 for 0 < k < n, it follows readily that
Luf = 3i_oproj, f = fif f € IT,(S~"). This proves (1).

By Young’s inequality, Theorem 2.1.2, ||L, f||, < || f|l||Lall2,1, where A =
The proof of (2) reduces to showing that ||L,|[; ; is bounded. Let o be a positive
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integer such that ¢ > d — 1 so that the (C, o) means K? (¢) of the sequence %C,f (t)
are nonnegative on [—1,1] (see Theorem 2.4.3). Let A denote the difference
operator defined in (A.3.1). Using summation by parts repeatedly, we can write

- F oo (£) (45

where A™ acts on the function 7 — 1(%). Since n € C*[0,4c0) implies that
|ATH I (k/n)| < en=° 'and (*19) < ck®, it follows that

2n 2n
[Lall2g < en VY KON g Sen O Y kT <
k=1 k=1

since the support of 7 is on [0,2]. This completes the proof of (2).
The proof of (3) is an easy consequence of (1) and (2). Indeed, let p, be the
best-approximation polynomial of degree n. Then (1) shows that L, p,, = p,, so that

1f = Lafllp S 1f = pall + 1 Lalf = P)ll < (A4 ) = pullp = (L4 ) Ea(f)p,

by the triangle inequality and (2). a

Recall that the Laplace—-Beltrami operator Ay can be decomposed, by (1.8.3), in
terms of the angular derivative D; ; defined in (1.8.1).

Proposition 2.6.4. The operator D, j commutes with convolution. More precisely,
for f € CY(S¥") and g € C'[-1,1], D; ;(f xg) = (Di ;f) * g In particular, the
operator D; j, hence Ay, commutes with the operator L,,.

Proof. Directly from the definition,

DYg((x.y)) = g ((x,y)) (v — yix;) = —DP g (x,3)),

()

where D;’; means that D; j acts on the x variable. Hence,

D +8)0) =5 [, FOIDe((9))do ()

1

= a7 Jou O 2 ))A00) = (D) *812),

where the last step follows from (1.8.7). a

The fact that L, f reproduces polynomials of degree up to n and that it is a
polynomial of degree at most 2n — 1 itself makes it a fundamental tool in polynomial
approximation. Even more, its kernel, L, (), possesses the remarkable property that
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L, and its derivatives Lﬁlj ) are highly localized at # = 1. More precisely, we state the

following theorem.

Theorem 2.6.5. Let { be a positive integer. Forn > 1 and 6 € [0, 7],

ILY (cos 0)] < ¢y, Hn“ 1H w2 (14 n0)t, j=0,1,....  (2.6.5)

oo

By choosing ¢ large but fixed, the theorem shows that L, and its derivatives decay
faster than any polynomial of a fixed degree. This desirable property will be used
in a number of occasions in this book. As an application, we prove the following
corollary first.

Corollary 2.6.6. Let ¢ be a positive integer and let & > 0. Then

sup  |Ly({x,y)) — L,({x,2))] < cén?! (1+ nd(x,y))% (2.6.6)
zec(v?)

forall x,y € S that satisfy d(x,y) > 48 /n.

Proof. 1f z € c(y,g) and d(x,y) > 40/n, then 1 + nd(x,z) ~ 1 4+ nd(x,y) by the
triangle inequality. Applying the estimate (2.6.5) with j =1 and £+ 1 instead of Z,
we obtain, by the mean value theorem,

L ((x,3) = La((x,2))] < c|(x,y) = (x,2) |2 (1 + nd(x,y)) 1.

Since (x,y) = cosd(x,y), it follows by the triangle inequality that

d(x,z) —d(x,y) . dx2)+dx,y)
2 2
< cd(z,y)(d(x,y) +n 1) < edn (14 nd(x,y)).

[{(x,¥) — (x,2)] =2sin

Putting the two inequalities together proves the stated result. a

Recall that the Gegenbauer polynomials CflL are special cases of the Jacobi

(0,B)

polynomials P, ""’. For further uses, we shall prove a more general result than
Theorem 2.6.5. For this, we define, for oc > 8 > —l,

LB () i‘P (/5) k+a+p+1)I (k—i—OH—ﬁ-l-l)P(aﬁ)() 2.67)

S \n 'k+p+1)

for some smooth cutoff function ¢. If ¢ = 1, then by (B.2.1) in Appendix B,

d
bl d d-3
& ( ) .4

),
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so that Theorem 2.6.5 follows directly from the estimates of the kernels GSLO“B ) ().

Furthermore, the assumption about the cutoff function in the theorem below is
considerably weaker than that of Theorem 2.6.5.

Theorem 2.6.7. Let { be a positive integer and let ¢ € C3~1(0,00) satisfy supp ¢ C
[0,2] and ¢'1)(0) =0 for j =1,2,...,30 — 2. Then the kernel function G, = GiP)
defined in (2.6.7), with o« > 3 > —1/2, satisfies, for 6 € [0,7t] and n € N,

(’>(cos9)’<cf H<p3“H n22R2 (1 ) j=0,1,.... (2.6.8)

oo

Proof. Taking derivatives and using (B.1.5) in Appendix B, it follows that

j < k+j\ (2k 2j+1)I'(k 2j+1 i B+
=3 ¢ ( +J) ( +a+l3;;+ Wkt ot P27+ 1) placeiipi) )
= n (k+B+j+1)

Because ¢ is supported on [0,2), the summation terminates at 2n — j. Summing by
parts ¢ times and using (B.1.10) with (o + j+ i, + j) in place of (¢, 3) at the ith
time fori =1,...,¢, we obtain

7 t):27-iian/ F(k+a+ﬁ+2j+£+I)P(Oﬂ+j+3;l3+j)(t)7

rk+B+j+1) k (262

where {a, ¢}7"_ is a sequence of functions on [0,) defined recursively by

tnos) = 25+ 0+ B+2j+ 1)g (‘%) ,

no(s) B ang(s+1)
254+ 0+ B+2j+0+1 2s+oa+B+2j+0+3

anpi1(s) =

We claim that if m+ j < £ and £ > 1, then

20—1
< coj(s 1)t (s+ 1> H(p(zwmﬂq) (2.6.10)

n

afZ’? (s)

which implies, in particular, with m = 0 and j = ¢,
lano(k)| < cp H QB H n 2L (2.6.11)

For the moment, we take (2.6.10) for granted and proceed with the proof of (2.6.8).
Using (2.6.11) and (2.6.9), we obtain

2n . .
p20l Z(k‘*' 1)a+j+€‘Pk(oc+1+2,l3+ﬂ(cose) :
k=0

G( )(cose)‘ <y, H(pm 1) H

oo
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which implies, by (B.1.7), that for 6 € [0,7/2],

‘ng)(cose)’ < CAJ,H(p(szfl)H nzz+1l 2 (k- 1)20+2742
= 0<k<max{0~1 2n}

max{6~!2n}<k<2n
<cp; Hq)y 1) H n2a+2j+2(1+n6)7(a+,i+€+§l)7

and that for 6 € [, 7],

2n

‘G( )(Cose)} <cpj H(p (3¢-1) H Paan 2(k+1)a+j+é(k+1)l3+j
° k=0

<C[’H(p3[ 1) H n20+20 2,

where the last step uses the assumption o > B. Putting the above together and
recalling that o > — 2, we have proved the desired estimate (2.6.8).
It remains to prove the claim (2.6.10). We first observe that by Taylor’s theorem,

e

>0, (2.6.12)

L=[0] k' H(p L=[04]’

whenever m > 1 and m+ k < 3¢ — 1. Next we prove the case j = 1 of (2.6.10).

Since a,,; is supported on [0,2n], we may assume, without loss of generality, that
0 < s < 2n. Directly from the definition, we have

' i+1 o
an1(s) = (ﬂ) i <i> — [T (S an
n n i n
which implies, if we combine (2.6.12) with k = 2¢ — 1, that
(m+1) ) dr

oL (st IH (m20)
= 2D\« ¢

s\
<coi(s+1) 1< - ) H(p( +20)

X~

j+l

a71

ofy SHitl
L [077]

o s+j+177
L=[0, 55
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where the last step uses the assumption 0 < s < 2n. This proves (2.6.10) when ¢ = 1.
We now proceed by induction. Assuming that (2.6.10) has been proven for some
¢ > 1 and observing that

m L/g\m! ano(s+t
- [ (4 o) Yy,
’ Jo \dr 2s+2t+o+B+2j+4+1

we obtain, by the product formula of derivatives, that form+ j+1 < ¢,

e P

1
< / max
0 kit+ky=m+1

; s+1 26-1 )
<egj(s+ 1) (T) H(p(2f+m+1>

cofy SHj+l+17"
L[O,#]

This proves (2.6.10) in the case of £ 4 1 and completes the induction. a

2.7 Notes and Further Results

The translation operator Ty is also called the spherical mean in the literature. Most
of the properties of Ty stated in the first section can be found in [14, 135, 148]; see
also [133, 174]. The following useful representation of Ty using the Haar measure
on SO(d) was proved in [42] in the case of even d:

To f(x) = /S /(@ MoQA0, xS, FeL@ ),

where dQ denotes the Haar measure on SO(d) normalized by [s(4) dQ = 1, and
My is a d x d orthogonal matrix given by

cos® sinf --- 0 0

—sin@ cosO --- 0 0

Mo := : o :
0 0 --- cosO sinB
0 0 --- —sinB cosO

A general theory of convolutions and multipliers on S?~! can be found in [63].
Sharp estimates of the Cesaro kernels and their derivatives are often needed in
analysis. The kernels K,? are the (C,8) means of the Gegenbauer polynomials, a
special case of the Jacobi polynomials. For the estimates of these kernels and their
derivatives, we refer to [18,30,34]. A more refined result is the following asymptotic

expression for the Cesaro kernels in [109, 155]: for A = ‘% and Tﬁz <0<m-—

T
2n+2°
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; O0+1 A+d
5 _2Aﬁ sm((n—i—l—l—%)@—%n)
Ky (cos8) =—r5 T OVA (D cin 0)118
A? (2sin@)*(2sin 7)1+

(n+ D" % 'n;°(0) +°(0)
(sin@)A+1(sin §)148 * (n+1)(sin §)224’

where |n,fL 9 (8)]+ |§,fL 9 (8)] < c. Precise constants in the main term of the asyptotics
of the Lebesgue constants of the Cesaro means were obtained in [109]. For a detailed
discussion of Cesaro summability in L” and H” spaces, the reader is referred to
[18,34,155].

A complement of Corollary 2.4.8 is a counterexample of [163]: there exists

d—2
a function f € L(S?"!) for which lim sup|S;* (f)(x)| = e for almost every
LA =

x € S9!, Furthermore, a complement of Corollary 2.4.5 is the following result

in [24] on the convergence of the Cesaro means at the critical index § = %:

d—2
if foaot |f(x)]log?(1 4 |f(x)|)do(x) < oo, then 1131 Su? (f)(x) = f(x) for almost
Nn—soo
every x € S 1.
The operator L, f was used in [148], but the use of such an operator on the sphere
appeared already in [95]. The fast decay of the kernel was established in [23, 120,

129, 138]. Under additional assumptions on the cutoff function, the rate of decay
can be improved to the subexponential estimate [91]

conb
[In(e+no)|'+e

L,(lj)(cose)} < Cln2a+2'i+zeXp{— }, 0<o<r, (271

where ¢; = ¢’¢€ with ¢’ > 0 an absolute constant and ¢; = ¢”8/ with ¢’ > 0 depending
only on o, 3, and €.

Fast Fourier spherical transforms are available for numerical computation of the
spherical harmonic expansions; see [62, 101, 143].



Chapter 3
Littlewood—Paley Theory and the Multiplier
Theorem

Two fundamental results in harmonic analysis are the Fefferman—Stein theorem on
maximal functions and the Claderén—Zygmund decomposition theorem, which we
need not only in L”(S?~!) but also in the weighted L” spaces on spheres and other
regular domains, such as balls, in later chapters. In the first section, we state these
theorems in the more general setting of homogeneous spaces, in anticipation of later
applications. A Littlewood—Paley theory on the sphere is developed in the second
section, where the Cesaro means appear as a powerful tool and the Fefferman—Stein
inequality plays a key role. As an application of the Littlewood—Paley theory, a
Marcinkiewicz-type multiplier theorem is proved in the third section, which gives
a sufficient condition for the L” boundedness of multiplier operators. Fractional
powers of the Laplace—Beltrami operator are defined in the fourth section, where
the boundedness of the square root of the Laplace—Beltami operator is compared
with that of first-order angular differential operators. The result is used to define
and study the Riesz operators on the sphere.

3.1 Analysis on Homogeneous Spaces

Both the Euclidean space R? and the sphere SY~! are homogeneous spaces. We start
with the definition of homogeneous spaces in general.

Definition 3.1.1. A homogeneous space is a measure space (X, [, p) with a posi-
tive measure 1 and a metric p such that all open balls B(x,r) :={y € X : p(x,y) <r}
are measurable, and u is a regular measure satisfying the doubling property

W(B(x,2r)) <Cu(B(x,r)), VxeX, Vr>0, (3.1.1)

where C is independent of x and r. The least constant C in Eq. (3.1.1) is called the
doubling constant; it is referred to as the geometric constant of the space.
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Many of the measures in analysis satisfy the doubling condition. In this book,
we are mainly concerned with X that are regular domains such as a spheres and
balls, and our measures are absolutely continuous with respect to the usual Lebesgue
measure. For examples of our measures, see the Chap. 5.

In the rest of this section, we assume that (X, u, p) is a fixed homogeneous space
and state several results without proof. Our main reference for this section is [158],
where the full proofs can be found.

Definition 3.1.2. If f is a locally integrable function with respect to du on X, its
Hardy-Littlewood maximal function is defined by

1
Maf (5) = sup e / o O)Id0), rex.

The Vitali-type covering lemma extends to the setting of homogeneous spaces
[158, p. 12, Lemma 1], where it yields the following maximal inequality [158, p. 13,
Theorem 1].

Theorem 3.1.3. Let f be a function defined on X.
(a) If f € LP(du) and 1 < p < o, then My, f is finite almost everywhere.
(b) If f € L(dL), then for every o. > 0,

p({xeXx: Myf(x)>oa}) Sclwni#,

where c| depends only on the geometric constant of the space.
(c) If feLP(du)and 1 < p < oo, then M f € LP(du) and

1My fllzrap) < epllfllerap)

where the bound depends only on p and c;.

The maximal function M, f satisfies the Fefferman—Stein inequality [74], the
proof of which can be found in [158, pp. 51-55].

Theorem 3.1.4 (Fefferman-Stein). If 1 < p,q < e and {f;} is a sequence of

functions on X, then
- 1
q
< 2| \q)
j=1

<Cpyg
LP(dy)

H (?41 ‘M/,t(fj)‘t]>111

Lr(dp)

Since we assume that y is a regular measure, the space of continuous functions
with bounded support is dense in L! (d), and as a result, the Lebesgue differential
theorem holds.

Corollary 3.1.5 ([158, p. 13, Corollaryl). If f is locally integrable with respect to
du, then for almost every x in X,
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. 1
rLl%}r LB ./B(x!r) f)du(y) = f(x).

The classical Calderén—Zygmund decomposition theorem also holds in homoge-
neous spaces.

Theorem 3.1.6 (Calderén-Zygmund decomposition). Suppose we are given a
function f € L'(du) and a number o with o > ﬁfx lFO)du(y) (o > 0 if

W(X) = o). Then there exist a decomposition f = g+ b of f with b =Y, b, and
a sequence of balls {By} such that for some positive ¢ depending only on the
geometric constant of the space,

(i) |g(x)| < caforae x€X;
(ii) each by is supported in By,

b
p(By)

(iii) Xy (B) < G Jx [/ ()] dp ().

The proof of this theorem can be found in [158, p. 17, p. 37, 8.1].
We end this section with two general results on semigroups of operators. The
definition of such operators is given in [157, p. 2].

[ ewlaue) <ca and [ b due) =0
JBy J By

Definition 3.1.7. Let (X, 1) be a measure space with a positive o-finite measure .
A family of operators {T"},> is said to form a symmetric diffusion semigroup if

T =T, T0=id,

and it satisfies the following assumptions:

(i) T" are contractions on LP (X, 1), i.e., [|T" fllzo(ap) < I fllzrap), 1 < p < oo
(ii) T' are symmetric, i.e., each T is self-adjoint on L*(X,d);
(iii) T' are positive, i.e., T"'f > 0if f > 0;
() T'fo=foif fo(x)=1.

Theorem 3.1.8. Suppose that {T'},>¢ is a symmetric diffusion semigroup on
(X, ). Then the function

s Jo

MF(x) = sup <1 rt f(x)dt>

satisfies the inequalities

(@) [IMflrap) < cpllfllr(au) for each p with 1 < p < eo;
(b) n({xeX :Mf(x)>a}) < (c/a)|f|li gy for each >0 and f € L'(X,u),
where c is independent of f and q.
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This statement can be found in [157, p. 48], and it is a special case of the Hopf—
Dunford—Schwartz ergodic theorem.
Finally, given f € LP(X,u), its Littlewood—Paley g-function in terms of {77} is

defined by
. > 14d
an =[5

We then have the following theorem [157, Theorem 10, p. 111].
Theorem 3.1.9. For f € LP(du), 1 < p <o,

2 \?
dt) : (3.1.2)

C;1|‘f||L1’(d/.L) <NEA e @) < epllfllrau)

where the first inequality holds under the additional assumption [y fdu =0, and
the constant c,, is independent of f.

3.2 Littlewood—Paley Theory on the Sphere

In this section, we develop a Littlewood—Paley theory on the sphere, which will be
used to establish the multiplier theorem in the following section.
Recall the Poisson integral P, f in Definition 2.2.3. We define

e = [La-n|zeal

which is a function x — g(f)(x) defined on S~!. The boundedness of g(f) in
LP(S?=1) follows as a consequence of Theorem 3.1.9.

Theorem 3.2.1. If1 < p <ooand f € LP(S?™"), then

%
dr) , (3.2.1)

Al < Mgy < cpll £, (3.22)

where the condition a1 f(x)do(x) = 0 is required in the first inequality.

Proof. By Lemma 2.2.4, it is easy to see that {P,—r : t > 0} is a semigroup of
operators. For example, using (i) in the lemma and the orthogonality of spherical
harmonics, we have T"T* = T""5, where T = P, .. For this semigroup, the function
g in Eq. (3.1.2) becomes

= ([1geof)! ({130

and Theorem 3.1.9 shows that ||g(f)||, ~ || f|| - Since r|logr| < c(1 —r) on [0,1],
we have g(f)(x) < g(f)(x), and the lower bound of || g(f)||, in Eq. (3.2.2) follows

1
2
r|logr| dr) ,
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from c||f]|, < ||&(f)||p- To prove the upper bound, we split the integral in g(f) into

two parts:
g(f)g(/ 1—}’}a ,fzdr>é+(/ 1—r‘a rfzdr)%.

Using Lemma 2.2.4 and || proj ||, ,) < ck(@=2)/2_ which follows from Corollary
1.2.7, the LP(S?~1) norm of the first term is bounded by

0
or S

sup
0<r<

< ZkZ k+1||Pr0.]kaP<CHf||P22 K2 < el £l
p k=1

while the L”(S?~!) norm of the second term is bounded, since r|logr| ~ (1 —r) for
re[1/2,1],by ||8(f)llp < cllf]lp- The proof is complete. O

For the proof of the multiplier theorem in the following section, we need a refined
version of the Littlewood-Paley g-function g(f) defined via the Cesaro means of the
spherical harmonic series: for § > 0 and f € LP(S?~1), define

e 2 \?
g5(f) = (2 SR nl) : (3:23)
n=1

The two g-functions g(f) and gs(f) are closely connected. In the following, we
adopt the convention of writing f < g if f(x) < g(x) for almost all x € S~ !

Lemma 3.2.2. For § >0, g(f) < cgs(f). In particular, if f € LP(S*~1) satisfies
Jsa—1 f(y)do(y) =0, then for all § >0,

1£llp <clles(Fllps 1 <p <ee.

Proof. From Lemma 2.2.4, we obtain

d 1 1 .
a—rP,f:(l—r)5+1(1—r) S kr* U proj, f

= (1—r)%*! i (i kAS?kprojkf) 7L (3.2.4)
n=1 k=0

On the other hand, a straightforward computation shows that

SHf—8f=—(n+8+1)"1(AD) " Y kAL, proj, £ (3.2.5)
k=0
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These two identities connect P, f to Sf f, which implies, in particular, that

’ - f <C1—}’8+1ZHA8

fsigl

which, by the Cauchy—Schwarz inequality, implies

2

d < 2 &
SRS <e(l=rP Y nAl|SE = Shf| P Y mal!
r n=1 m=1
=c(1+8)(1-r)° 2 nAS e
Consequently, we conclude that
| |2<CZnA6’S6+1f Séf’ / 1+5n ld}’

=

_canl

=1gs(f)I%,

where we have used [y (1 — )0t 1dr =T (8§ +2)(n)/T(n+8+2) ~n 572,
O

The other direction of the inequality, ||g5(f)|l, < ¢||f|ly, holds as well, and its
proof is much more involved. In addition, we shall work with a more general g-
function, which will be needed in the proof of the multiplier theorem. Let {vi};"_,
be a sequence of positive numbers satisfying

sup Z Ve =1 A < oo, (3.2.6)
n>17 k=1

The new g-function is defined in terms of {v;} by

[N

)= <i |S:2“f—s,‘2f|2n1vn>
n=1

In the special case of v, = 1, g5 (f) becomes g5(f)-

Theorem 3.2.3. Assume that § > (d —2)/2 and 1 < p < e. Then for every
sequence {m} with ny € Ny and f € LP(S?71),

(S he) ], =l (£)'),

Scp
P

(3.2.7)
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Proof. This is an immediate consequence of Eq.(2.4.6) and the Fefferman—Stein
inequality in Theorem 3.1.4. O

The boundedness of g5 is given in the following theorem.

Theorem 3.2.4. Assume that 1 < p < oo and that the inequality (3.2.7) holds for all
{nk} C Ny and fi € LP(S™Y). Then ||g5(f)|lp < cpllf|lp with a constant c,, = Ac),
independent of f and vy.

The proof of Theorem 3.2.4 amounts to showing that [|g5(f)|, is bounded by
(Nl for g(f) in Eq. (3.2.1). This will require several lemmas, which we prove

first. The first two lemmas relate S,‘? ftoPf.
Lemma3.2.5. If6 >0, 1—1 <r <1, and f € L'(S?"), then

n—1
SO =r"p(S30) + X aduP (831). (3.2.8)
Jj=0
where the coefficients a?’” satisfy, with a constant c independent of f and n,
[
inl < —r). 2.
omax laj,| <e(l=r) (3.2.9)

Proof. From Eq. (A.4.4), we obtain
(1—5) 0 'pf=Y (A;js,‘jf) s (3.2.10)
n=0

On the other hand, since P f = PS/,Prf for 0 < s < r < 1, we obtain, by Eq. (A.4.3),

(1= R = (-9 (1= (125 R )

r

() (e 0 (Zren CY)
_ni)s" [iA?P,(S?f)rj > A,?Aﬁzrf],

j=0 k+l=n—j

where the second step uses Eq.(3.2.10) with s/r in place of s. Comparing the
coefficients of 5" in the above two identities yields (3.2.8) with

n—j

0 0\—146,.— 9 —0-2 n—j—L

al, = (A)'AGrT Y AR AT
=0
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For 1 —n~! <r <1, wehave r”" < (1—n"1)™" < e~!. Hence setting m = n — j
yields

jady| < e

<c(1=r) (14 (m(1=)),

m
$ a5 a2
k=0

where the second step follows from the inequality (A.4.10) proved in Appendix A.4.
Since 1 —n~! < r < 1, this proves (3.2.9). O

Lemma 3.2.6. If6>0,0<r<1,and f € L'(S"), then
) 5
P(S0f) = Zb Sof, (3.2.11)
where the coefficients bi” satisfy, with a constant cg independent of f and n,
n
> b3l < cs. (3.2.12)
=0

Proof. Using Eq. (3.2.10), we have, for 0 < s,r < 1,

(1-5) 5 1PRf= Y A (P,S,‘?f) 5"

n=0

On the other hand, since P;P. = Py, we obtain, by Eq. (A.4.3),

(1=5) " ORPf = (1=5) (1 =sn) P01 —5r) "Ry f

_ (; a3s1) (; ao ) ( go 43 (s3) torY )
_ <2A5 (s27)r 3 afao ”)

n=0 k+l=n—j

Comparing the coefficients of s of the above two identities yields (3.2.11) with
5 611485 46 5-2 1
b9, = (A AY Y Ay AT
=0

The sum in bin can be estimated by a slight modification of Eq. (A.4.10), which
shows that

I3
‘bm

<c(ad) a8 (1= 1) (14 (0= N1 =1)?).
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Consequently, it follows that

r)‘SJrl ZA?rj <ec,

n—1 5
)) ‘bj,n
=0 j=0

where the last step follows from Eq. (A.4.3). This completes the proof. O
In the next lemma, the length of a given interval / C R is denoted by |1|.

Lemma 3.2.7. Assume that 1 < p < oo and that the inequality (3.2.7) holds. If rj €
(0,1) and I; is a subinterval of [rj,1) for j=1,2,..., then the inequality

(SRR
k=1

holds for all sequences {ny}7_, with ny € No and fi € L'(S*~1) with a constant c,,
independent of {ri.}, {I}, {n}, and { fi}.

Proof. First we use Lemma 3.2.6 to obtain

Scp
4

(3.2.13)

(i ! |Prfk| dr)

k 1|Ik| I

p

5 2
SRl k=12,

2 Tk s
Prkfk‘ Scz‘b[mk
(=0

Summing over k and invoking (3.2.7), we deduce

2\ 2
fk‘)

oo oo N
H(Z S Pre <¢p <ZZ by, |fk|2>
k=1 P k=10=0
= 3
<c (2|fk|2) (3.2.14)
k=1 p

Next, we show that the desired inequality (3.2.13) follows from Eq. (3.2.14). To see
this, foreach k>0 and n > 1, we let {rk,,-}izio C I be such that ry j — ry i1 = 27" ||
forall 1 <i<?2" Thenforeachn € N, R, :=2"" Zizil |Prk‘l.fk|2 is a Riemann sum
of the integral ﬁ Ji |Pr fi|*dr. Thus,

1 _ %
H(k 1|1k|/ 'Prfk'zd’) —E&H( 23 rk,ka)
p

On the other hand, since for each fixedn € N, ry <7y ; forall 1 <i<nandk €N,
using Eq. (3.2.14), we have

p



62 3 Littlewood—Paley Theory and the Multiplier Theorem

oo M o l
[ )
k=1 i=lk=1 p
1
2
<o (27 |pus] )
i=1k= p
Letting n — oo proves (3.2.13) and completes the proof of the lemma. a

We are now in a position to prove Theorem 3.2.4.

Proof of Theorem 3.2.4. Without loss of generality, we may assume that n <
Si_, vk < 2n, since otherwise, we may consider the sequence v; = M~ 'v; + 1. For
convenience, we define, forn =1,2,...,

Eof =—(n+1+8)""Y kproj f.

It follows from Eq. (3.2.5) that for 0 < j <n,

jt+o+1

S3(Enf) = Py (S‘s“f—Sff). (3.2.15)

Using Lemma 3.2.5, we obtain that for every r € [1 —n~1, 1),

S S0 = ) PSS E) + 3 a8 (53 Eu)).

j=1

where we have used the fact that P,Sf =S ?P,, which can be easily verified. Applying
Eq. (3.2.15) one more time shows that '

SEHF=Shf =[S Pf) ~ 3RS

n—1

JHO+1 5 v p 5
;ﬁ:gii’”F (rﬁ—sﬂﬂﬁ] (3.2.16)
By Eq.(3.2.9), |49, |<c( r) <cn'. Now let gy = 1 and p, = 1+ X7 v; for
n>1.Clearly, r,, := 1 — #— €[1—n"',1—(2n—1)"1. Thus, applying Eq. (3.2.16)
with r = r, and setting f,, := P, f, we obtaln

53t —sir| <elsitp s

n—1
+on 2y j|STf - 530
i=1

It then follows from the Cauchy—Schwarz inequality that
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2
53t —s3r| <elsitf -3,

2 n—1 2
R WH DI
=1

By this inequality and Theorem 3.2.1, the proof of Theorem 3.2.4 will follow, as
seen in the definition of g5(f), from the following two inequalities:

1
- 2 2
H<an ‘SSJrlfn_S?,fn Vn) Scp||g(f)|\p (3.2.17)
n=1 »
and
=y, il 2 |51 5. 12 3
H(ZFZJ ’Sﬁ o= Sifn ) < cplle(f)llp- (3.2.18)
n=1 j=1 »

In order to prove the last two inequalities, let 1 € C*(R) be such that n(x) = 1
for |x| <1 and n(x) =0 for |x| > 2. Forn = 1,2,..., we define the operators L, and

On by
oo J 2n J
Lnf = 2ﬂ<—>Pr0j,~f, Ouf =~ jn (—) proj; f.
j=0 A" =0 \T
Summation by parts d + 1 times by Eq. (A.4.8) shows that

X a0 ded
=0

where A4t acts on the variable j, so that |Ad+1n(]%])| < cN~9"! by Eq.(A.3.4).
As a consequence, by Theorem 2.4.7, we have

sup |Ly | < csup 77| < cM(f),
N>0 >0l

where M is the Hardy-Littlewood maximal function. The two operators Ly and Qy
are related by the relation P.(Qn f)| = rLN(%P, f). Consequently, it follows that

Ly (%Prf>‘ SCM<%Prf>-

Now, by Eq. (3.2.15), fo = P,, f, and S3(Ex f) = S3(Qn f), we see that

|P(ONf)l =T

SO =S =(j+8+1)7'P, (S?(szf)) (3.2.19)

for 1 < j < n < N. Using this identity with j = n and Lemma 3.2.7, we obtain



64 3 Littlewood—Paley Theory and the Multiplier Theorem

rusion ) %

N
<c (2:—?

n=1

p

N 1
v, 1 Tnt1 2
<cll{ ¥ 57 |P(On f) | dr
i n |In| ™ p

(gL () o)

where |I,| = r,41 — rn. Applying the Fefferman—Stein inequality to the Riemann
sums of the integrals fr:"“, we then obtain
1
%) > \?
()] )

2> H( Tn+1
n= 1)’!3 |I|

)

p

< S S
H < Y [s8+ fu— 52
n=1

p

N 2 \3
1 Tn+1 a 2
c — =P dr
(22 (3 ,,
<cpllg(Nllps
where we have used |[,| = ”nrl”ﬂ ~ % in the second step and 1 —r ~ % for all

¥ € [rp,ruy1] in the last step. Letting N — oo proves the inequality (3.2.17).
The proof of Eq. (3.2.18) is similar. In fact, using Lemma 3.2.7 and Eq. (3.2.19),
we have

1

5 l N n—1 5 3
H(Z 2 *|$2 82 ) <2 ) rnSQNf\>
p n=1""j=1 P

1
Tn+1 a 2 2

Scp (z 3|I| Eprf d}") )

P

which already appeared in the proof of Eq. (3.2.17). O

3.3 The Marcinkiewicz Multiplier Theorem

The Marcinkiewicz multiplier theorem for spherical harmonic expansions, stated
below, gives a sufficient condition for the L” boundedness of multiplier operators.
Recall the difference operator A", which, when applied to a given sequence {a}7_,
of complex numbers, is defined by

0 1
A aj = dg, Aak:ak—akH, Ath ak:A"(Aak), I’l=1,2,....
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Theorem 3.3.1. Ler {u; o be a bounded sequence of real numbers such that

2J+1
(Bx) sup2/-1) Y [Nk <M < oo
j=0 (=241

for some positive integer k > % Then {;} defines a bounded multiplier on LP (S9-1)
for 1 < p <o, that is, for f € LP(S?™V), the inequality

<cpllfllpy 1< p<es,
p

z wjproj; f
j=0

holds with a constant c, = c\,M independent of f and {u;}.

The proof of Theorem 3.3.1 relies on two lemmas. The first one explains further
the condition (By).

Lemma 3.3.2. If {u;} is a bounded sequence of real numbers satisfying (By) for
some positive integer k, then {|1;} satisfies (B;) for all 1 < i <k, with a possible
change of the absolute constant M.

Proof. Tt suffices to show that (By) implies (By_1) for every k > 2. It is evident
that (By) implies Y5, |Afuy| < oo, which implies, by Ay, — ATy, =
2{;7"71 Ak, that AF1p; is a Cauchy sequence, hence converges, and the limit
lim . A1t = 0 holds as a consequence of |212:’71 A | < egesup; || < ee.
It follows then that

2j+1 i1 o oo

DI TR D WA RS D MR VTR Vet
0=2+1 (=2741i=( i=2J+1

where the last step used (By), so that (By) which proves (By_1). O

Lemma 3.3.3. Let {a;}7_, be a sequence of real numbers and let {l1;}7_, be a

bounded sequence of real numbers satisfying (Bg,). Let sg and G,? denote the
Cesaro (C,8) means of the sequences {a;}7_ and {a;u;}7_, respectively. If § is
a nonnegative integer, then

—1
00 = pnsS + Y, CP,s2, (3.3.1)
(=0

where the constants CZ , are independent of {a 1}7:0 and satisfy

)
’Cf,n

5+1
gc2(£+1)“’A"m7 0=0,1,...n—1. (3.32)
k=1
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Proof. Using summation by parts, we obtain, for 0 < r < 1,

oo

A =(1—r) Y pag = (1—1) 7Y AT ()AL,
n=0 n=0 n=0

Since A+ —kpntk — pntk(] _ )8+1-k the product formula (A.3.3) of the difference
operator shows that
5 o+1 5 5
A +1 (u”rn) _ z (_ l)kA; 72(Aku”)rn+k(1 _ r) +17k'
k=0

Using (1 —r) %= Z‘;-":OAIJ‘.*I}’-" , the above two identities lead to

o0 6+1 oo
S AG8 = 3 (A2 =) Y (A adst
n=0 k=0 n=0

_z z kA SZZ()AmkI(Akul)ASSé

Comparing the coefficients of s” yields (3.3.1) with, for0 </ <n—1,
min{n—¢,56+1}
Cl=AN'A) Y (=R Ay,
k=1

where we have used the fact that A;Ll ;= 0 for £ < m in the last step. Finally, for
0</¢<n-—1,wehave

S ) 65+1 k—1| Ak & k—1| Ak
(ol <cl®n™® Y (=0 A e < e Y 07 A
k=1 k=1
which proves the desired inequality (3.3.2). O

We are now in a position to prove Theorem 3.3.1.

Proof of Theorem 3.3.1. Without loss of generality, we may assume fy = 0 and
M = 1. Let § be the smallest integer such that § > 952, Then Eq. (3.2.7) holds by
Theorem 3.2.3. Let F = 37_; u; proj; f. By Theorem 3 2.4, it suffices to show that
the inequality

1
¢s(F) < c( > }Sf“f—s,?f\zvnwy (33.3)
n=1

holds for some sequence {v, } of positive numbers satisfying supn n! 27:1 vj < oo
To establish (3.3.3), we apply Lemma 3.3.3 with s¢ and 6 the (C,8) means of
{kproj, f}7_, and { ek proj, 17, respectively, Wthh gives, by Eq. (3.2.5),
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-1 -1 n—1
S5+1F_S5F: 5: ) C5 1)

n n n+5+16n n+6+1 nuﬂsn_FZE) St | s
where, using Eq. (3.2.5) again,

1) oy—1 : ) o0+1 0

£ = (a2)1 X Al jproj, f = —(¢+8+1) (2 - 50F).

Jj=0

It then follows by Eq. (3.3.2) that
5+1 5 S+lp_ 8 NS S+l p_ 8
Sy T F = Sy F| < |ual S f = S f | +en” Z Z AT el |7 f = SP11-
Using Lemma 3.3.2 and (Bg | ), we conclude that

0N g < en. (3.3.4)

P

HM\

Hence, by the Cauchy—Schwarz inequality, we deduce

2
85(F)P < clas (s |2+c22n (ze'muwwsé“ ~str[)

j=1n=
)2 541 5 20 ot A
< clgs(/) +cZ\S st 3o Al
j=1
> 2
Scz}sf“f—sff’ van 1,
n=1

where v, =1+ Z‘?;rll |/A\J |/, Finally, it follows directly from Eq. (3.3.4) that

o+1 n

IZVg—l—i—Zn 12€/|A1W|<c

This proves (3.3.3) and completes the proof of Theorem 3.3.1. O

3.4 The Littlewood—Paley Inequality

As an application of the Marcinkiewicz multiplier theorem, we prove a Littlewood—
Paley-type inequality in this section. Let us start with the following definition.
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Definition 3.4.1. Given a compactly supported continuous function 6 : [0,00) — R,
we define a sequence of operators Ag j by Ag o(f) = projo(f) and
- n . .
Agi(f):=.6 (5) proj,(f), j=12,....

n=0

Theorem 3.4.2. Let m be the smallest integer greater than d /2. If 0 is a compactly
supported function in C™[0,e0) with supp 0 C (a,b) for some 0 < a < b < oo, then
forall f € LP(S4=1) with 1 < p < s,

. 1/2
(5009
=0

where ¢ depends only on p, d, a, and b. If, in addition,

<c|[fllp: (3.4.1)
p

0<AI <Y 02771 <Ay <o, V>0, (3.4.2)
j=0

and [ga-1 f(x)do(x) =0, then

- 1/2
(5
j=0

Proof. First, we prove the inequality (3.4.1). Let {é,-};":o be a sequence of
independent random variables that take values =1 and have mean zero. Then by
the Khinchine inequality, for every real sequence {a;},

P\ 1/p - .
<IE ) ~ <2 |aj|2> . 0< p<oo, (3.4.4)
Jj=0

where E denotes the expectation of random variables. Now consider the (random)
linear operator

~fllpy 1<p<ee (3.4.3)
p

=

> ajg;

Jj=0

Tf=Y &Ag,f. (3.4.5)
=0

Directly from the definition of Ag ; f, T f can be rewritten in the form

:wAk ro',Au::mei ;.
T/ = 2 AWPRS. A jzo(z,)é
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Since 6 € C™[0,) is supported in a finite interval (a,b) C (0,0), it follows by a
straightforward computation that

()

which, in particular, implies that

<cu ", u>1l, r=0,1,....m

3

INAK)| < k™", r=0,1,....m, k>1,

where the constants ¢, and ¢} are independent of the random variables &;. We now
apply the Marcinkiewicz multiplier theorem, Theorem 3.3.1, with 1 = A(k) to
deduce that

ITfllp < cpllfllps 1T <p<ee, (3.4.6)

where ¢, is a constant depending only on p and d. Combining (3.4.4) and (3.4.5)
with Eq. (3.4.6), we conclude that

|| <§;)}Ae,jf|2> !

which proves the desired inequality (3.4.1).
Second, we prove the inverse inequality

- 1/2
()

for f € LP with 1 < p <eeand [gs-1 f(x) do(x) = O under the additional assumption
that

1
~ (EITF12)"? < cpll 1l
p

> FI (3.4.7)
p

i 02 7x)> =1, x>0, (3.4.8)
=0

This assumption implies that for every spherical polynomial g,

M

(Aq,j0A¢,j)g = & — Projy &- (3.4.9)

j=0

Now for f € L? w1th jlgd 1 f(x)do(x) =0 and € > 0, there isage LIS !) with
llglly = 1, where 1 5 +5 = 1, such that ||f]|, —&/2 < o L [ f(x)g(x)do. Let g,
be a spherlcal polynom1a1 such that ||g — gnllg < €/2. Then it follows readily that
Ifll,—€< w1|de 1 fgndo (x)|. Using Eq. (3.4.9), we have
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‘/Sdl fendo(x)

/sH i)AG,jf(x)Ae,jgn(x)do(x)

1 1
oo 2 oo 2
(2 |4, jf|2> <2 |Ae,,,-gn|2>
Jj=0 pll \j=0 q

(2 | Ao, ij2> <2 |0, ij2>
j=0 j=0

This proves the inverse inequality (3.4.7) under the additional condition (3.4.8).
Finally, we show that for the validity of the inverse inequality (3.4.7), the
condition (3.4.8) can be relaxed to Eq. (3.4.2). To this end, we define

1
= o

<c

<c
P

SCHgan

p

B(x) = 6(x) .

(E70l00P)"

It is evident that & € C™[0,), supp® C (a,b) C (0,), and
Y 6(277x) =1, Vx> 0.
Jj=0

Thus, using the already proven case of inequality (3.4.7), we have

(£ t@,07) N

j=1

£l <cp (3.4.10)

p

Next, let ¢ € C[0,0) be such that ¢ (x) = 1 for x € [a,b], and supp¢ C (ay,b;) for
some 0 < a; < a < b < by <. Define

o)
(Zol0@mP)

v(x) =

T
2

Then 6 (x) = 0(x)y(x), and hence Ag j=Ay,joAg ;. Thus, we may rewrite (3.4.10)

in the form
1
oo 2
(2 |Aw,jgj|2>
Jj=0

, (3.4.11)
p

£y < ep
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with g; := Ag ;f. On the other hand, since y € C"[0,0) has compact support, and
m—1>A= %, using Theorem 2.4.7 and summation by parts m times, it follows
that

sup|Ay,jg(x)| < C sup |S7"!(g)(x)] < CMg(x) +CMg(—x).

JjeN keZy

Thus, by Eq.(3.4.11) and the Fefferman—Stein inequality in Theorem 3.1.4, we

deduce that
1 1 1
oo 2 =) 2 oo 2
111y < cp (2 |ng|2> <cp (2 |ng2> = H <2 IAe,jf|2> :
Jj=0 » Jj=0 » Jj=0 »
which establishes the desired inverse inequality. a

3.5 The Riesz Transform on the Sphere

Our definition of the Riesz transform on the sphere depends on the fractional
Laplace—Beltrami operator. The main results on the Riesz transforms are proved
in the first subsection, assuming a technical lemma on the square of the Laplace—
Beltrami operator, which is proved in the second subsection.

3.5.1 Fractional Laplace-Beltrami Operator and Riesz
Transform

Our definition of the fractional Laplace—Beltrami operator is motivated by the fact
that AgY = —k(k+d —2)Y forallY € #? andk=0,1,....

Definition 3.5.1. Let r be a nonzero real number and let f € L' (S*~1). A function
g € L(S% 1) is called the rth-order Laplace—Beltrami derivative of f if

[, #0)do() =0, and projug = (k(k+d—2)projyf. k=1.2.....

and we write g = (—Ao)" f.

Since a function is uniquely determined by its orthogonal projections, by
Corollary 2.2.6, (—Ag)"f is uniquely defined. Making use of the operator L, f
defined via a cutoff function in Sect. 2.6, we work mostly with polynomials and
pass to the limit for general functions. Recall that D; ; denotes an angular derivative.
We note that D; ; commutes with (—Ag)” for r € R, since polynomials can be
decomposed into spherical harmonics, while by Lemma 1.8.3, D; ; maps ¢ into
24, Our main technical lemma is the following lemma.
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Lemma 3.5.2. If f is a spherical polynomial and 1 < p < oo, then

max
1<i<j<d

1
Dej (=202 £]| <eylifl (3.5.1)
and furthermore, for every o > 0,

meas {x esil: ’D,-,”,- (—Ag)? f(x)’ > a} < c@. (35.2)

Lemma 3.5.2 will be proved in the following subsection. It is the essential
ingredient in the proof of the following theorem.

Theorem 3.5.3. If 1 < p <o and f € C'(S"1), then

max (D[], ~ [[(~40)/] (3.5.3)

1<i<j<d

p )

with the constant of equivalence depending only on d and p.
Proof. We first claim that it is sufficient to prove (3.5.3) for spherical polynomials.
Indeed, let L, be the operator defined in Eq. (2.6.2), so that L, f € IT,(S"") and

L,f=fif fell, (Sd’l). If Eq. (3.5.3) has been established for polynomials, then
for each f € C'(S71),

max_ | Di;Luf|, ~ H(_AO)%Lnf

1<i<j<d

‘ n=1.2,... (3.5.4)
p

However, since D; ;jL, = L,D; ; and L,D; ; f converges uniformly to D; ;f as n —

o for each f € C!(S9~1), we conclude, by Eq.(3.5.4), that (—Ag)2L,f converges
uniformly on S¢~!. Thus, for some g € C(S41),

. . . 1 1 .
proj, g = ’}grgoprOJk(—Ao)ZLnf: (k(k+d—2))2proj, f, k=0,1,....

By Definition 3.5.1, this shows that g = (—Ao)% f € C(S?71). Consequently, taking
the limit of Eq. (3.5.4), we conclude that Eq. (3.5.3) holds for all f € C'(S?~1).

We now establish (3.5.3) for a polynomial, f € IT,(S?"!). Since (—Ao)%f is
also a polynomial by definition, applying (3.5.1) on (—Ao)% f gives one direction
of the equivalence. The other direction can be deduced via a duality argument. Let
(f,8) := Jsa1 f(x)g(x)do and let L, be defined as above. Then for p' = p/(p— 1),

|-anis] = s |((-a0) fg)|= sup [((~40)* f.Lug)]

gl <1 lgll<1

)

= sup ‘<A0f7(_A0)7%Lng>

gl <1
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where we have used the fact that for every h € IT,(S?" 1), (h,g) = (h,L,g) in the
second equality and that both f and L,g are polynomials in the last equality. Using
the decomposition (1.8.3) of Ag and Eq. (1.8.7), we further deduce that

H(—Ao)%prg Y, sup ‘<Di,jf,Di,j(_A0)7%Lng>‘

1<i<j<dllgll y<1

< ¥ sup HDi,ijpHDI-,]-(—AO)*%Lng
1<i<j<dllglly<1

p/

<c max [|Di;f]

P?

where the last step follows from Eq.(3.5.1) and the boundedness of ||L,||,. This
establishes the other direction of the equivalence and completes the proof. a

If f is a polynomial, then so is (—Ao)’% f by definition. Applying Lemma 3.5.2
to the polynomial (—Ao)’% f shows that
_1
1Dij(=A0)"2 fllp < cpllfllp, T <p<eo,

for every spherical polynomial f. Since the space of spherical polynomials is dense

in L7, it follows that D,-,”,-(—Ao)’% extends uniquely to a bounded operator on L”
for all 1 < p < co. Furthermore, using Eq. (3.5.2), we can extend the definition of

D; j(—Ao)’% to the whole L' space. This justifies the following definition.

Definition 3.5.4. For 1 <i < j <d, we define the Riesz transform R; ; f by
1
Rijf =D ;j(—40) 2 f.

The main properties of the Riesz transforms are summarized below.
Theorem 3.5.5. The Riesz transforms satisfy the following properties:
(i) If1<i< j<dandfcL' (S, then for every a > 0,

meas {xe SR f) (x)| > a} < c@.

(i) If f€LP(S? 1), 1 < p< oo and [sar f(x)do(x) =0, then

1A~ 2 IRfllp

I<i<j<d

(iii) Let I denote the identity operator on L' (S?~"). Then

>, R=1

1<i<j<d
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Proof. Using L, f and passing to the limit, we need to establish the result only for
polynomials. Thus, (i) follows from Eq.(3.5.2), and (ii) is a consequence of The-
orem 3.5.3, since evidently X<, <4 [|Dif|lp ~ maxi<i<j<a ||Di;fl| p. Statement
(iii) follows directly from the decomposition (1.8.3) of Ag and the commutativity of

D,"j and (—A())ié. O
Lemma 3.5.6. The operator R; ; satisfies
[ Rf@)s@do) = [ R g0, (355)

and R; j commutes with the convolution operator, (R; jf)*g=R; j(f*g).

Proof. Directly from the definition, (—Ag)" is self-adjoint, so that Eq.(3.5.5)
follows from Eq. (1.8.7). Furthermore, by Eq. (2.1.5), ((—A¢)" f)*g = (—A0)" (f *&)
also follows directly from the definition of (—A¢)". Hence, (R; jf)*g = Ri j(f *g)
follows from Proposition 2.6.4. O

3.5.2 Proof of Lemma 3.5.2
We first define an analogue of L, f for (—Ao)% f. Let 1 € C[0,0) be such that
n(x) = 1forx e [0,1],and n(x) =0 forx > 2. Form=1,2,... and A = 432, define

2m+1 k 7lk—|—ﬂ,/fL
Hy(1) = 2 ) k(k+d—2)) 222k, “11.
0= 30 (35) wkra-2)H 5 ko, el

Then as can be easily seen,

(—A0) 2 f =Hyxf, Vfen(S).

We need sharp estimates on H,, and its derivatives, which, however, do not follow
directly from the estimate of L,(¢) in Sect. 2.6, owing to (k(k+d — 2))’%.

Lemma 3.5.7. Forr=0,1,2,..., 8 € [0,x], and m € N, we have
‘H,Ep (cos 6)’ <cra(27"+ g) (4242,

Proof. The support of 1 implies H_;(cos 8) = 0; hence we can write

Hy(cosB) = i(Hj(cose) —Hj_1(cosB)) =: iAj(cose),
Jj=0 j=0
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where by the properties of 7,

) 2Jj+1 ok + A,
Aj(cos0) =277 % wy;(27k) 7 C}(cos6)
k=2/-1

with y;(x) = (n(x) — n(2x))(x(x—|—2’j+1l))’%. Since y; is a C* function

supported in [},2], which implies that I Wj@LI) I

by Proposition 2.6.7 that

. < cyq forevery £ € N, it follows

‘AY) (cos e)’ <, 200220 (1 4 2ig) "

Letting T=d — 2+ 2rand ¢ = 7+ 1, we deduce that

’H,(nr)(cose ‘ 2’ (cosB) ’<c€,,22ﬂ(1+2/’9)7771
=0 =0

If 0 < 6 <27™ then the last sum is bounded by 2% < ¢(27™ + 0)~ %, which is the
desired upper bound. Assume now that 277" < 27k < 9 <271 <27 Then the last
sum is bounded by a constant multiple of

k m
Y 27+ Y 20200) T < e (220 0 ) <2+ 0)
j=0 j=k
which completes the proof. a

Next, we define, for 1 <i< j<dandm=1,2,..., the kernels

Hy jm(x,) 2= Dy j [Hn((-,3))] (x) = Hy, (Cx,y)) (xiyj = x;3i),

where the second equality follows from the definition of D; ;. The estimates of these
kernels are given in terms of the geodesic distance d(x,y) = arccos (x,y), which is
comparable to ||x —y|| by Eq. (A.1.1).

Lemma3.58. Let 1 <i<j<dandm=1,2,...
(a) Ifx,y €S, then

c

27 +d(xy)

‘Hi,.j,m(x,y)‘ S (

(b) If in addition, z € S~ and d(y,z) < $(27" +d(x,y)), then

d(»2)

\Hijm(x,y) = Hi jm(x,2)| < Bty
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Proof. By Lemma 3.5.7 with r = 1, we obtain
|Hi jm(x,)| = [Hy, (e | iy — xjyil < [Hy (e, 3)) | (Jxi = yil + xj = v51)
<c(@4+dxy) TP ay) <@ +dley) Y,

which proves (a). To prove (b), we first note that if d(y,z) < (27" +d(x,y)), then by
the triangle inequality, d(x,z) + 27" ~ d(x,y) +27™. Thus, using the intermediate
value theorem and Lemma 3.5.7 with r = 2, we deduce that for some 0 between
d(x,y) and d(x,z),

H,, ((x,y)) — Hp,((x,2))| = |Hp(cos 0)] [(x,y) — (x,2)]
<c(2+ 6)75[72 ‘sin (d(x’”gd(x’z)) sin (d(x’y);rd(x’z>) ‘

<c(2+d(xy) " aln2).
Furthermore, by the triangle inequality and Eq. (A.1.1),
iy —xjyil < lxi = yillyjl +yj = xjllyil <2d(x,y)

and
iy —xjyi — xizj +xjzi| < |yj— 2]+ yi — 2| <2d(y,2).

It follows that
|Hijn (%, 9) = Hi jon(x,2)| < [Hy((e,3) = Hy ((x,2)) | [xiy =29
+ | Hy ((6,2) | iy — i = xizj + 2]
<c(27+d(x,y) ‘a02),
which proves (b) and completes the proof. a

We note that H; j  (x,y) = —H; jm(y,X), so that (b) holds if x and y are exchanged.
With these preparations, we are in a position to prove Lemma 3.5.2.

Proof of Lemma 3.5.2. Assume that f € ITon (S!) forsome m € N. For 1 <i< j <
d, retain the notation R;  f = D; j(—Ag) "2 f. Then R;  : Iyn (S%1) = ITyn (ST 1).
1

For p = 2, using the fact that D; ; commutes with A, *, we obtain immediately from
Egs. (1.8.7) and (3.5.5) that

IR f117 = (Rijf Rijf) = (D} ;f, Aq ' f)-
In particular, the right-hand side is positive, so that by Eq. (1.8.3),
IRijfI3< 3 (D7 pf 80" f) = (Aof. A 1) < If13-

1<i'<j'<d

Thus, we have proved (3.5.1) for the case p = 2. a
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By the Riesz—Thorin theorem, the proof of Eq.(3.5.1) follows from the weak
(1,1) estimate (3.5.2), which we prove next using the Calderén-Zygmund decom-
position in Theorem 3.1.6. Since for f € ITm(S9~1),

(~80) 40 = (FxHn) ) = o [ FO)Hn((x))d0 ),
it follows that
Risf =D +Ha) ) =5 [ SO0 (x)d00).

Since S9! has finite measure, Eq.(3.5.2) is obvious if 0 < o < ||f||1. Assume
now o > || f||1, so that Theorem 3.1.6 is applicable. Then there exists a Calderén—
Zygmund decomposition f = g+ b at the level o such that ||g||; < c||f|l; and
I16]]1 < ¢l|f]|1, and the functions g and b satisfy the properties specified in Theorem
3.1.6, where the balls are spherical caps in this particular case. For the function g,
using the already proven case of Eq.(3.5.1) for p = 2 and the fact that |g(x)| < ca
for almost every x € S?~!, we obtain

Rijgl3 5
meas {XE Sd71 . |(Ri,jg)(x)| > COC} < ” C;fZHZ < C/Higl < CC/ Hil‘l < C// H];l‘l

Thus, the proof of Eq. (3.5.2) is reduced to proving the inequality
meas {x €S |(Ri k) (x)| > coc} < c’@. (3.5.6)

For each k, we can write By = c(x,7¢) with xx € S*! and r; > 0. Let B} =
c(xk,4ry). Then for x ¢ By, using Lemma 3.5.8, we obtain

(Rib) )| = [ (0 n9)  Hi ) i) 0 )|
<o | e nlaot) < ¢t [ nldot)

d(x,xz)) (d(x,xx))4 .

o
< ' meas(By) Tk

(A(x,x))4”

which implies, with an appropriate parameterization of the integral over (Bj)¢,

/(B*)C |(Ri,jbx) (x)] do(x) < cormeas(By) / Tk do(x)

: B (d(x,x))4

T (sin §)4-2
< cocrkmeas(Bk)/2 (sin0)7

do < ' ameas(By).
4I‘k 6(1 - ( k)
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Consequently, setting B* := | J; By, we deduce
meas {x: [(R; jb)(x)| > co} < measB* +meas{x € (B*)" : |(R; jb)(x)| > cat}
< zmeas B}) +—2/ |(Rijbi) (x)|do

<c2measB) /”f”l

where the last step follows from (iii) of Theorem 3.1.6. This proves the inequality
(3.5.6) and hence, Eq. (3.5.2), which further implies, by the Riesz—Thorin theorem,
the inequality (3.5.1) for I < p <2.

The remaining case of Eq.(3.5.1) for 2 < p < o follows by duality. Indeed, let
again L, f be the operator defined via a cutoff function as in Sect. 2. 6 which, by
Lemma 3.5.6, commutes with R; ;. Then for f € IT,(S?"!) and p' = € (1,2),

we deduce, using Eq. (3.5.5) and the boundedness of || L, || 5,

IRijfllp,= sup (Rijf,g)= sup (Ri;f,L.g)= sup —(f,LuRi;g)
Il <1 gl <1 gl <1

< sup |[IfllplLaRijglly < sup |[fllplIRijgllr < cpllfllps
gl <1 lgll <

where the last step follows from the already proven case of Eq. (3.5.1). a

3.6 Notes and Further Results

The main reference for our Sect. 3.1 is [158]. Another good reference is [33]. The
proof of the Fefferman—Stein inequality can be found in [74] and [158, pp. 51-55].

The Littlewood—Paley theory in Sect. 3.2 and the proof of Theorem 3.3.1 follow
essentially the argument in Bonami and Clerc [18]. The proof has been substantially
simplified by making use of the operators defined via a cutoff function. A classical
reference on general Littlewood—Paley theory is [157].

Several Riesz transforms on the sphere are defined in [3], including R; ;.
The proof in Sect. 3.5 is new and has never before been published.



Chapter 4
Approximation on the Sphere

A central problem in approximation theory is to characterize the best approximation
of a function by polynomials, or other classes of simple functions, in terms of
the smoothness of the function. In this chapter, we study the characterization
of the best approximation by polynomials on the sphere. In the classical setting
of one variable, the smoothness of a function on S! is described by the modulus of
smoothness, defined via the forward difference of the function. A main challenge
for the sphere SY~! with d > 3 is to define a modulus of smoothness that will
characterize the smoothness, since multiplication on the higher-dimensional sphere
is not commutative. It became clear only recently that a satisfactory modulus of
smoothness can be defined as the maximum of the moduli of smoothness of one
variable in 6; ;, the angle of the polar coordinate on (x,',xj), over all possible choices
of (i, j). Conspicuously, the number d(d — 1)/2 of such angles is the dimension
of SO(d), while SY~! =SO(d)/SO(d — 1). This modulus of smoothness allows us
to tap into the rich resources of trigonometric approximation theory for ideas and
tools, and effectively reduces many problems in approximation theory on S~ to
problems of trigonometric approximation.

A succinct review of trigonometric approximation theory on S' is given in the
first section, which serves as a model and provides building blocks for our results
on the sphere. The modulus of smoothness on the sphere is discussed in the second
section, and a main lemma for its application in approximation theory is given
in the third section. An operator that provides an explicit construction, up to a
constant, to the best-approximation polynomial of a fixed degree is presented in the
fourth section. The characterization of the best approximation by polynomials on
the sphere in terms of the modulus of smoothness is given in the fifth section. A K-
functional is defined in the sixth section and shown to be equivalent to the modulus
of smoothness, so that it provides another characterization. Several examples of
functions for which the order of the modulus of smoothness, hence the order of
best approximation, can be explicitly determined are given in the seventh section.
Finally, other moduli of smoothness are discussed in the eighth section.

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 79
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4_4,
© Springer Science+Business Media New York 2013
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4.1 Approximation by Trigonometric Polynomials

Under polar coordinates (x1,x,) = r(cos 8,sin 8), the functions on the circle S' can
be identified with 2z-periodic functions in 6. The spherical harmonics of degree
n on S! are cosn® and sinn®, so that the space IT,(S') becomes the space of
trigonometric polynomials of degree at most 7,

I1,(S") = span{1,cos 8,sin @, ...,cosnd,sinnd}.

Hence, the polynomial approximation on S' is the same as the trigonometric
polynomial approximation for 27-periodic functions.

For f € LP(S"), if 1 < p <o and f € C(S") if p = oo, the error of best
approximation by trigonometric polynomials of degree at most # is defined by

Ef)p= ol =gl 1<p<e

The central problem in trigonometric approximation theory is to characterize E, (f)

in terms of the smoothness of the function f. For this purpose, we need the notion

of modulus of smoothness, usually defined through the forward difference of f.
Let I denote the identity operator and Sj the translation operator defined by

Spf(x) := f(x+h).Forr=1,2,..., the forward difference operator Zz is defined by
Zh :=8,—1 and Zr = Z,g*th,

or Zh = (S, —I)". The binomial theorem implies that
— r
AZf(x)ZZ( 1)~ J(J)f(x—i—h]) (4.1.1)
j=0

— —
The usual difference operator A is related to Ay, by A = —Aj.

Definition 4.1.1. For f € LP(S")if I <p <eoand f € C(S!)if p=oo, r=1,2,...
andz > 0,
1< p<oo

Ryf]

o (f3t)p == sup

)
l6]<r P

The modulus of smoothness ®,(f,?), is a continuous and increasing function of
t with @,(f31) p—0,1— 0". Furthermore, it satisfies the following properties:

(D) o (f+g1)p < (fit)p+ or(g:t)p.
(2) o (f:At)p < (?L—i—l) o (f; t)P,?L >0.
3) a(f;t), < ct"a (f7)51), if £ € LP(SY).
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The first of these properties follows from the triangle inequality in L”(S'). For the
second one, we use the relation

n—1 n—1

R f) =3 S Rif(xthkih+ - +kh), 4.12)
K=0 k=0

easily established via induction, to show that w.(f;nt), < n"o.(f;t), forn € N,
and then apply the monotonicity of @,(f;t), in ¢. The third one is a consequence
of (i) in Lemma 4.1.4 below. Before stating the lemma, which contains further
properties of the forward difference, we state the main theorem of trigonometric
best approximation.

Theorem 4.1.2. For f € LP(S')if 1 <p <eoand f € C(S") if p = oo,

Eif)p<cop(fin!),, 1<p<e, n=12,... (4.1.3)
On the other hand,
n
o (fin )y <en Y KB (f)p,  1<p<e. (4.1.4)
k=1

The inequality (4.1.3) is usually called the Jackson estimate. Its proof requires
constructing a trigonometric polynomial whose error of approximation is bounded
by the modulus of smoothness. The inequality (4.1.4) is often called the inverse
estimate, its proof relies on the Bernstein inequality in the theorem below. In both
cases, a proof will come out as a special case of our approximation on S~ 1.

Theorem 4.1.3 (Bernstein inequality). For1 < p <eandT, € H,,(Sl),
1L, <t I, k> r 4.1.5)

Proof. Tt is sufficient to prove that ||7;/||, < n||T;||,, from which the general case
follows by iteration. We consider the case p = oo first, which will follow from the

P

stronger Szegd’s inequality
T)(0)? +n’T,(0)* <n?| |2, 0<6<2n. (4.1.6)
To prove this inequality, we can assume, considering T;,(- + 0) if necessary, that
0 =0and 7'(0) > 0. Let y > || T,1||.. We define a real number «, |ot| < 7/(2n), by
ysinno = T;,(0), and define
Sn(x) = ysinn(x+ a) — T(x).

Then at the points 6; := —a + (k — 1/2)n/n, k = 0,£1,...,+n, we have
sign S, (6;) = (—1)¥1, so that S, has a unique zero ¢ in each of the 2n intervals
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(6, 6k+1). On the interval (6, 6;), we have S,(0) = 0 and S,,(6;) > 0, so that the
inequality S/,(0) < 0 would give us one more zero in (6, 6;). Hence S,,(0) > 0 and

0 < T)(0) = yncosna — S,,(0) < yncosno = yny/ 1 — T,(0)2,

which is 7!(0)? 4 nT,,(0)> < n?¥?, and setting y — ||T;,||-., we obtain Eq. (4.1.6).
Next, we consider p = 1. For a given T}, € IT,(S!), define

0(0) = 5 [ 10+ 0)sien(r;(9)d9.

It is evident that Q is an element of IT,(S') and Q,(0) = || 7;;||1. Choose 6y € [0,27)
such that |Q(60)| = ||Q||. Then

1721 =0'(0) < nlQ(60)| < 5= [ T30+ 9)\do =Tl

Finally, for the proof of the case 1 < p < oo, we refer to [54, p. 102] O

Together, the direct and inverse estimates show that E,(f), ~ n~ % if and only
if w.(f;t), ~t* whenever o < r. The inverse estimate (4.1.4) is said to be of
weak type, since it gives an estimate that contains an additional logn factor when
Eu(f)p ~ n~". For further results and references on trigonometric approximation,
see Sect. 4.8.

In the rest of this section, we state several further properties of the forward
difference and the modulus of smoothness that will be needed in the next section.

Lemma4.14. Letr € Nand f € LP(S") if 1 <p <ooand f € C(S') if p = o.
(i) For0<h<2mand f\") € LP(S') when needed,

|25s

_>
| <efly and (K
P

| <enIf,.
p
(ii) If T, € IT,(S") is a trigonometric polynomial of degree at most n, then

~ hir
p

7" Ao,

., O<h<mn !,
P

with the constant of equivalence depending only on r.

(iii) For0 <t <2m,
- 1
2ot~ (7
of ) o

Proof. (i) The forward difference satisfies the integral representation

sup
|6]<t

1
XwHiae)’ .
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Rif ) = [ 10 (x+3)Mya(3)a,

where M, satisfies 0 < M,., < 1 and [ M,.;(y)dy = 1, as can be easily shown
by induction, from which the Minkowski inequality completes the proof.

(i) By (i), we need to prove only that |AIT,||, is bounded by |f],.
By Eq. (4.1.1), expanding 7, in a Taylor expansion shows that

r n \k n pk r
Zyn) = 31 (7) 3 U = 3 a3 ()
) k=0 . k=r ™" j=0

since the last sum over j is zero if k < r—1 by Egs.(4.1.1) and (A.3.4).
Applying the classical Bernstein inequality (4.1.5), the stated result follows
from a simple estimate and the boundedness of nh.

(iii) Directly from its definition, the right-hand side is bounded by the left-hand
side. To prove the converse, we use the formula

R =3 -0 (1) (B ft i = B0

for 6 > 0, which can be verified using Eq. (4.1.1). Since ||g(- +5)|| , = ||g]| » for
every 2m-periodic function g, if we apply the triangle inequality in || - ||, and
then integrate against 6 over [0, 7], the above identity implies that

dG] .

<3() L/;

Changing variables 6 — ¢ =

9h)

_>
tHA*

%r
Byon f

L0-1) ang using the identity

Rrf(x) = (—U’ZCJ(H rs),

we see that the first integral on the right-hand side is equal to

\

and the second integral, treated similarly, satisfies the same upper bound.
Putting these together completes the proof. g

¢fH d¢+/7HA fH dq)] <or Ag,fH';ow),

Inequality (4.1.7) below is called the Marchaud inequality.

Lemma 4.1.5. Letr,scNand 1 <r<s. Iff €LP(S"), 1 < p < oo, andif f € C(S")
Sfor p=eo, then for 0 <t < 1/2,
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1 .
o (f31)p < cst’/t %du. (4.1.7)

Proof. We start with the identity (1 —x)" =27"(1 —x?)"+ Q(x)(1 — x)"*!, where
Ox)=(1—-(x+1)7/2")/(1 —x), which gives, on replacing x by the translation
operator Sj,

— = —

A f =285, —0(Sn) 85
Since Q(x) is a polynomial of degree r — 1 and Sj, has norm one in L”(S!), we see
that ||Q(Sy)|| » is bounded. Consequently,

|2

<2
4

— —
af |, +el| &ire] =2

Byt +eaniirim,.

Applying the above inequality iteratively and using (i) in Lemma 4.1.4, we obtain

|

m
< 27’m||f|\p+c22’r/wr+1(f;2’h)p.
i=0
Taking the supremum over 0 < & <t and using the monotonicity of ,(f;t),, we get
m . .
o (fit)p <27 fllp et Z (2/t) " w1 (f3271)
Jj=0
2J+1; ) 2J
r4-1 f u)
<2 2 z R
which leads to, on choosing m such that 21 < 2"+ < 1, the inequality

1 .
oy (f3t)p <ct” [/t %duﬂmp]. (4.1.8)

_>
Since A} eliminates the constant whenever r > 0, we can replace f(x) by f(x) —C
on the right-hand side of Eq. (4.1.8). By the Jackson inequality (4.1.3),

. ! wr+1(f;u)17
CHGl&Hf—CHp <1 (fil)p <cr w1 da,

1
2

since @,41(f;u) ~1for1/2 <u <1.Consequently, the || ||, term in Eq. (4.1.8) can
be dropped, which proves inequality (4.1.7) for s = r+ 1. The general case s > r+1
can be deduced easily by induction. O
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4.2 Modulus of Smoothness on the Unit Sphere

There are many ways to define a modulus of smoothness on the sphere S~!. The
one we define in this section has the advantage that it relies on the modulus of
smoothness on S!, even though S9! is not itself a product space of S!, which allows
us to utilize the results in the previous section.

Let {ey,...,e,} be the standard basis for R?: the ith coordinate of ¢; is 1 if
i=j,0ifi# j For1<i# j<dandteR,recall that Q; ;, denotes a rotation
by the angle ¢ in the (x;,x;)-plane, oriented such that the rotation from the vector
e; to the vector e; is assumed to be positive. As an example, for (i, j) = (1,2) and
(x1,Xx2) = s(cos 6,sin @), the action of the rotation Q1 >, € SO(d) is given by

Q124(x1,...,Xq) = (x1 cost —xy8int,x; sint 4 x,cost,X3,...,Xq) 4.2.1)

=(scos(0+1),ssin(60 +1),x3,...,x4).

There are d(d — 1)/2 distinct angles 6; ;, too many for a basis of S~ !, but they are
closely related to the Euler angles, defined in Sect. A.2, that form a basis for SO(d).
Forr=1,2,..., we use Q; ;, to define the difference operator

Le=0-T(Qij0), 1<i#j<d, (4.2.2)

where T(Q) denotes the rotation operator 7(Q)f(x) = f(Q~'x) as in Eq.(1.7.1).
Since Q; j o = Qi —p, We have A{J’e = A;’,i,—e- Because of Eq. (4.2.1), Af)jﬂ can
be expressed in terms of the forward difference. For instance, take (i, j) = (1,2) as
an example,

N ef(x) = z@f(n cos(-) —xasin(-),x; sin(-) +x2c08(-),x3,...,%7), (4.2.3)

_)
where A} is acting on the variable (-) and is evaluated at # = 0. Our modulus of
smoothness on the sphere is defined in terms of these differences.

Definition 4.2.1. Forr € N,z >0,and f € LP(S?"!), 1 < p < o0, and f € C(S?7 1)
for p = oo, define

o:(f;t)p '= max sup HA;J,GfHP' 4.2.4)

1§i<j§d‘9‘§[
For r =1, we write 0(f31), := @1 (f;1)p.

By Eq.(4.2.3), the quantity supjg,[|A];of[lp resembles the moduli of
smoothness on the largest circle of the intersection of the (x;,x;)-plane and Se-1,
and our modulus of smoothness ®,(f,r), is the maximum among all possible
choices of (i, j).
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Just as in the case of S!, the modulus of smoothness is a continuous and
increasing function of ¢ with w,(f;) »—0,t— 0T, and it satisfies the following
properties:

(1) Fors <r, o-(f,1)p <2 (f,1),.
(2) For A >0, o.(f;A1), < (A + 1) o-(f31)p.

Several further properties of @,(f;¢) are more convenient, and more useful,
if stated in terms of A/ 0 Recall the relation between Q; j; and the differential
operator D; j = x;d; — x;0; defined in Sect. 1.4, in particular in Eq. (1.8.5).

Lemma 4.2.2. Let r € N and let f € LP(S?") with 1 < p < o0, and f € C(S?71)
when p = oo,

(1) Forevery A > 0,1t € (0,2n], and 1 <i < j<d, we have

‘S‘UP 187 0fllp < (A+1) ‘Sup 147,07 11p-

(i) For1<i#j<dand0 € |—m,m|,
AL 0fllp <2(fllp and  [|AF; of|lp < c[O(ID7 i flp-
(i) If f € [1¢ and 1 < i< j < d, then
1AL i fllp ~ 1D £

(iv) For1<i<j<dandte€ (0,2m),

1
sup 180715~ 7 125, 010

with || - || replaced by || - || when p = .

Proof. Clearly, we need to consider only the case (i,j) = (1,2). Then case (i)
follows from Eq. (4.1.2) as in the case of one variable. For the other cases, we define

5y(9) := f(scos¢,ssing, v/ 1—s2y), yeSi3, se0,1], ¢€[0,2n]

For d > 3, the integral over S~! can be written, by Eq. (A.5.3), as

[ 10)d00) = [ [ fla /1= ) do() (1 - ) 7" ds

d—4 2n
- / s1=2)7 [ [T en0)dodotyds,  @23)
0 S4-3 Jo
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where the second equality follows from changing variables (x;,x;) = s(cos ¢, sin ¢).
By Eq. (4.2.3), the identity (4.2.5) implies immediately

. ) 1 1 oy dt 2
18520l =5 [ 5= [ |[

In the case d = 3, the formula (4.2.5) degenerates to a form in which the integral over
S?-3 is replaced by a sum of two terms; see Eq. (A.5.4). Furthermore, by Egs. (4.2.1)
and (1.8.5), it is easy to see that

X,’gs,y(qn"’ dq)} do(y)ds. (4.2.6)

(—1)'D o f(scos §,s5in @, /1 — s2y) = g} () (4.2.7)

and that g, ,(¢) is a 27-periodic polynomial in ¢. With these results, the three cases
(i1), (iii), (iv) follow by applying the corresponding results in Lemma 4.1.4 to g, in
an obvious manner. a

Lemma 4.2.3. For0 <t < % and every m > r,

1
O J U
o (fi1)p < cmt” t %du.

Proof. This is an analogue of the Marchaud inequality on S?~!, and it follows,
by Eq. (4.2.6), from Eq. (4.1.7).

O
Let us also state a Bernstein-type inequality for the differential operator D; ;.
Lemma 4.2.4. Let f be a polynomial in IT,(S*"!). For 1 <i< j<d,reN,
||D£jf”p§”r|‘f||pa I <p<eo (4.2.8)

Proof. For f € H,ES‘[’I), 8s,y defined in the proof of the previous lemma is a
trigonometric polynomial of degree at most n. By Eqgs.(4.2.5) and (4.2.6), it
is easy to see that the inequality (4.2.8) follows from applying the Bernstein
inequality (4.1.5) for the trigonometric polynomials on g; ;. a

The following elementary lemma is needed for the proof of our next result.

Lemma 4.2.5. Suppose that 1 <i# j <d and x,y € S differ only at their ith
and jth components. Then'y = Q; ;; x, with the angle t satisfying

cost = (xpyi+x;;)/s* and t~|x—y|/s with s:= x%+xj.

Proof. Since x and y differ at exactly two components, they differ by a
two-dimensional rotation. Moreover, since xiz +x§ = yi2 + y?, the formula for cost

is the classical formula for the angle between two vectors in R?. We also have
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. a
1% ~ 4sin® 5 =2(1—cos) = |[(xi,x)) - iy /s = x=yI2/s%,

where the first || - || term is the Euclidean norm on R?, and the second one is the
norm on R, ad

Recall that the distance on S¢~! is defined by d(x,y) = arccos (x,y).

Lemma 4.2.6. Forx,y € S,

[f(x) = f)] < co(fid(x,y)),

where ¢ depends only on the dimension.

Proof. We may assume that d(x,y) < &, := 1/(2d?). Otherwise, we can select an
integer m such that d(x,y) < md; < . Then m is finite, and we can select points
X = 20,21,--.,2m = y on the great circle connecting x and y on S?~! such that
A(zi,zir1) = @ < ¢y fori=0,1,...,m— 1, and then use the triangle inequality.
Since ||x|| = 1 implies that |x;| > 1/+/d for at least one i, we can assume without
loss of generality, since ®(f;?)= is independent of the order of ej,..., e, that

Xg=max; < j<q |xj|> 7.

For 1 <j<d-2,let I/l/j = (xl,...,xj,yjﬂ,...,yd,l) and Vji= (/11— Hu’j||2,

where by the choice of x; and &,

||”/1H2 =1- (x§+1 _)’§+1) B (%2171 _ytzlil) _xtzl
<i-iio@—j—mamy<1-L4l<y

— = —j— X e )

- d J V)= d d~—

We then define ug =y, uj = (u’j,vj) €S for 1 <j<d-2,and uy_; = x.
By definition, u; and u;_; differ at exactly the jth and dth elements,
so that we can write u; | = Qj’d,,juj, where the angle ¢; satisfies, by
Lemma4.2.5, )

ti~|luj—1—uj||/sj, where sj:x%—l-v%.

Our assumption shows that
2502 20 (2 2 2 2
$j7 2 vi =X+ (& = yie) oo (o —yao)

> I H2>1
- x— —
z 7 W27

and on the other hand, by Eq. (A.1.1),

(2 —y2)?
L2 < (148 — i < cd(xy)

2 2
Ui—uj_q =|x;i—vyi|-+ —"—
|| J J || | J y}| (v.]_71 +Vj)
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Together, the last three displayed equations imply that #; < cd(x,y). Hence,

d—1
If () = f)I < 21 1f(Qjauj) — f(uj)]
=

<@ -1o(f;cd(xy))= < co(f;d(x,y))e,

where the last step uses (2) of Proposition 4.2.3. a

4.3 A Key Lemma

This section contains a lemma that plays an essential role in the proof of our main
result. The proof, however, is long and technical, and the reader may want to skip it
on first reading.

Recall the operator L, f defined in Definition 2.6.2 and its kernel L,((x,y}). For
a fixed integer ¢ € N, let

Gu(t) = Guy(t) =011 +nmt)~,  te]o,n]
By Theorem 2.6.5, the kernel function L, is bounded by
|Ln(cos @) < ciGne(0), 0<6<m. (4.3.1)

Lemma 4.3.1. Suppose that f € LP(S?") for 1 < p < e and £ > p+d in the
estimate (4.3.1). Then

/ / ()17 Ga(d(x,y))do () do(y) < co(f;n~ ).
Sd 1 Sd 1
Proof. Let Ef := {x € §/7": } and E; = {xe S :x; < —ﬁ} for

1<j<d. ThenS! ! = j:1 (E;L UEJ ) Hence, it is enough to show that for each
1<k<d,

Jio o 0= 0P G @)l do 040 ) < cotpin Ny @432)

By symmetry, it is enough to consider E; . For 0 < § < 7 and x € S9!, let ¢(x, §)
denote the spherical cap defined by

c(x,8):={yes" 1 d(xy) < 8}.
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We choose 6 = 1/(8d) and split the integral in Eq. (4.3.2) into two parts:

~--do(y)do +// ~--do(y)do(x) =:A+B.
Jis fgyraotaos [ dob)dot)

We first estimate the integral B:

B~ / + /{S o) )~ SO IGa(a(x )0 ) do ()

" [/Sd l/sd | (v)[Pdo(x)da(y)
pd—1- )
/SO(d /gd I f(Qx)["do(x)dQ, (4.3.3)

where the last step uses the standard realization of S9~! = SO(d)/SO(d —1). It is
known that every Q in SO(d) can be decomposed in terms of Euler angles (see

Appendix A), QO = Q102+ Qy(a—1)/2 With Or = Qj i +1, for some 1 =7 j in
[0,27] or [0, 7] and 1 < i < ji < d.It then follows that

L, @ =s@oraot < [ 1f (Qua1y2) ~ 0] dot)

d(d dd-1)

+ 2 / Ok Qata—1)/2%) = f (1~ Qaga—1)/2x)|” do(x)

<c max sup /S 1 (@i0) = 1) do

I<i<j<do<g<2m
<co(f;2rn)h SnPo(f,n” ) ,
which, together with Eq. (4.3.3), gives the desired estimate B < c(f;n1)}.

It remains to estimate the integral A. Setting x = (¥, x4) with x; = /1 — ||X/||%,
we deduce from Eq. (A.5.4) that

A— / /M FOIPGa(d(x,y))do(y) do(x)

» oW
— /\x’H<d* /M FO)Gr(@5) o)~

where d* = V1 —d~1. Since x; > Ld, it follows that for every y = (y',y4) € c(x, 6),
Ya > Xg—|ya—Xq| > xq4—d(x,y) >x4—8 > ﬁ, which further implies, by a simple
computation, that
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I =l < [l =yl < [Ix" = ¥l + xa = yal

X[ = Iy1P]
=[x =y +|H < (1+2Vd)|X =Y.
I I oty ( )l I

Consequently, setting g(x') := f(x/, 1— ||x/||2), using Eq.(A.5.4) again, and
observing that G, (0;) ~ G,(6,) whenever 6; ~ 6,, we obtain

A<C/ / x/_ ,PG x’_/ dldxl
ST x_y,mlg() gOIPGa(llX = '|I) dy

X)) — g(u+x)"Gy(||u]|) dudx’.
=[S )17, )

Let bo(u) :=0and bj(u) :==uje; +---+ujej, 1 < j <d—1. Since

g(x) —g(x' +u) Z (8 +bj-1(u)) — g(x' + bj(w))),
it suffices by the triangle inequality to estimate, for 1 < j <d —1,

A= [ e 0) o+ ) PG

<[] el = g ujeg) Gl dud
W lI<d*+8 Jluf| <8

where the second line follows from a change of variables X' +b;_(u) — x’. By
symmetry, it suffices to consider A;.
Observe that for u; € R and u = (uy,v) € R4,

Ga(llull) = 0" (L nllull) ™" < Hy(lun )2 (14 npvl]) =,

where H,(s) = n(1 +ns)~"*¢~1, and we have used the assumption ¢ > d — 1 in the
last step. This implies

5
mzef [ ) —gl b meny
¥ || <d*+68 J -6

X Gn(||(ug,v)|) dv| du;dx’
{/{V€R‘lziv<v52u12} (i )

6
SC/ / lg(x) — g(x' + se1)|PHy(|s])ds d'. (4.3.4)
Wi<d+5.)—s



92 4 Approximation on the Sphere

Set vy (t,x') = —x; +xjcost — /1 — ||x||?sint. A straightforward calculation shows
that

1 —vi(t,x") 1 J /
< <2 and — < ——vi(t,x') <2 435
v ; < i Tu 1(,x) ( )
whenever |t| < V/d8 = §* and ||X'|| < d* + §. Thus, performing a change of variable
s =vi(t,x') in Eq. (4.3.4) yields

vy (t,x

6*
A< c/ / 18(¢) — g (X +v1 (X, 1)en) [P (|1 (4, 1)]) )’dtdx’
|| <d*+8 J—6* ot

/\x H<p/ 8 +vi(¥,r)er)["Hy(|r])de ',

where p := /1 —(2d)~! > d* + 8, and we used Eq. (4.3.5) and the monotonicity
of H, in the last step. Now observe that for x = (X, /1 — ||x/[|?) with ||| < p,

O1ax = (' +vi(¥,1)er,z4), vt € [-6%,67],
where, using the fact that sins <t < 1/(8v/d),

4= \/1 — I +vi(,1)eq ||? = xy sing + /1 — ||| 2cost > 1/(4v/d) > 0

Thus, using Eq. (A.5.4), we deduce that

mzef | £6) = £(Q1.4)|7 40 (x)H ]
{xeSd=l:x;>(2d)~1}
<c wtsigHl
Hence, by (2) of Proposition 4.2.3 and the definition of H,,,

o* 5
Avsco(fn ) [ ()P Hy 0= o gn [* () oy
Scw(f;n”)Z/ (1+s)~ P4 1ds < co(fin "),
0

since £ > p +d. This completes the proof. a
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4.4 Characterization of Best Approximation

Recall the quantity E,(f), of best approximation by polynomials defined in
Definition 2.6.1. Our main result in this section is a characterization of the best
approximation by polynomials in terms of the modulus of smoothness. The direct
theorem of the characterization uses the operator L, f defined in Definition 2.6.2,
for which we need the commutativity of the operators L, and A; ;.

Lemma 4.4.1. For1 <i+# j<d,
zjt Lyf =Ln ( £j7tf)'
In particular, for 1 < p <eoandt >0,
O (f = Lnf:1)p < c O (f51)-

Proof. Recall that T(Q) f(x) = f(Q~'x) for Q € SO(d). The definition of L, f shows
that

TOL(W) = [, FOLQ x3)dot) = [ F0)La((x.03)do(y)

Sd—1

FQ™Y)La((x,y))do(y) = Lu(T(Q)f) (x)

Sd—1
by the rotation invariance of do (y), which gives the commutativity of L, and A} it
since AT ;, = (I —Tp,;,)"- By (2) of Lemma 2.6.3,
[ALj(f =La)llp = 1A7 o = LalSp o fllp < A+ )AL f s
from which the stated inequality follows. a

We are now in a position to prove our main result on the best approximation on
the sphere.

Theorem 4.4.2. For f € LP(S?™1), 1 < p < oo, and f € C(S1) if p = oo,

E.f)p<cop(finh),, 1<p<e. 4.4.1)
On the other hand,
n
o (fin ) <en" Y KT E 1 () 1 < p <o, (4.4.2)
k=1

where o,(f:t), and E,(f), are defined in Egs. (4.2.4) and (2.6.1), respectively.
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Proof. When r =1 and 1 < p < oo, we use Lemma 2.6.3, Holder’s inequality, and
the fact that fsu-1 |Ly((x,y))|do(y) < ¢ forall x € S?~! to obtain

E(f)p < IF =Ly fly

<e( [, [ lr0-sorig <<x,y>>|do<x>do<y>)’l’,

from which Eq. (4.4.1) for r = 1 follows from Lemma 4.3.1. For r = 1 and p = oo,
we use Lemma 4.2.6 and L, f to conclude that

Ex(f)m <=Ly Sl < [ |17 = FO)IE g (x| do )
<c [, oUal)lLy ())ldok)

<colfin)o [ (14+naley)iLig((23)]do()
<co(f,n "),

where the last inequality follows from Eq.(4.3.1) and the fact that (x,y) =
cosd(x,y), just like the estimate of A; in the proof of Lemma 4.3.1.

For r > 1, we follow the induction procedure on r using L, f in Lemmas 2.6.3
and 4.4.1. Assume that we have proven Eq. (4.4.1) for some positive integer r > 1.
Let g = f— Lz f. It suffices to show that |[g[|, < c®y+1(f,n""),. The definition
of L, f implies thatLL 18 =0, so that

lelly = llg—Lizgllp < cE2)(8), < cran(gn),.

On the other hand, using Lemma 4.2.3, we obtain, for every m € N,

2mg 0 1 g u 1 o
o-(g:1)p Scrt’/t %du—i—cﬂ’“t’”gﬂp /2th "y

< Cimn,r 041 (gut)p + Ci‘zimr”g”l’?

where ¢/, is independent of m. Choosing m such that 4~! < ¢;c/27™" < 27!, we
deduce from these two equations that

lelly < coni(gin )y < caoni(fin ),

where the last step follows from Lemma 4.4.1. This completes the proof
of Eq. (4.4.1).

The proof of (4.4.2) relies on the Bernstein inequality. Let P, denote the
polynomial such that E,,(f), = || f — Pu||, and set P,-1 = Fy. Then

o (f31)p < ©:(f = Pam3h) p + @, (Pam3 )
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form=1,2,.... By (ii) of Lemma 4.2.1,

o (f — Pom;h)p < 27| f — Pym||, = 2"Eon(f ),

whereas by (ii) of Lemma 4.2.1 and the Bernstein inequality (4.2.8),

— m
AL wPonllp < ch'||DfPonllp < ch” Y D (Pyt — Pyt |
k=0
m m
<ch 2 2K | Py — Pyt || p < ch” z 2Eyi 1 (f) s
k=0 k=0

since || Py — Pyi—1]|p < || f — Pox||p + || f — Por—1]| p- Consequently, it follows that

o (f3h)p <2 Ean(f)p+ch” Y, 27 Eyii (f)-
k=0

Directly from its definition, E,(f), is a nonincreasing function of n, whence

k=1

By i (f)p <2770 Y (A1) TE ().
j:2k—2

Combining the last two inequalities proves Eq.(4.4.2) for n = 2™. For a given
positive integer n, choose m such that 2" < n < 2"*!, Then Eq.(4.4.2) can be
deduced from the special case n = 2™ by the monotonicity of ®,(f;%) in h and
Eu(f)pinn. O

Corollary 4.4.3. Let f € LP(S* 1) if 1 < p < and f € C(S*1) if p = . For
0<a<r E,\(f)p~n*ifand only if o:(f3t), ~ t*.

4.5 K-Functionals and Approximation in Sobolev Space

Besides the modulus of smoothness, the smoothness of a function can also be
described by a K-functional, which describes how well the function can be
approximated by smooth functions in a certain sense. We define a K-functional
via the differential operators D; ; = x;d; — x;0; that turns out to be equivalent to
o,(f;1)p, as is often the case in approximation theory. The K-functional is defined
via the Sobolev space and is often easier to apply when the function is known to be
differentiable.

Definition 4.5.1. For r € N and 1 < p < oo, the Sobolev space # = %’(Sd’l)
consists of functions f € L (S?~!) with distributional derivatives Djf,1<i<j<
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d, all belonging to L”(S9~!), where L”(S?~1) is replaced by C(S?~!) when p = c.
The norm of the space is defined by

Hf”’%/];(sdfl) =fll+ Y D7 flp-

1<i<j<d

By the definition of D; ; in Eq. (1.8.1), it is easy to verify, if we take (i, j) = (1,2)
as an example and set (x1,x) = (scos @, ssin ¢ ), that

,
12f(x) = (—%) f(scos@,ssing,xs,...,xq). 4.5.1)
Definition 4.5.2. Forr € Npandt >0,

o — M _ r r
K (£ .—ge%,rgdl){nf oo max Dl @

Theorem 4.5.3. Let r € Nand let f € LP(S*™ ") if 1 <p < ooand f € C(S4 ") if
p=oo For0 <t <1,

o (f31)p ~ Kr(f,1)p, I<p<e
Proof. By (ii) of Lemma 4.2.2 and the triangle inequality,
1AL 0f 1o <AL 0 (f =)o+ 1147 08llp < cllf —gllp+ 071D jgllp,

from which @,(f;t), < cK,(f,t), follows. On the other hand, for > 0, setn = | 1].
Then by Lemma 2.6.3, Eq. (4.4.1), and (iii) of Lemma 4.2.2,

K (ft)p < If —Luf| +t’1§1§1<211?(§d||D£jLnf||p
—1
<cwy(f;n )p+Ctrnrlgg?;dllﬁﬁwnufl\p
<co (fin "), <co (fit),

where the last step follows from (i) of Lemma 4.2.2. O

The proof of the above theorem, together with Lemma 4.4.1 and (iii) of
Lemma 4.2.2, yields a realization of the K-functional.

Corollary 4.5.4. Under the assumption of Theorem 4.5.3,

K (fn)p ~ I f = Lafllp+n" ax_||Di;Luf |-

m
1<i<j<d
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In particular, this shows that the best approximation E,(f), can be characterized
by the K-functional. Furthermore, we can now consider approximation in the
Sobolev space.

Theorem 4.5.5. Ifr € Nand f € V/pr(Sd’l), 1 < p < oo, then

Exn(f)p <cn™" max En(Dzjf)p. (4.5.3)

1<i<j<d

Furthermore, L,f, defined by Eq.(2.6.2), provides the near best simultaneous
approximation for all D; ;f, 1 <i < j <d, in the sense that

1D ;(f = Laf)llp < cEn(Dj jf)p, 1<i<j<d. (4.5.4)

Proof. By Proposition2.6.4, LnDZj = Dszn. Thus, using Theorems 4.4.2 and 4.5.3,
we obtain

Ex(f)p = Ean(f — Laf)p < cKp(f = Luf,n ™Y,

<cn” r1<max D7 ;(f = Luf)llp

=cn " max_||D;;f —La(D};f)lp

1<j<j<d

<cn™" max E,(D
< | max (D7 f)ps

where we used Eq. (4.5.2) in the third step, the fact that L,D; ; = =D; jLn in the fourth
step, and Eq. (2.6.4) in the last step. This proves Eq. (4.5. 3) The 1nequa11ty (4.5.4)
follows immediately from the above proof. a

Corollary 4.5.6. IfreN, f € #;(S*"), and 1 < p < o, then

Eu(f)p < cn”" | fllny- (4.5.5)

4.6 Computational Examples

In this section, we give several examples of functions whose modulus of smoothness
can be determined. Since @,(f;t), is defined in terms of the forward difference of
one variable, it is not difficult to derive its upper bound. The difficulty lies in proving
the lower bound.

Example 4.6.1. Forx € S~ and d > 3, let fy(x) = x* with &t = (ay,...,05) #O.
o< <lforl <i<d,thenforr>2and1 < p <o,

o (f,t) o1y ~1°TVP S =min{a, ..., 04} (4.6.1)
;70
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Consequently,
En(foc)pNniéil/Pa 1 <p<oo.

We need to consider only A%,z,e f, which, by Eq. (4.2.3), can be expressed as a
forward difference -

A () = X2 20450 K [(cos §) (sin §)],

where (x1,x2) = (scos ¢, ssin ¢). Hence by Eq. (4.2.5), we obtain

21 — . P 1/[)
185 2afalls=c ([ [Zltcoso) sing)1|"a0)
Furthermore, using the well-known relation
> A >
Ror0) = 3, () Bbr )25 eto-+46),
k=0

we can consider the differences for cos(¢ + -) and sin(¢ + -) separately. Since the
sine and cosine functions cannot be both large or both small, we can divide the
integral domain accordingly and estimate the integral in the L” norm. Furthermore,
in our range of o;, we need to consider only the second difference (r = 2).
Equation (4.6.1) also holds for » =1 and p = .

Example 4.6.2. Ford >3 and o # 0, let go(x) = (1 —x1)%, x = (x1,...,x4) €S9,
Then for 1 < p <o,

20T, —Elcaci-4
(8o t)pp(sa1y ~ | Plogt|'/P, e =141 ptee, (4.6.2)
12, o>1-4

For oo =0, a)z(ga,t)p = 0. Consequently, for —% <a<l-— % and o # 0,

d—1
En(goc)pNnizaiTu 1 <p<oo.

If neither i nor j equals 1, then A% j‘ega(x) = 0. Thus, we need to consider only
A%j 08a»> and we can assume that j = 2. Since x € S?1 and d > 3 imply that
(x1,x%) € B2, it follows that by Eq. (4.2.3),

1832 08allp = ¢ [, 1675 p8alr ) (1 = =) 'ax

1 2r
0 0

K2(1 - scos )] do(1 — 2)A1ds,
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where [l = % and the forward difference acts on ¢; for p = oo, the integral is
replaced by the maximum taken over 0 < s <1 and 0 < ¢ < 27. This last integral
can be shown to give the order in Eq. (4.6.2). The proof is elementary but rather
involved; see [50].

It is of interest to compare the two examples. As functions defined on R¢, the
functions x{* and (1 —x;)* have the same smoothness, and a reasonable modulus
of smoothness would confirm that. As functions on the sphere S¢~!, however, they
have different orders of smoothness, as seen in Examples 4.6.1 and 4.6.2, and their
errors of best approximation are also different, as seen in these examples.

The phenomenon indicated in the previous paragraph can also be seen in the
following example, in which the asymptotic order for ||yg|| < 1 is different from

that of ||yo]| = 1.
Example 4.6.3. Let y, be a fixed pointin BY, let 0 # o > —%, and let f : S —
R be given by fy (x) := ||x —yo|>*. If o # 1 — %, then

d—

(st Vo) ~ Yol e+ 1= [lyol @V +lyol), (4.6.3)

where the constants of equivalence are independent of ¢ and yy. Moreover, if o0 =
1 — 5=, then

_ 1
¢ Mlyolle? < @2 (forst) (a1 < cllyollt?|log(e +1 = [[yol)|7, (4.6.4)

where c is a positive constant independent of yp and 7.
In particular, if —4-1 < o < 1 —<4-L, then

_ 1 d
En(f)ip(ga-ny ~n 2 lvoll (07" 4+ 1= [lyo 2057

The proof of Egs. (4.6.3) and (4.6.4) is rather involved, and we again refer the
reader to [50].

4.7 Other Moduli of Smoothness

In this section, we discuss briefly two other moduli of smoothness on the sphere.
Historically, the first modulus of smoothness is defined in terms of the spherical
means, or the translation operator Ty f in Definition 2.1.4, which we recall as

Tof(x) = /S F(xcos 6+ usin8)do (u).

Wy—1 JS{
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We denote this modulus of smoothness by @;(f,),. Itis defined by, forr=1,2,.. .,

o} (f31)p = sup ||(I—To)" £, @.7.1)

|6]<t

where (I — Ty)"/? is defined in terms of infinite series when r/2 is not an integer.
A characterization of the best polynomial approximation, both direct and inverse
theorems, can be established in terms of @ (f;¢) p- Furthermore, this modulus of
smoothness is equivalent to the K-functional defined by

T v [ I SR 2

where A is the Laplace-Beltrami operator on the sphere and the infimum is taken
over all g for which (—Ag)"/2g € LP(S?~1). More precisely, we have the following
result.

Theorem 4.7.1. Both Theorems 4.4.2 and 4.5.3 hold with ,(f;t), and K.(f3t),
replaced by o} (f3t), and K} (f;1) .

These results turn out to hold in the more general setting of approximation in
weighted spaces. The latter will be discussed in Chap. 10 with a complete proof,
which includes a proof of Theorem 4.7.1 as a special case.

The fact that both moduli of smoothness @, (f;t), and ®;(f;t), characterize the
best approximation by polynomials does not imply that the two are equivalent, since
the inverse theorem of the characterization is of weak type. Only a partial result is
known in this regard.

Theorem 4.7.2. Let f € LP(S?Y) with | < p < oo. For 0 <t < 1, a,(f3t), <
cw; (fst)p ifr €N, and o (f3t)p ~ 7 (fst)p if r=1,2.

Proof. By the equivalence between the moduli of smoothness and the K-functionals,
it suffices to consider the K-functionals. For r = 1, the equivalence follows
immediately form Theorem 3.5.3, where f € C!(S?"!) can clearly be weakened
to the derivatives of f belonging to L”(S?~!). Furthermore, by the commutativity of
D; j and (—Ag)"/?, we obtain

D], < (~0)?

(~40):D; 1fH = |7t a0ty <e
14

by iteration and Eq. (3.5.3), which implies that K,(f;t), < cK;(f;t),. Finally, the
equivalence of r = 2 follows from Eq. (1.8.3). a

The second modulus of smoothness on the sphere is due to Ditzian. Recall that
T(Q)f(x) := f(Q 'x) for Q € SO(d). For t > 0, define

0, = {Q € SO(d) : max d(x Ox) < t}

xeSd—
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where d(x,y) is the geodesic distance on S?~!. For r > 0 and > 0, define

@ (f3t)p = sup [[Apfllp, where  Ap = (I—-Tp)" (4.7.3)
Q€0;

The main results on this modulus of smoothness are summarized as follows.
Theorem 4.7.3. For 1 < p < oo, Theorem 4.4.2 holds with ®.(f;t), replaced by
@ (f31)p. For 1 < p < oo,

O (f1)p ~ KS(f31)p, 1 <p<oo, (4.7.4)

whereas equivalence fails for p =1 and p = o

We will not prove this theorem. See the section below for its history and
references. From Eq.(4.7.4) and the equivalence of K;(f;7), and @/ (f,1)p, it
follows that @, (f;¢) and @*(f;t), are equivalent for 1 < p < e, and Theorem 4.7.2
shows that they are equivalent to @, (f3¢) for 1 < p < e and r = 1,2. On the other
hand, we have the following result.

Proposition 4.7.4. For f € LP(S91) if 1 < p <ocoand f € C(S*') if p = oo,
o (f,1)p < O(f,1)p, 1<p<e, reN.

Proof. For x € S?~!, a quick computation shows that

(Qij.ox,x) = (x} —|—x§)cos@ + Y X7 =cosf + D x2(1 —cos6) > cos®.
ki, j ki,j
Consequently, since cosd(x,y) = (x,y), we obtain

d(Qi,j,ex,x) = arccos (Q; j ox,x) < 0,

which shows that Q; ; g € O; for 0 < 6 <t. This completes the proof. O

According to these comparisons, @,(f;t), is at least no worse than the other
two moduli. The examples in Sect. 4.6 show that it is computable, and a moment’s
reflection indicates that it is the easiest in regard to computability among the three
moduli.

4.8 Notes and Further Results

Trigonometric approximation is at the root of approximation theory, and it is a
treasure trove that covers a wide range of topics. Here are a few books that we
consulted with when working on Sect. 1: [54,137,167,197].
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Approximation theory on the sphere has a long history. Much of the early work
considered the convergence of spherical harmonics expansions, often called the
Laplace series, see [71, Chap. 12]. We are interested mainly in the quantitative part,
where most of the work in the literature is centered on the modulus of smoothness
o] (f;t)p, which can be traced back to [145], while its early study in approximation
theory appeared in [14,135]. The main result, Theorem 4.7.1, was finally formulated
and proved by Rustamov in [148], after various stages of earlier results and studies
by several authors; see [133, 174] for references.

For r =1 and p = 1, the modulus of smoothness &, (f;¢) p was introduced and
used in [29] and further studied in [102]. For other spaces, including LP(Sd’l),
p > 0, these moduli were introduced and investigated by Ditzian in [56]. The direct
and weak converse theorems for LP(Sd’l), 1 < p <o, were given in [57, p. 23] and
[56, p. 197], respectively. The equivalence (4.7.4) was established in [44, (9.1)] and
that the equivalence fails for p = 1 and e was shown in [59].

The modulus of smoothness ®,(f;7), and its equivalent K-functional were
introduced in [50]. Since this modulus of smoothness is closely related to the
classical modulus of smoothness of one variable, we believe that it gives the most
satisfactory solution of the characterization of best approximation on the sphere.
The main results of this chapter were established in [50], except approximation in
Sobolev space, which was established in [51]. The proof incorporated numerous
ideas from various earlier results.

There are other moduli of smoothness on the sphere in the literature. Several of
them and their comparison to ; (f;r), appeared in [147].

The operator L, f was used in [148], but the use of such an operator appeared
already in [95]. The fast decay of the kernel makes it an ideal building block for
constructive approximation.

The K-functional K;; (f;1), in Eq. (4.7.2) is defined in terms of the Sobolev space

Wy = { £ e LS 1 Ifllwg = Il + (=402 fllp <} @)

In comparison with the Sobolev space in Definition 4.5.2, we have by the proof of
Theorem 4.7.2 that for 1 < p < oo,

W, c#, and |[flly; <clfllw;
Furthermore, forr=1or2,or p=2andr=3,4,...,
Wy =%, and | fllw; ~|fllw-

ForreN, 1 < p <o, and o € [0,1), we can define a Lipschitz space %r’a as
the space of all functions f € /] with

HA,'J,Q(D;jf)HP
e ma S PR A P A
£l ||f|"’+1§i<jxéd0<\l;\p§1 0]
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For a € (0,1), it can be shown [51] that #},°* is equivalent to H)"* defined by

— , 1(f7t)
HH %= {f e LS 1 || fllpgre =1 fllp+ sup =52 < °°}-
F o<t<1 1

More precisely, the following theorem holds.

Theorem 4.8.1. Ifr €N, 1 < p < oo, and o € (0, 1), then #,;* = H and
1z~ I f 1l pggeer ~ |\f||p+sgllm”°‘En(f)p-
nz

As an immediate corollary, this shows that for f € %r’a, 1 <p <o,

En(f)p < en” | fllyge.



Chapter 5
Weighted Polynomial Inequalities

Polynomial inequalities have been playing crucial roles in approximation theory
and related fields. Several such inequalities on the unit sphere will be established in
this chapter. Since some of them will be needed in weighted approximation theory
and harmonic analysis in later chapters, we prove them in the weighted L” norm.
We will work in the context of doubling weights, defined and discussed in the first
section. A fundamental tool in our approach to polynomial inequalities is a maximal
function for spherical polynomials, introduced and studied in the second section,
which can be controlled pointwise by the Hardy—Littlewood maximal function and
which possess several other useful properties. In the third section, we establish the
Marcinkiewics—Zygmund inequality, which, in its most useful form, states that the
norm of a polynomial with respect to a finite discrete measure, in fact a sum with
well-separated points, is bounded by its L” norm on the sphere. This inequality will
play an important role in the next chapter. In the fourth section, we establish the
Bernstein and Nikolskii inequalities.

For readers who are interested only in unweighted inequalities on the sphere, the
first section can be omitted, and all weight functions in subsequent sections can be
taken to be the constant 1. The proof in the unweighted case, however, does not
simplify much.

5.1 Doubling Weights on the Sphere

A weight function on S¢~! is a nonnegative integrable function. For a given weight
function w and a subset E C S?~!, we define

Ww(E) = /E w(x)do(x).

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 105
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4_5,
© Springer Science+Business Media New York 2013
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Given a spherical cap B := c(x,r) and a constant ¢ > 0, we denote by c¢B the
spherical cap c(x,cr), which has the same center as B but ¢ times the radius.

Definition 5.1.1. A weight function w on S?~! is said to satisfy the doubling
condition if there exists a constant L > 0 such that

w(2B) < Lw(B),  VB=c(x,r), xeS ! re(0,x] (5.1.1)
The least constant L for which Eq. (5.1.1) is satisfied is called the doubling constant
of w and is denoted by L,,.

Iterating Eq. (5.1.1) shows that w(2"B) < L"w(B) = 2"™°%2Lwyy(B). We will use
the symbol s,, to denote a number in [0,log, L,,] such that

2"B
sup W( ) SCszmS‘v’ m= 1727”,7 (512)
B w(B)

where Cp,, is a constant depending only on L,,, and the supremum is taken over all
spherical caps B C S?~!. Evidently, s,, satisfies

— 1 w(2™B)
Wlllggoalogz <51113p w(B) ) <sy <log, L. (5.1.3)

If w(x) = 1, then for each spherical cap c(x, 6), we have

w(c(x,0)) = / do = wd,z/oe(sin¢)d*2d¢ ~ 041,

c(x,0)

from which it follows readily that s,, = d — 1 for the constant weight function.
Lemma 5.1.2. Let w be a doubling weight on S¢~.

(i) If0<r<tandx €S, then
w(c(x,1)) <Cp, (;)Sww(c(x, r)). (5.1.4)

(ii) Forx,yeS*Yandn=1,2,...,

(o)) <ntsminn(e (). 1

Proof. (i) Let us assume that 2~ <¢/r < 2™, Then by Eq. (5.1.2),

w(e(n,)) < wle(n2"n) < Cp, 2 D w(e(n,) < o, (£) " wlelw. ).
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(i) Forx,y €S ! c(x,n"") Cc(y,n"'+d(x,y)) by the triangle inequality; hence
by Eq. (5.1.4), we obtain

w (c (y, %)) <w (c (y, % +d(x,y))> <Cr,(1+nd(x,y))™w (c (y, %)) .

Multiplying by n¢~! proves the stated result. O

Definition 5.1.3. A weight function w on SY~! is called an A.. weight if there exists
a constant 3 > 1 such that for every spherical cap B C S?~! and every measurable

subset E of B,
w(B) measB\ P
—= < . 1.

w(E) — ‘ (measE) (5.1.6)

The least constant 3 in Eq. (5.1.6) is called the A.. constant of w.

Directly from the definition, an A.. weight must be a doubling weight. Below,
we give two important examples of A..-weights on S~ that we will encounter in
Chap. 7.

Example 5.14. Let k = (k1,...,k;) € RY and |k| = kj + -+ + k. The weight
function

d
wie(x) = [T 1519, x=(x1,...,x0) €S, (5.1.7)
j=1
satisfies the A.., condition. Furthermore, the least constant s,,, for which Eq. (5.1.2)
is satisfied is given by

Swe =d— 14 || — min ;. (5.1.8)
min K

j<d

Moreover, if x € SY~! and 6 € (0,7), then

d
WK(c(x,e)):/ wK(y)dGN6‘171[[1(|xj|+9)’<f. (5.1.9)

c(x,0) j

Proof. Let E be a measurable subset of a spherical cap B = c(x,0) C S~!. Let
y:=measE/measB and B = 1 + || — min < j<,4 k;. We claim that

d d
AP0 T+ 8)% < wie(E) < eay8~ T (|x,] + 0)%. (5.1.10)
j=1 j=1

For the moment, we take Eq. (5.1.10) for granted and proceed with our proof.
Evidently, Eq.(5.1.9) follows from Eq.(5.1.10) with £ = B. By Eqgs.(5.1.2)
and (5.1.3), the proof of Eq. (5.1.8) will follow from the following two inequalities:
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”W<2(';)B> < 2w VB =c(x,0), xeSI!, (5.1.11)
Timy, o log, (supB WWV“(';@) > S (5.1.12)

where s,,,. denotes the right-hand side of Eq. (5.1.8). To prove Eq. (5.1.11), we may
assume, without loss of generality, that |x|| = max;<j<4|x;|. By Eq. (5.1.9), we then
obtain, for0 < 8 <277,

m m(d—1) y71d . m j
wi(2"B) N 2 )Hj:2(|xl| +276)" < omld=1)ym(|K|—K1) M
wi(B) Tl 1+ 6)% a -

while for 27" < 6 < &, the radius of 2B is greater than or equal to 1, so that
wi(2"B) ~ 1 and

wi(2"B) 1 (1)d*1+\K\*K1

~ <(= < M
wi(B) 04 TTY_, (|xj[ +6)% a

0

Together, these two inequalities give Eq.(5.1.11). To prove Eq.(5.1.12), we may
assume, without loss of generality, that k¥ = minj<;<4K;. Setting x = ey :=
(1,0,...,0) € S?-1 and using Eq. (5.1.9), we deduce then

—1 2™B — 1 mg
lim —1()g2 (supM) 2 lim _10g2( sup WK(C(eb )))
e 5 wi(B) mreem 0<o<2-n Wwi(c(e1,0))

<D 2m(d71) H(;:Z 2ij GK'j >
= Swis

—1
= lim —log,

su
m—seo P

d K
<f<2—m Hj:Q 0%

which establishes Eq. (5.1.12). Finally, by Egs. (5.1.9) and (5.1.10), we obtain

measE\?  wy (E) measE
= < < = 5.1.13
ar’=a (measB) ~ we(B) ~ “measB 2P ( )

from which the A.. property of w, follows by the definition.

It remains to prove the claim (5.1.10). We may assume, without loss of generality,
that 0 < 8 < 1/(4v/d), since Eq. (5.1.10) holds trivially if @ > 1/(4+/d). Let € €
(0, %) be a sufficiently small absolute constant to be determined later, and let K; :=
{ye€cx,0): |yjl<eyb}for;j=1,2,...,d. We first assert that

measK; < c;emeask, 1<j<d. (5.1.14)
It is enough to consider j = 1. Write x = (xp,...,x4) = (coss, & sins) for some s €

[0,7] and & € ST72.If |x;| = |coss| > 20, then [y;| > |x;| —d(x,y) > 0 forall y €
c(x, 0), which implies that K; = 0. Hence, we can assume |x;| = | coss| < 286. Since
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0 < 6 < 1/(4V/d), we have sins > \/1—1/(4d) := §;. Let y = (cost,nsint) €
c(x,0) with ¢ € [0,7] and ) € S?~2. Then by

|| sins — nsint||> = (sins — sint)* + sinssinz| & — n||?
and elementary trigonometric identities, we see that

|5 — 1]+ (sins sint) /(|1 = | ~ [|x—y] ~ d(x,y) < 6.
The term (sinssint)l/ 2 can be dropped, which is obvious if sint > §;/2, since

sins > &y, whereas if sin@ < §;/2, then |s — | > 8,/2. In particular, we conclude
that d(&,n) ~ ||€ — n|| < ¢6. Consequently,

V]
measK; = /O (sin)™* (/Sdleq (Cost,nsint)do(n)> dr

7 /2+arcsin(ey0)
< / ( / do(n)) dr
Jr/2—arcsin(eY0) {nesi-2: 4(n,£)<co}

< cqarcsin(£y0)09 7% < cemeaskE,

since ¥ = measE / meas B and meas B ~ -1, This proves Eq. (5.1.14).

Letl;:={j:1<;j<d, |xj|>46}and L :={j:1 < j<d, |x;| <46}.Itfollows
from the triangle inequality that if j € I, then |x;| + 6 ~ |x;|, and if j € I, then
|xj| + 6 ~ 6; furthermore, if y € c(x,0) and j € I}, then |x;| ~ [y;|. Consequently,
we deduce that

d
we(B) = [, TT sl a0) ~ I byt | TT st 000)

JEL JEL
> 11 |x<|K/'/ [1(ey6)< do(y). (5.1.15)
jel ! E\UL_\K; il

Choosing € = ﬁ in Eq. (5.1.14) gives Z‘le measK; < dcgemeasE < %measE.
Hence the above inequality leads to

d d
wi(E) > cmeasE)/ﬂ*l H(|x,| +6)% > cyﬁedfl H(|x,| +0)%
=1 =1

by the definition of y. Moreover, using Eq. (5.1.15) directly, we have the following
upper estimates:

d
we(E) <[] |xj|Kf/ 1 6% do(y) ~ y6=' T (x| + 6)".
E j=1

jeh jeh

This completes the proof of the claim (5.1.10). a
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Example 5.1.5. Let kK = (Ki,...,Kn) € R, v = (vi,...,v) with v; € S, 1 <
Jj < m. Then the weight function

m
Wiew(x H|xv,

J=1

is an A.. weight on S9!, Furthermore, if x € S*~! and 6 € (0, ), then
m
wiew(c(x,0)) ~ 0 TT(1(x,vj) |+ 6)%. (5.1.16)
=1

Proof. Following the proof in the above example, we can show that if E is a
measurable subset of a spherical cap B C S¢~!, then

(measE)HK wo(E) measE
1 < <
measB w

o(B) ~ 2 measB

for some positive constants c, ¢ depending only on d, m, and k, from which it
will follow that wy.,, is an A., weight. Since only Eq. (5.1.16) will be needed in later
chapters, we give a detailed proof of Eq. (5.1.16) below.

Without loss of generality, we may assume that v; # v; if i # j. Set

o ={i: 1<i<m, [(x,vi)| <40}, B={i: 1<i<m, |[{x,v;)| >46}.
Since |(y,v;) — (x,vj)| < [lx—y| < d(x,y), the triangle inequality implies that for

y € c(x,20), if j € o7 then |(y,v;)| < 66 and if j € A, then |(y,v;)| ~ |(x,v)|.
Consequently,

wiew(¥) ~ [T 10w TT 1w < TT(60)% [T [(xv)[™, (5.1.17)

icd JEAB icd JEAB

which is the upper estimate of Eq. (5.1.16). To prove the lower estimate, let

E—{y€c< Z) ’d(y,vj)—g’gsd’me}, 1<j<m,

where &;,, is a sufficiently small positive constant depending only on d and m.
A straightforward calculation shows that

2 meas(E;) < Cyeg,nm0° " < = 2 — meas X, 1 ,
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provided that & ,, is small enough. Thus, there must exist a point yo € c(x, %) such
that yy ¢ U;.”:IE ;. By the definition of E;, we then have

. T R .
|(yo,vj)| = ‘sm (E —d(yo,vj))‘ = sm‘z —d(yo,vj)‘ > sin(€z,,0)

for all j, 1 < j < m. It then follows that c(y, 8‘15”9

y€c(yo,€am0/2) and i € o7,

) C c(x,0) and that for every

1 2 1
56 > [(y,vi)| > sin(€,m0) — §8d,m9 > (E - 5) €4m0.

Consequently, by the equivalence in Eq. (5.1.17), we obtain

wiew () ~ [T 0% TT kv, ¥y € c(yo,eam/2).
ico/ JEAB

Integrating over c(yo,€4,m6/2) C c(x,0) then gives the desired lower estimate
of Eq. (5.1.16). This completes the proof. a

5.2 A Maximal Function for Spherical Polynomials

Let w be a doubling weight on S?~! and let s, denote the positive number
defined in Eq.(5.1.2). Since du = w(x)do is clearly a doubling measure, the
space (S~!,du) is a homogeneous space. Denote the Hardy—Littlewood maximal
function associated with w by M,,,,

1
M,g(x) = sup ————~
w0 = S ee)

L. 0w do )

According to Theorem 3.1.2, for every f € LP(S*~!,wdo),

HngHPM < CpHg| pws I < p<oeo, (5.2.1)

where || - || »,» denotes the weighted L” norm with respect to the measure wdo. The
main goal of this section is to introduce another maximal function fE , that will
serve as our main tool in proving polynomial inequalities. '

Definition 5.2.1. For 8 >0, f € C(S?"!), and n € N, define

fpa() = max |f()|[(1+nd(x,y) P,  xes’ (5.2.2)
' yeSd-1
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Since d(x,x) = 0, it follows directly from the definition that |f(x)| < f[}“n(x).
More importantly, however, f  is controlled pointwise by the maximal function
M,, whenever f is a spherical polynonnal of degree at most n.

Theorem 5.2.2. For f € I1,(S*™ "), B >0, and y:= s, /B,

Fia®) < cpr, M (1) @)Y, xesdh (5.2.3)

Proof. Let L, be the kernel defined via a cutoff function as in Eq. (2.6.3), and for
8§ >0andy,uc S, set

Ans(,y) = sup |La((,3)) = La((u,2))]. (5:24)

zec(y9)

Using the fact that f = f % L, for f € IT,(S%"!), we obtain, for x,y € S?~1,

SO —r@ L] 1 +nd(x,u)\”
e (U na(ey)P = fﬁ’"(%_d/sw <1+nd<x,y>> Ans(u.y)do(u)

1
< fg’”(x)a)_d /Sd*l (1 +nd(u,y))ﬁAn75(u,y) do(u)
< cpdfpav), (5.2.5)

where the last integral is bounded by cg 6, since by Eq. (2.6.5), A,, 5(u,y) < cnd=1,
and by Eq.(2.6.6), A,5(u,y) < cdn® (1 +nd(u,y)) ¢ if 48 /n < d(u,y) < m for
every positive integer ¢ > f3 + d. This implies, in particular, that

[fGI < min £(2)] +cpdf5, (01 +nd(x,y)P, xyes.

z€c(y,7)

Since y = s,/ B, we then obtain, for x,y € S~ and § = 1/(4cp), that

Lf )" e v
Tonateyyys = 2/ 01+nay) zel?(fé)l R+ = (fﬁ,,( ),

which implies, on taking the maximum over x € S?~!, the inequality
Y
(5.40)" < et +na(,y) > min |7, (5:26)
’ zec(y?)
where ¢ = 27/(1—277). It remains to estimate min__ | f(@)]".

Ifd(x,y) < 2, thenc(y, 2) C c(x,22) C c(y,32). By Eqs (5.1.1)and (5.1.5),

_Vl’
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. 1
nin QP < s [ VEIvEde)
1
< Cp, Lu(1 +nd(x,y))swm /C<x1276> |f(2)"w(z)do(z)

< Cr, Lu(1+nd(x,))™ My (|f17) (x).

3 - o)
If - <0:=d(x,y) <7, thenc(y,?) C c(x,20) C c(y,360), and by Eq. (5.1.4),

n

w(c(32)) 2 o (33) wtetnaon = o (35) Tutetn0),

from which we obtain that

min, 1107 <01 (35) ity g MO0

zec(y,2) x,20)) Je
3\ ™ . y
<G |5 ) (Lndlxy))™ My (f]7) ().
Substituting these estimates into Eq. (5.2.6) completes the proof. O

In the discussion below, we can often consider || - ||, with 0 < p < eo, even
though || - ||, is no longer a norm when 0 < p < 1. A consequence of Theorem 5.2.2
is the following useful corollary.

Corollary 5.2.3. If0 < p < oo, f € IT,(S*"), and B > %, then

1 lpw < 1Fgallpaw < ClLFlpows

where C depends also on L,, and B when [ is either large or close to %

Proof. The first inequality follows from f(x) < fj ,(x). The second follows from

Eq. (5.2.3) and the boundedness of ||(M(|f]))"/?|| ,, which requires that p/y > 1 or
equivalently, 8 > %W O

Definition 5.2.4. For f € C(SY"!) and r > 0, we define

osc(f)(x,r):== sup |f(y)—f(z)], xeST (5.2.7)

yz€e(x,r)

Lemma 5.2.5. If f € IT,(S?"!) and § € (0,1), then for every B >0,

osc(f) (xag) <cpdfp,lx),  xest

where the constant cg depends only on d and B when B is large.
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Proof. From fxL, = f for f € IT,(S?') and Eq. (5.2.4), we have

osc() (x.3) < o [, 7@l do(u)

n Wy Jsd-1"

< fg’”(x)wid ./S.di1 (1 +nd(u,x))BAn,5(x, u)do(u)

< CﬁSfE’”(X),

where the last step follows from Eq. (5.2.5). a

5.3 The Marcinkiewicz—Zygmund Inequalities

In many applications, we need to deal with finite sums of function evaluations
instead of integrals. The Marcinkiewicz—Zygmund inequality shows that these
sums can often be bounded by integrals if the points on which the function
evaluation takes place are well separated. We start with a definition that quantifies
the separation of points.

Definition 5.3.1. Let & > 0. A subset A of S9! is called e-separated if d(&,n) > &
for every two distinct points £, € A. An e-separated subset A of S~ is called
maximal if $~! = Unea c(n,€).

In the following, we denote by #A the cardinality of the set A.
Lemma 5.3.2. (i) IfA C S¢ ! is e-separated, then #A < c e~ 9T if in addition,

A is maximal, then c&e””l <H#HA < cyedtL,
(it) IfA C S is e-separated and B > 1, then

> Xempe @) <caf’t vxesth (5.3.1)
neA

if in addition, A is maximal, then the sum in Eq. (5.3.1) is greater than or equal
to 1 forx € S41.

Proof. If A C S*7! is e-separated, then the spherical caps c(1,5), n € A, are
mutually disjoint, whence

n% measc (Tl, %) = measnLgA C (1", %) < meas(Sd*I),

which implies, since measc(n,€) ~ €41, that #A < cye~4*1. If, in addition, A
is maximal, then meas(S?~') < ¥, ., measc(n, &), which gives the lower estimate
c&s"”l < #A. This proves (i). Assertion (ii) can be proved by a similar argument
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of volume comparison. Indeed, let A, := {n € A : x € c(n,Be)} for x € S°1;
then Upea, c(11,3€) C c(x,(B + 3)€) by the triangle inequality, and, hence, by the
disjointness of c(1, §),

1 1
2 meas c <n, —8> < measc <x, <B + —) 8) < gt ted T,
A, 2 2

from which Eq. (5.3.1) follows from #Ax = ¥4 Xc(n.Be) (x). When A is maximal,
then the fact that the sum in Eq. (5.3.1) is bounded below by 1 follows trivially. O

Remark 5.3.3. For a maximal g-separated set, what we need is essentially

1< Y Xeme®) <ca,  Vxesih (5.3.2)
neA

We shall call a subset that satisfies Eq. (5.3.2) an extended maximal set.

Theorem 5.3.4. Let € = gfor n€Ngand d € (0,1). If A is an e-separated subset
of SY=1, then for all f € IT,(SY"!) and 0 < p < s,

S\ |7 5 5
osc(f) <n,;) w<c (n;))) < A8 fl paws (5.3.3)

where A, depends on p when p is close to 0, and on d and L,,.

Proof. By Lemma 5.2.5, we have, for f € Hn(Sd’l) andn €A,

(3

neA

5
osc(f) (n, ;) < cpfsg, /pa(M);

where ¢, depends only on L,, and p when p is small. Since

fzsw/p:”(y) Nfzsw/P,ﬂ(n)’ lfy €c <n7 Z)’

it then follows, by Lemma 5.3.2 (ii), that

ostf) (n ) [ (o (n3) )28 T [, () wiordoty

<8 [

S

)

neA

(Baspn0)) w(0)do()
< c(cpo)? /SCH LF ) [Pw(y)do(y),

where the last step follows from Corollary 5.2.3. a



116 5 Weighted Polynomial Inequalities

Lemma 5.3.5. If u is a finite nonnegative measure on S~ satisfying

u <c <x, l)) < Kw (c <x, l)) , xest 5.34)
n n

for some positive integer n, then for all 0 < p < o and f € IT,,(S*~ 1), m > n,

L P due) < ek (%) 115

where c depends only on L,, and p when p is close to 0.

Proof. Let A be a maximal L -separated subset of S~ and set B =sw/p+ 1. For
f €M, (8h), using f(x) < cfy,,(x) ~ f5,,(n) forn € c(x, L), we have

Lo r@rau e [ irrane

neAv e r”m

<c ) (fE,m(n))p/cm’i) du(x).

neA

Applying Eqs. (5.3.4) and (5.1.4), we then obtain

L 1rlraut) < ek ()3 (U (m)rwlemnn™)

neA

<k (%) [ (U0 w()do() < ek (%)

where the last step follows from Corollary 5.2.3. This completes the proof. a

We are now ready to prove the Marcinkiewicz—Zygmund inequality for spherical
polynomials.

Theorem 5.3.6. Let A be a %-separated subset of S"~ and § € (0,1].
(i) Forall0< p <o and f € IT,,(SY") withm > n,

15}
n% (xerxxg)v(xﬂp)w (c (177;)) <cCwp ( ) I£115 s (5.3.5)

where c,, , depends on p when p is close to 0, and on L.

(ii) If, in addition, A is maximal and & € (0,1/(4A,)) with A, the constant
in Eq.(5.3.3) for some r € (0,1), then for f € IT,(S* '), |flle ~
maxpea [f(N)|, and for r < p < oo,
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(5 Cmin wr(e(n2)))" 630

neA xec(n,

N ( Y ( max If(x)lp)w<c<n,g>)>l/P, (5.3.7)

neA xEC(m%

171

where the constants of equivalence depend only on r when r is close to 0, and
on L.

Proof. (i) For convenience, we let n; be an integer such that % <n < %. For
every 1 € A, choose &, € c(1, %) such that f(&,) = max, . & [f(xX)|P. Letu

be a nonnegative measure supported in the set {&, : ) € A} defined by u(&,) =
w(c(n,2)) forn € A. Then

3 (max 170P o (cn. D)) = [ 1rPau. 539

neA \eee(n,2)

For every x € S?~!, the doubling property of w shows that

d(oCa))=, 2 )

1
xaﬁ)-ﬂe/\

i 3 ()

nGAﬁc(x,%

<2 [ wiaot) <iw(e(xa ).
c(x,%) ni

which allows us to use Lemma 5.3.5 to conclude that for f € IT,,(S?" 1),

Jo 1PN dua) < <ﬂl) A0 < s (5) " 11

Together with Eq. (5.3.8), this completes the proof of (i).
(i) Let &, := (4A,)"!. We claim that if » < p < oo, § € (0,8,) and A is a maximal
g-separated subset, then for f € IT,(S4™ 1),

s 1/p
IIpr,wSC*<Z< min |f<x>|">w<c(n,—)>> L (539
neA \xec(n.d) "
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where ¢, depends only on r and L,,. Assume this inequality. Then together
with Eq. (5.3.5), we have Egs. (5.3.6) and (5.3.7) immediately. Furthermore,
since the constant ¢ in Eq. (5.3.9) is independent of p, the equivalence for the
case of p = oo can be deduced from Eq. (5.3.9) as well.

It remains to prove Eq. (5.3.9). We observe that

Il < 3, [ 5 PG40t
neaA
ose(f) (nﬁ) o(e(n2))

<2y
3 <y€£r(1;{1%) If(y)l”)w ( <n, §>) |

neA
Using Theorem 5.3.4, we then obtain that for r < p < oo,

1115 = A8 s +2 3, ( mina)lf(y)I”)w (<(n2)).

neA Nyee(n,

Since 6 < 6, = 1/(4A,), this proves inequality (5.3.9) and thus (ii). O

5.4 Further Inequalities Between Sums and Integrals

In this section we prove several other inequalities that will be useful in the next
chapter, in which we study cubature rules on the sphere.

Forn=1,2,..., it is often convenient to work with an approximation w,, of the
weight function w, which is defined by

wp(x) :==n?! ./;<x,%> w(y)do(y) =ni"tw (c < , %)) , (5.4.1)

and for convenience, we also let wy(x) := wy (x).

Theorem 5.4.1. For f € I1,(SY"") and 0 < p < oo,

Cil”f”p’wn < Hf”znw >

where ¢ depends only on d, L,, and on p when p is small.

Proof. Each wj, is again a doubling weight, and L,,, ~ L,, with equivalence constants
independent of n. According to Corollary 5.2.3, it suffices to prove that
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To this end, let A C S?~! be a maximal %-separated subset and observe that for
xec(n, by, f;v/p!n(x) ~ f;v/p!n(n) and wy (x) ~ wy,(n). It follows by Lemma 5.3.2
that

with s := max{sy,sw, | (54.2)

*
~ HfZS/p,n

p.w P:Wn

~ 3 [y (a9 w2 d0(0)

neA
P . P
~ Z / fZS/pn ) w,,(x)d(f(x) ~ HfZS/sz )
neA P:¥n
which proves Eq. (5.4.2) and hence the theorem. O

Next we give a partial converse of the Marcinkiewicz—Zygmund inequality.

Lemma 5.4.2. If A is a maximal —-separated subset of S~ for some & € (0,1]
and f € IT,(S?~") is nonnegative on A, i.e., f(n) >0 foralln € A, then

[ isemtado e 3 smw(<(n3))

where the constant c is equal to cgl — A1 8, with ¢4 the constant in Eq. (5.3.1), c.
the constant in Eq. (5.3.9), and Ay being the constant in Eq. (5.3.3) with p = 1.

Proof. Let N(x) := Ypea Xen é)(x). By Lemma 5.3.2 (ii),

2/ <>N8 o)

neA

>c'y f(r’)/c(n’g) ; /nw (M) |w(x)do (x).

neA

L, fewdot) -

Applying Eq. (5.3.3) with p = 1 followed by Eq. (5.3.9), we then obtain

L Aot = ;' 3 s (< (n.2) ) =il

neA

> (' —ear8) 3 st (e (n.2)),

neA

which proves the desired inequality. O

Our next lemma is a partial converse of Lemma 5.3.5.
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Lemma 5.4.3. Let u be a nonnegative measure on S~ such that
- Sw / f)du(x), YfelL(S), (5.4.3)

for some positive integer n. Then for all x € S~ 1,

(D)) o

where the constant ¢ depends only on L,, and d. Moreover,

[, @raue <c [ f@rwido), e Mm(E ). (545
Se Se

Proof. Letm:= |41 + % | + 1 and ny := | 5% |. Define
2m
sin(n; +1)0
Sy(cos0) == <("1—92)> : (5.4.6)
sin §
where 7, is chosen such that w;ﬁ—;'_fo”S,,(cos 0)(sin0)?2d = 1. Then S, is an

even nonnegative trigonometric polynomial of degree at most n. From sin% ~ 0

for 6 € [0,7], a change of variable ¢ — (n; + 1)0 in the integral then shows that
Y, ~n?~172" which in turn implies, considering 7,0 < 1 and n;0 > 1 separately if
necessary, that

0<S,(cos0) <cn® Y (1+n0)2"  6€l0,n], (5.4.7)

and furthermore,
2
Su(cosB) >cen? ! B e [O,Z} . (5.4.8)
Since Sy, is even, S, (cos 0) is an algebraic polynomial in cos 8 of degree at most n.

It follows that S,,({x,-)) is a spherical polynomial of degree at most n for each fixed
x € SY~!. Thus by Eq. (5.4.3), for each x € S~ 1,

Su((x,y))w(y)do(y). (5.4.9)

§d—1

./gdfl Su({x,y))du(y) =

On the left-hand side of Eq. (5.4.9), by Eq. (5.4.8) and the positivity of S,,,

[ sitahant) = et (o (x2)),

while on the right-hand side, using Theorem 5.4.1, Eqgs. (5.4.4), and (5.1.5), we have
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S w)do(s) <e [ Su(ty)wn(x)do(y)

Jsd-1

< cnwy(x) /Sd?l (14nd(x,y))™ 2 do(y) < ew,(x).

Substituting the last two inequalities into Eq. (5.4.9) yields the estimate (5.4.4) on
using Eq. (5.4.1) and the doubling property of the weight w. Finally, by Eq. (5.4.4),
the inequality (5.4.5) is an immediate consequence of Lemma 5.3.5. a

Lemma 5.4.4. Let f: S?~1 — [0,00) be a nonnegative function satisfying
fO) < er(14+nd(x,y)*f(x), Vx,yeSi (5.4.10)

for a positive integer n and a nonnegative number o. Then for each p, 0 < p < oo,
there exists a nonnegative spherical polynomial g € TT,(S?~") such that

<=

)7 <gl) <cf(x)r,  Wxes, (5.4.11)

where the constant ¢ depends only on cy, o, and p when p is close to zero.
Furthermore, if f(x) = F((x,e)) for a fixed e € S*"!, then g in Eq.(5.4.11) can
be chosen as a zonal polynomial g(x) = G({x,e)).

Proof. We define a function Sy,(cos 0) as in Eq. (5.4.6) but withm = |a/p| +d+1,
and n; = | 4-]. Then S,(cos @) is a polynomial in cos @ of degree at most n that
satisfies Eqgs. (5.4.7) and (5.4.8). We then define

§0= [, SOFSillea)dot), xest, (5.4.12)

and show that g has the desired properties. Since S,,({x,y)) is a polynomial of degree
at most n in x, g is a spherical polynomial of degree at most n. Furthermore, a
moment’s reflection shows, where we expand f in zonal spherical harmonics if
necessary, that if f is a zonal function, then so is g. Since both f and S, are
nonnegative, g is nonnegative. Now, by Eqs. (5.4.4) and (5.4.10),

8 <ef A7 [ (1 hndte ) ES(e))doly) < ef ()7,

sd—1

whereas by Eq. (5.4.8), we deduce

80 [ FOS(en)ol) 2 ef()7 [T at0200 > e ()7

Hence g satisfies Eq. (5.4.11), and the proof is complete. O

Our next result is a refinement of the Marcinkiewicz—Zygmund inequality.
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Theorem 5.4.5. Let i be a nonnegative finite measure on S~ for which

L, f@wedo) = [ f0aue), Ve M, E) (413

holds for a positive integer n. Then for all p, 0 < p < oo, and f € IT,(S?™ "),

171

P ( L |f(x)|”du(X)> "=l (5.4.14)

where the constants of equivalence depend only on L,, and p when p is close to 0.

Proof. Because of Eq.(5.4.5), we need to prove only the inequality

1= [, @Iwiodot) <c [ 17@Pdue) =l /g, (5415)

Let L, be the kernel defined by the cutoff function as defined in Eq. (2.6.3). Since
f=fxL, for f € II,(S*") and the integral of |L,({x,y))| over the sphere is
uniformly bounded, by Holder’s inequality we obtain that for x € S9!,

1

e [, VOPRIL(aDldon)

which implies, by Egs. (5.1.5), (5.4.1) and the estimate of L, in Theorem 2.6.5, that

2

F)[Pwa(x) < c (n‘“ /S roP m (V:E(y )i)é do(y))
nd(x,y P

The reason for passing to | f(y)|? lies in Eq. (5.4.13), for which we need to get rid of

the absolute value of f. By Lemma 5.4.4 and Eq. (5.1.5), there exist a nonnegative
spherical polynomial Q; € H[’fl /2] and a nonnegative zonal spherical polynomial

0x({x,y)) € Hf,jz/z] such that

01(5) ~ (wa(¥))F " and  Qa((x,3) ~ (14 nd(y,x)) HF,  (5.4.16)

where { is a fixed integer such that £ > (d — 1) max{%, 1}. Hence,

P

F0Pwa) < [, TOIRPOs(xhe bmn()do))

<[, UOPOm)0w0Ie0))

=c (/Sdl FOP02((x,3)) 21 () du(y)) " (5.4.17)

where the second step uses Theorem 5.4.1 and the last step uses Eq. (5.4.13).
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We now prove Eq.(5.4.15) for the case 0 < p < 2. Let A be a maximal %-
separated subset of S?~!. Since |f(y)| < fz*/p”(y) ~ fz*/p”(n) for n € c(y, ﬁ), and

by Eq. (5.4.16), 02({x,y)) ~ Q2({x,n)) for n € c(y, %), we deduce from Eq. (5.4.17)
that

4
2

|f () [Pwn(x) 2

neA

L, VOIPO:( (e )11 )

n

<e 3 (pam)* " eattem) om)F [ 10|

nea 1

n

By Eq.(5.4.16), fsa—1 Qa((x,y))P/2do(x) < cn@DED) for all y € S9!, Hence
integrating over x € S~ gives
p
P 2
) p,du} '

Applying Holder’s inequality to the sum and using Eq. (5.3.1), we obtain

2— 2
11y < en 00 S (pm) " o) 1t
neA

4

(||f|,,d,1)( 7 X (i w,,m))l 2

_r
1=5

< (110 0u) 5(2 foo) inat9) o)

p(1-%)

<c(||f|\,,d,1) ||f2/pn||,'i<i;* (||f|\,,d,1) [l

where the last step uses Corollary 5.2.3 and Theorem 5.4.1, from which Eq. (5.4.15)
follows. This completes the proof in the case 0 < p < 2.

Next, we consider the case 2 < p < . Since p/2 > 1, using (5.4.17) and Holder’s
inequality, we obtain

e <e( [, 1orotnan)

p_
5-1

([ eneoiFawn) . sa
Sl

By Lemma 5.4.4 and Eq. (5.4.16), there exists a nonnegative spherical polynomial
Q3 € IT,(S?" 1) such that

03() ~ 0172 ~wa(y) ', Wyestl,
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Hence, using Eqgs. (5.4.5) and (5.4.16), we see that the second integral in (5.4.18) is
bounded by

¢ |, Qallxy)Qs(ndu(y) < /S oy @(52)Q3(n)wa(v)da(y)
<c [, @(xy)dol) <e
Using this inequality in Eq. (5.4.18) and integrating over xS?~!, we conclude that

1 < el s, < [, LFOIP duiy)

where we have used again the fact that the integral of O, is bounded. This
proves Eq. (5.4.15) for 2 < p < e and completes the proof. ad

5.5 Nikolskii and Bernstein Inequalities

In this section, w denotes a doubling weight on S?~! normalized so that its integral
over S9! is equal to 1, and s,, is the constant defined in Eq.(5.1.2). Recall that
sy =d — 1 if w is a constant weight.

Theorem 5.5.1 (Nikolskii’s inequality). If0 < p < g <o and f € IT1,(S*™ 1), then

1_1

Fllgar < cn P~ £l v, (5.5.1)

where c depends only ond, p, g, and L,,.

Proof. We first consider the case 0 < p < g = oo. Let 6 = 13 L

Tv,p” with Cw,p the

constant in Eq. (5.3.5). Let A be a maximal §-separated subset of S-1. By (ii) of
Theorem 5.3.6, we obtain that for f € H,,(Sd’l),

£l < cr#gxlf(n)l < C(Trlneizlw <c (mi)))}) <n§;‘w (c (n7g>) |f(n)|p>’l’
< c\lf\lp,wr#gx (w (c (m %))) 7']7 . (5.5.2)

Let m be a positive integer such that 2! < nw < 2. By Eq.(5.1.5), for every
neaA,

1ow(5 (el m)<Ct, 2w (o (.1 ) ) < aa, o (o (n.1) ).
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which implies that (w(c(n, %)))*% < ¢n*/P, and by Eq.(5.5.2), it implies the
inequality Eq. (5.5.1) for the case 0 < p < g = o=.
The case 0 < p < g < oo follows from that of g = 0. Indeed, one has

b S en™ @R Fd

111G < IFIE IS

using the inequality for g = oo, which proves Eq. (5.5.1) for g < oo. a

Next we establish a weighted Bernstein inequality, which extends Lemma 4.2.4.

Recall that the differential operators D; ; are defined by D; ; = xi% —X ja%
y y J ’

Theorem 5.5.2. If f € IT,(S"), £ €N, and 0 < p < oo, then

4 Va
1;?3;;(1”Di,jf“ﬂ,w <cn' || fllpw

where ¢ depends on L,, but is independent of f, n, and p when p is bounded away
from zero.

Proof. Let L,(t) be the kernel defined via a cutoff function 1 in Eq. (2.6.3). We first
need the following estimate of this kernel: For x,y € S~ ! and m € N,

1D j [La((-9))] ()| < com (1 4+nd(x,y)) ™", 1<i#j<d, (5.5.3)

with ¢,, depending only on m, 1, and d. This follows directly from Theorem 2.6.5.
Indeed, since |x;y; — x;yi| < |xi —yi| +|yj —x;| <2d(x,y),

|Dij [La((y)] (0] = Lo (Ce ) | iy = x3i]
<en®™ ' (14nd(x,y)) "™ 'd(x,y) < en?(14nd(x,y)) ™.

Using the fact that f * L, = f for all f € IT,(S?"!), we obtain

|Di.jf(x)] =

L, SO0 L3 (940 ).

which, using Eq. (5.5.3) with m > %sw +d — 1, is controlled by

on [ 10|14 na(x,9) " do()

* - 2 w
< ey pal) [, (1+n(e3)) P do(y)

< Can*sW/p,n (x)

Thus, using Corollary 5.2.3, we deduce the desired Bernstein’s inequality for £ = 1.
Iteration over £ completes the proof. O
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Recall that the Laplace—Beltrami operator Ay has a decomposition in terms of
D;j, Ao = Xi<icj<d Dl-z"j. The following weighted Bernstein inequality for Ag is an
immediate consequence of Theorem 5.5.2.

Corollary 5.5.3. If{ €N, 0< p < oo, and f € I1,(S*"), then

V4 4
A6 f 1 paw < (| £ pow

where ¢ depends only on {, L,,, and p when p is close to zero.

5.6 Notes and Further Results

A good reference for polynomial inequalities of one variable is [20]. Doubling
weights arrived on the scene relatively late. The study of weighted polynomial
inequalities in this chapter follows the approach of Mastroianni and Totik [116], who
first proved that a number of important weighted polynomial inequalities—such as
the Bernstein, Marcinkiewicz—Zygmund, Nikolskii, and Remez inequalities—hold
under the doubling condition or the slightly stronger A..-condition on the weights.
Most of the inequalities of [116] hold for 0 < p < 1 as well, as observed by Erdélyi
[69]. For polynomial approximation with doubling weights in one variable, we refer
to [115,117].

The LP-Markov-Bernstein-type inequalities for trigonometric polynomials on
arcs of a circle were established by Lubinsky [112] and by Kobindarajah and
Lubinsky [96]. It was shown in [70] that weighted versions of these inequalities with
doubling weights can be deduced using the results of [112] and the techniques of
[116]. These weighted Markov—Bernstein-type inequalities were applied in [46,119]
to deduce the Marcinkiewiecz—Zygmund-type inequalities on spherical caps. More
general results on Marcinkiewicz—Zygmund-type inequalities for all arcs of the
circle were established earlier in [97].

The Marcinkiewiecz—Zygmund inequality on the sphere, without weights, was
established in [23, 122, 129]. In the unweighted case, the maximal function in
the second section was introduced and studied in [39]. Most of the results on the
weighted inequalities in this chapter were proved in [38], which also includes the
following Remez inequality:

Theorem 5.6.1. Let w be an A.. weight on S°~\. Let E be a subset of S*~' and
assume that measE = 17~ with 0 <1 <27V~ Then for 0 < p < e and f €
I,(s% 1),

L rwiwdot <t [ ) do),

Sdfl\E

where c depends only on d, p, and the A, constant of w.

For weighted polynomial approximation on the sphere, we refer to [37,50].



Chapter 6
Cubature Formulas on Spheres

In problems that deal with data, as frequently encountered in applied mathematics, it
is often necessary to discretize integrals to obtain discrete processes of approxima-
tion. Cubature formulas, a synonym for numerical integration formulas, are essential
tools for discretizing integrals. In contrast to the one-variable case, fundamental
problems of cubature formulas in several variables are still open, including those on
the sphere. In this chapter, we discuss several aspects of cubature formulas on the
sphere.

After a brief introduction in the first section, the classical cubature formulas
on the sphere in spherical coordinates are given in the second section; despite the
problem of points accumulating around the poles, they are among the few formulas
that are explicitly available. For a given set of discrete points, the existence of a
positive cubature rule that preserves polynomials of degrees up to the order of the
square root of the number of nodes is proven in the third section. Such formulas
are most useful when the points are well separated. An example of such points,
taken from an equal-area partition of the sphere’s surface, is discussed in the fourth
section. Finally, in the fifth section, we consider cubature rules on the sphere with
equal coefficients, a synonym for spherical design, and give the recent affirmative
proof of a conjecture on the optimal asymptotic bounds of the number of nodes.

6.1 Cubature Formulas

A cubature formula is a finite linear sum of function evaluations that approximates
an integral. The strength of a cubature formula is often measured by the number of
polynomials that it preserves.

Definition 6.1.1. Let w be a weight function on S¢~!. A cubature formula

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 127
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4_6,
© Springer Science+Business Media New York 2013
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N
Ou(f) ==Y, Mf(xi), MER, xes™,

k=1

is of degree n for the measure w(x)do on S9! if

S.(H f@wx)do = 0u(f),  VfeM,(s™), (6.1.1)

and there is at least one £ in I, 1 (S~!) for which equality fails to hold. A cubature
formula is positive if Ay > 0 for 1 <k <N.

The points x; in Q,(f) are called nodes and the coefficients A in Q,(f)
are called weights of the cubature formula. We assume that w is normalized
so that [qs 1 w(x)do = 1, which implies, in particular, that chvzllk = 1, since
0,(1) = 1. We are particularly interested in positive cubature formulas, since they
are numerically stable and there will not be wild oscillation in their weights, since
0 <A < 1if Q,(f) is positive.

The strength of a cubature formula is measured by its degree. For a fixed number
of nodes N, the greater the value of n, the stronger the Q,,(f). The formula of highest
degree is called the Gaussian type, a tribute to the Gaussian quadrature formula of
one variable. This correlation between the number of points N and the degree of
precision n is often considered by asking how many points are needed for a fixed
degree. A classical result is the following.

Theorem 6.1.2. If a cubature formula on the sphere is of degree n, then its number
of nodes N satisfies

deiangJ(Sd1):(m+d_1>+(’"+d_2>, m=|3].  ©12)

m m—1

Proof. Assume that Q,(f) is a cubature formula of degree n on the sphere with N
nodes and N < M := dim IT,,(S?~"). Consider P(x) = ¥, aox®, where the sum is
over a set of M linearly independent monomials that form a basis of IT,(S~!). The
linear system of equations P(x;) =0, 1 < j <N, has N equations and M variables
ag, and it has, since M > N, a nontrivial solution, which gives a polynomial P of
degree at most 1 that vanishes on all nodes. Consequently, Q,,(P?) = 0. On the other
hand, Q,(P?) = [su-1[P(x)]*w(x)do > 0, which is a contradiction. 0

For the integral with respect to do, that is, w(x) = 1, there is an improved lower
bound for cubature formulas of odd degree, which is based on the following lemma.

Lemma 6.1.3. For 1 = %, d > 3, let F be a nonnegative function defined on
[—1, 1] with Gegenbauer expansion

F(x) = iFkCI’}(X% £ =) ey, /1 F()CH(6)(1 -2 1dr,
k=0 —1
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where h := -711 |CH(0)>(1 - tz)l’% dt, which satisfies Fy > 0 and F;, <0 fork > n
for a positive integer n. Then the number N of nodes of a positive cubature formula
of degree n for the integral [sa1 f(x)do satisfies

N>F(1)/F. (6.1.3)

Proof. Let O,(f) be a cubature formula for — fgd 1 f(x)do, as in Eq. (6.1.1) with
w(x) =1/a@y. Then ¥, At = 1 by setting f(x ) = 1. By Eq. (1.2.7), the reproducing
kernel of /4" is given by Z(x,y) = %C,ﬁ” ({x,y)). Furthermore, by Eq. (1.2.3), for
k>1,

N N dim”kd N 2
Y 2 NiZe(xixp) = Y | Y AYe(xi)| >0,
i=1j=1 =1 |i=1

where {¥;:1 << dim%’j{d} is an orthonormal basis of %‘j{d. Furthermore, the
above sum is equal to zero for 1 < k < n by the cubature formula and the fact that
the integral of Z; over S?-1is zero for k > 1. Hence, by the assumption on Fk,

Mz

N & A
Z)L,, (xi,xj)) ZFkZle,k T Zy(xi,xj)

j=1 k=0 i=1j=

I
—

I

<F

M=

1

N A
2 li/lj = Fy.
i—1j=1

On the other hand, since F is nonnegative and A; > 0, by the Cauchy—Schwarz
inequality, we have

N 12 1Y N\ F(1)
I>172‘1/’LF xj,x, ; i >F )N Z‘llj :T.
Putting together these two inequalities gives the desired lower bound of N. O

Theorem 6.1.4. If a positive cubature formula for the integral [sa-1 f(x)do is of
degree 2m —+ 1, then its number N of nodes satisfies

N22<m+d_1>. (6.1.4)

m
Proof. We apply the lemma with the function F defined by

m—2k+2A

2 Cr);szZk (x)-

F(x):=(1+x)0%x) with Q(x)= Y

0<2k<m



130 6 Cubature Formulas on Spheres

Evidently, £y = ¢; /', F(x)(1 —x*)*~1/2dx > 0 and £} = 0 for k > 2m+ 1, since
F is of degree 2m + 1. Since Q? is even, we can drop 1+ x and use Eq.(A.5.1) to
write

R 1

i : m+d—1
Fo= Wy Jsi- Q*((xy)do(y) = Y, dimAl = dim Py = ( )7

0<2k<m m

where the second equality follows from Eqgs. (1.2.5) and (1.2.9). Furthermore,
o)=Y dimszl , =dimPs,

0<2k<m
so that F (1) = 2(dim 224)2, from which Eq. (6.1.4) follows. 0

A given lower bound on N is called sharp if there exists a cubature formula of
specified degree with the number of nodes equal to the lower bound. The lower
bounds in Egs. (6.1.2) and (6.1.4), however, are known to be sharp only for a few
special values of n and d, and they are known to be not sharp in general. In fact,
even the asymptotic order

2 d—1
Ve (3) +oe). aoe (@13

of Eq. (6.1.2) is not sharp for d > 2 in the sense that all cubature formulas of degree
nneed N = un?=! + 0(1)n?=2 nodes for a larger u; see Sect. 6.6.

If d = 2, the space IT,(S') is the space of trigonometric polynomials of degree
nonS' = [0,27). The lower bound (6.1.2) becomes N > n when 7 is odd, and it is
attainable for all odd n. A cubature formula on a circle or on an interval is usually
called a quadrature formula.

Proposition 6.1.5. Let a, be fixed elements in [0,27). Forn=0,1..., the quadra-
ture formula

1 2 1! 2mj
— 0)do = — —_— 6.1.6
= s nlzbf<an+ n> 6.1.6)
is exact for all f € IT,(S') = span{1,co0s 0,sin B, ...,cosnB,sinnd}.

Proof. By the periodicity of the trigonometric functions, the integral is unchanged
under a change of variable, so that we need to consider only the case a, = 0. Since
"% = cosk@ +isink6, we can work with the basis {9 : —n < k < n} of IT,(S").
An elementary computation shows that for 1 <k <n—1,

l’lileik% S P /Z”eikede
n = N1 _ k3E 2r Jo ’
whereas for k = 0, both sides are obviously 1. Equality fails for k = n. a

For d > 3, constructing positive cubature formulas of high degree is a difficult
problem. An obvious approach is to solve the system of equations
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N
ZAkfj(xk):/Swf.,-(x)w(x)do(x), j=1,...,M:=dimIL,(S"), (6.1.7)
k=1

where {f; : 1 < j < M} is a basis of IT,(S?"!). If the nodes x; in Q,(f) are
preassigned, then Eq.(6.1.7) is a system of linear equations in the variables
M, ..., An, which, however, may not have a positive solution even if it is solvable,
and the cubature formula of degree n obtained in this way uses at least dim IT, (S?~ ")
points, 2¢~! times the order in Eq. (6.1.5). To keep the number of points small, one
can assume that both x; and A, are variables, in which case Eq. (6.1.7) is a nonlinear
system of equations and can be solved, if a solution exists, only by numerical
methods. In this regard, a theorem of Sobolev on cubature formulas invariant under
a finite group can often be used to simplify the matter.

Let G be a finite subgroup of the d x d orthogonal group O(d). For a function f
defined on R? and 7 € G, define 7f by Tf(x) := f(xT), ¥x € SY~!. The function f
is said to be invariant under G if T7f = f for all T € G. Define

oS = {f € (S ') : f invariant under G}.

Definition 6.1.6. A cubature formula Q,(f) is invariant under a finite subgroup G
of O(d) if 0, (1) = On(f) forall T € G.

Theorem 6.1.7. Assume that w is invariant under a finite subgroup G of O(d). If
the cubature formula Q,(f) is invariant under G, then Q,(f) is of degree n if and
only if Eq. (6.1.1) holds for all polynomials in TT¢ (S~ 1).

Proof. Since TS (S?"!) c IT,(S?"!), we need to consider only one direction.
Let Q,(f) be invariant and suppose that Eq.(6.1.1) holds for all polynomials
in IIS(S?1). For f € IL,(S*1), let fo = 7= YrecTf, where #G denotes the
cardinality of G. Then

0 = 35 2, 0ueN) = 0lfa) = [, falwlx)do

1eG

1
_#GTGZG

/Sd?l f)wxt 'do = /Sd?l Fx)w(x)do,

by the invariance of Q,(f) and w. O

It should be noted that since the dimension of IT¢(S?~1) is far smaller than that
of IT,(S?~ "), the size of the system of Egs. (6.1.7) for an invariant cubature formula
can be drastically reduced to facilitate computation.

Example 6.1.8. The vertices of the icosahedron are nodes of a spherical 5-design on
S?. More precisely, let X := {(0,4+1,+7)/7,(£1,47,0) /7, (£7,0,41)/7}, where
7= (14++/5)/2and y = v/1+ 7% then X is a subset of S? and
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o f(d Zf feIs(s?). (6.1.8)

xeX

Proof. The set of vertices of the icosahedron is invariant under the icosahedral
group. It is known that the first two nontrivial polynomials invariant under the
icosahedral group are p; (x) = x3 +x3 +x3, of degree 2, and ps (x) = (x3 — 72x3) (x5 —
72x3)(x% — 2x2), of degree 6. If f = py, then both sides of Eq. (6.1.8) are equal to
1, so that the theorem holds for f = p;. If f = py, itis easy to verify that Eq. (6.1.8)
fails to hold. Accordingly, Eq. (6.1.8) holds for all f € ITs(S?) by Theorem 6.1.7 but

not for all f in ITe(S?). O

We note that the number of nodes, 12, of this cubature formula of degree 5 attains
the lower bound given in Eq. (6.1.4), one of the rare examples.

6.2 Product-Type Cubature Formulas on the Sphere

Product-type cubature formulas on the sphere are constructed by parameterizing the
integral over the sphere in polar coordinates. The number of nodes of such a formula
is far more than that of Eq. (6.1.5), and the nodes cluster around the north and south
poles of the sphere. Despite these defects, these cubature formulas are useful and are
essentially the only family of formulas on the sphere that are positive and explicitly
constructed.

We will need the Gaussian quadrature rules for the Gegenbauer weight function
wy (1) = (1 —12)*~1/2 Tt is well known that such quadrature formulas exist and that
they are based on the zeros of the Gegenbauer polynomials. The polynomial C,),L (t)

has n distinct real zeros in [—1, 1], which we denote by t&) with

) _A) A)

(
—1 <ty <ty <<t <1

Since C* (—t) = (—1)"C}(r), the zeros are symmetric with respect to the origin, that

() _ (4

is, Yen = bk Furthermore, we define Gk(’);) by

i) =cos6”), ) e (0,7), 1<k<n. 6.2.1)

Proposition 6.2.1. Let A > —1/2 and ., = 1)

quadrature of degree 2n — 1 for w) is given by

. For each n € N, the Gaussian

1 n
| s ar= Yl flna), vf €MD, 62.2)
- k=1
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where the quadrature weights ,u,i‘};l) > 0 are given by

u® = d Tnt2d)
DA+ D (1-22,)[CH (1)

(6.2.3)

This proposition is classical. The formula for the weights are given in [162,
p. 352], which we have simplified by applying (4.7.27) of [162]. Through a change

of variables x = cos 8, Eq. (6.2.2) becomes, with 6 , = 9,57:1),

T
/O f(cos 6)(sin0)**do = 2 Nkn (cosBn),  Vf €T, . (6.2.4)

Gaussian quadrature is known to have the highest degree of precision among all
quadratures with the same number of nodes.

We are now ready to construct product-type cubature formulas on the sphere.
First we consider S? in R3. In spherical coordinates (1.6.3), set

g(¢,0):= f(sinOsin¢g,sinOcosd,cosf), 0<¢ <27, 0<6 <.

1
Recall that the Gegenbauer polynomial C;; is equal to P,, the Legendre polynomial.

Theorem 6.2.2. For n € N, let ¢, = nk/n, 0 <k <2n—1. Let ;, = 9‘ ) e
associated with the zeros of the Legendre polynomial as in Eq. (6.2. 1) and [,L i =
(3)

My - Then the cubature formula
Zn 1 n
/ f dG 2 Z:uj n8 ¢kn7 /n) (625)
k=0 j=

is of degree 2n — 1, that is, Eq. (6.2.5) holds for all f € ITy, 1(S?).
Proof. In spherical coordinates, we have Eq. (1.6.4)

/Szf(x)dc = /0” <./()2ﬂg(¢,9)d¢) sin 0d6.

We need to verify that Eq. (6.2.5) holds for all polynomials in IT,(S?). We choose
to work with the orthogonal basis in Eq.(1.6.5), which means that we need to

1
establish Eq. (6.2.5) for (sin O)kanti (cos ) (aycosk¢ + by sinkd) with0 <k <m <
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2n—1.1f 0 < k < 2n — 1, then both sides of Eq. (6.2.5) equal zero according to the
trigonometric quadrature Eq. (6.1.6) with n replaced by 2n — 1. The remaining case
k = 0 amounts to showing that

1 /% 1 n 1
5/ Cin(cos0)sin 6dO = 2 UjnGCai(cosBj,), 0<m<2n—1,
() N

which, however, follows immediately from Eq. (6.2.4) with A = 1/2. O

This construction shows why the cubature formula (6.2.5) is said to be of
product type. The number of nodes of Eq.(6.2.5) is 2n?, whereas the order of the
lower bound in Eq.(6.1.5) is n? + &/(n) for a cubature formula of degree 2n — 1.
Geometrically, the nodes of the cubature formula (6.2.5) are distributed on n parallel
circles, each of which contains 2n equally spaced points. This distribution, however,
means that the nodes are heavily clustered at the north and south poles (0,0,+1),
instead of being more evenly distributed over the sphere.

Using different quadrature rules for dx on [—1, 1], we can derive other cubature
rules of similar type with different positions of parallel circles. In particular, if we
use the Gauss—Lobatto quadrature rule for dx on [—1, 1], which includes points at the
two endpoints, we obtain a product cubature formula similar to the one in Eq. (6.2.5)
but with two additional nodes located at the north and the south poles.

The product cubature rule on S?~! has more or less the same structure and can
be constructed by induction. In spherical coordinates (1.5.1), let

g(01,...,64_1) :=f(sinB;_;...sin6,sinBy,sinGy_1 ...sinB cos Oy, ...,cosO;_1).

Theorem 6.2.3. For n € N, let ¢, = wk/n, 0 < k < 2n— 1. Then the cubature
formula

d—1 il

v | I g(q)kn,ef;m .,ef;{i) (6.2.6)
i=2

253>
n &= )
is of degree 2n — 1, that is, Eq. (6.2.6) holds for all f € Iy, (S~ 1).

Proof. Writing in the spherical coordinates

2n 2n d—2
/ / 8(61,6s,...,041) [ (sin 6y ;)" 7~ 'd6;_y---dby,

Sdl =1

we work with the orthogonal basis in Eq. (1.5.6), for which we need to establish
Eq.(6.2.6) for H‘j.;lz(sin Od,j)‘o”+l ‘Cﬁj (cos 04— j)(arcos 0y—160y + brsinoy_16;)
with 0 < |or| <2n—1.If 0 < 0gy_1 < 2n — 1, then both sides of Eq. (6.2.6) equal
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zero according to Eq. (6.1.6) with n replaced by 2n — 1. For o = 0, the integral
over 6, becomes

/C& (cos @) smGdO—Z/.LzC2

0q-2

1
(cos 6]-2!”) , 0<oy_r<2n-—1,

which follows immediately from Eq. (6.2.4) with A = 1/2. Continuing this process,
foroy_| =+ = 0y_rr1 = 0, the integral over 6 becomes

T k-1 (Caps= (54
Cad k(cos@)(sme) de = z,u Cadk<cose 2 >, 0<oy,<2n-—1,

which follows from Eq. (6.2.4) with A = (k—1)/2 for 2 < k < d — 1. The proof is
complete. O

It is worth mentioning that the cubature formula Eq. (6.2.6) can also be deduced
from a product of an integral over [0, 7] and an integral over S~2 by Eq.(1.5.4).
The number of nodes of the cubature formula Eq. (6.2.6) is 2n¢.

6.3 Positive Cubature Formulas

Recall the e-separated subset defined in Definition 5.3.1. Each %-separated subset,
say A, of S*! contains &' (n?~!) points, and almost all such subsets admit an
interpolation operator I,f in an appropriate polynomial space Il that includes
I1.,(S?" ') as a subspace and has dimITy = #A, so that I,f(&) = f(&), VE € A,
where f is a generic function. The interpolation operator is a projection operator in
the sense that I, f = f for all f € I, and it is linear and can be written as

x) =3, f(€)t:(x)

EeA

where (¢ € I are determined by (z(1) = O¢ 5, VE,n € A, usually called
fundamental interpolation polynomials. Integrating I,(x) with respect to w(x)do
over SY~! then leads to a cubature formula of degree cn with & € A as nodes and
Ag = Jsa-1Le(x)w(x)do as weights. This cubature formula, however, is most likely
not a positive one, that is, some of /'L;; will be negative, and there could be wild
fluctuation among the values of Ag.

There is, however, another possibility: a positive cubature formula can exist if we
lower the degree of precision somewhat, or equivalently, keep the same degree but
increase the number of nodes. Indeed, the main result of this section is to show that
each maximal %-separated subset in S9!, for a sufficiently small § > 0, admits a
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positive cubature formula of degree n, and furthermore, the weights of this formula
can be chosen to have more or less equal values. For the proof of this result, we shall
need two lemmas from convex optimization.

The first one, Gordan’s lemma, states, geometrically, that the origin does not lie
in the convex hull of a set of vectors {ao,al, ...,a™} in a Euclidean space if and
only if there is an open half-space {y : (y,x) > 0} that contains {a’,a',...,a"}. The
precise statement is given as follows.

Lemma 6.3.1 (Gordan’slemma). LetV be a finite-dimensional real Hilbert space
with inner product (-,-). Then for any elements a°,a',...,a" of V, exactly one of the
following two systems has a solution:

m m

(1) Yhd =0, YA=1 0<A,A,.... lm€ER;
i=0 i=0

(2) (@',x)>0,i=0,1,...,m, forsomex€V.

Proof. If (1) is solvable, it is clear that (2) has no solution. Conversely, if (2) has
no solution, we need to show that (1) is solvable. Without loss of generality, we can
assume V = RV Define

flx) = log<i exp(<a",x>)> , xeRN

i=0

A simple computation shows then

VF(x) = i)/lj(x)af, with  A(x) = % >0. (6.3.1)

Itis evident that 372 | A(x) = 1. Let @ € C=(RV) satisfy ¢(x) =0 for [[x|| < %, and
©(x) = 1 for ||x|| > 1. Define

Fux) == f(x) + & p(k) x|, k=1,2,....

Since f is nonnegative, because f(x) > log(maxo<;<mexp({a’,x))) > 0, it follows
that limy| e Fi (x) = . Consequently, F attains a global minimum at some x; €
RY . and therefore,

0= VFi(x) = Vf () + el Vep (ko)) + k" p (ke )/ |-

Since V¢ is supported in {x: 1/2 < ||x|| < 1}, it follows that |V f(x;)| < ck™!,
which goes to 0 as k — . Let QLJI-‘ = A;(xx). Since the sequence {(AX,Af,...,Ak):
k=1,2,...} is bounded in R™*!, it has a convergent subsequence by Weierstrass’s
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theorem. Taking the limit of this convergent subsequence shows, by Eq. (6.3.1) and
the fact that |V f(x;)| — 0 as k — oo, that the system (1) has a solution. O

Our second lemma is Farkas’s lemma, which states, geometrically, that every
point { not lying in the finitely generated cone {37, t;a’ : 0 <y, lha, ..., € R}
can be separated from the cone by a hyperplane.

Lemma 6.3.2 (Farkas’s lemma). LetV be a finite-dimensional real Hilbert space
with inner product {-,-). Then for any points a',a*,... a™ and  in 'V, exactly one
of the following two systems has a solution:

m
(1) Yuja! = 0< i, o, i €R;
j=1
(2) {(a/,x) >0, j=1,2,....m, and ({,x) < O for some x € V.

Proof. If (1) has a solution, then taking inner product with x of (1) shows
immediately that (2) has no solution. Conversely, assume that (2) has no solution.
We shall show that (1) has a solution by induction on m. For m = 1, the assumption
implies that (a',x) and ({,x) have the same sign for all x € V, which implies that
¢ = pa' for some positive u, whence (1). Suppose now that the assertion has been
proved for a set of m — 1 vectors in some finite-dimensional real Hilbert space.
Define a° = —{. The unsolvability of (2) then implies the unsolvability of (2) in
Lemma 6.3.1, which implies that there are nonnegative scalars A, ..., A, not all
zero, such that 40§ =3, Ajal . If 29 > 0, the proof is complete. So suppose Ag =0
and, without loss of generality, A,, > 0. We then have

a" = —A,;lmi Ajal. (6.3.2)
Jj=1
Define now Y = {y € V : (y,a™) =0}, and let Py : V — Y denote the orthogonal
projection onto Y. By the induction hypothesis, the system
(al,y)>0,j=1,2,....m—1, ({,y) <0forsomey€eY
has no solution, or equivalently,
(Pra’,y)>0j=1,2,....m—1, (Py{,y) < 0forsomeyeY

has no solution. Applying the induction hypothesis to the subspace ¥ shows that
there are nonnegative real numbers U, ..., W, such that 2;.”;11 UjPya’ = Py €. This

means that § — 2;.";11 u jaj is orthogonal to the space Y. Since Y is the orthogonal

complement of span{a™} in V, there is a U, € R such that

m—1
Uma" =§ — 2 uja’. (6.3.3)
j=1
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If w, > 0, we immediately obtain a solution of (1), whereas if u, < 0, we can
substitute Eq. (6.3.2) into Eq. (6.3.3) to obtain

| m—1 . m—1 .
(=)' X, Ajal =8 = Y wid,
j=1 j=1
which again gives a solution of (1). O

We are now ready to prove the existence of positive cubature formulas that we can
establish for a doubling weight. In the following theorem, &y denotes a sufficiently
small positive constant depending only on the doubling constant of w.

Theorem 6.3.3. Let w be a doubling weight on S*~'. Given a maximal %-separated
subset A C SV with § € (0,8y), there exist positive numbers Ay, M € A such that
Ay ~w(c(n, %)) foralln € A and

/Sd,lf(x)w(x) do(x)= Y Anf(n), feM(s™). (6.3.4)

neA

Proof. We shall use Lemma 6.3.2 with V = IT,(S?!) endowed with the inner
product

(0= [, S0)g)dot)

The reproducing kernel of IT,(S?') under (-,-) is K,(x,y) = widzgzozk(x,y),
where Z; is defined in Eq. (1.2.2). By definition,

(f.Kn(x,)) =f(x), xeS87', fev (6.3.5)

Let {ny,...,Nn} be an enumeration of A. We define the functions { and a/ in the
space V as follows:

al(x):=Ky(x,n;), j=1,2,...,N,

(0= [, Kbt~ 5 Xkt (o (1.2 ).

sd-1 2¢y |
where ¢, is the constant in Eq. (5.3.1). By Eq. (6.3.5), forall f €V,
(f,a’y = f(n;), j=1,2,...,N, (6.3.6)

1.0)= [, somno0) - 5= 3 s (e (1:2)). @3

j=1
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If (f,a’) > 0 for all j, then f is nonnegative on the set A, and we can apply
Lemma 5.4.2 to conclude that

/StH fx)w(x)do > (é —c/S) ]ilf(nj)w (c (nj, g)) :

where ¢’ = c,A| is a constant independent of §, which implies that
1 / u -1
Jj=1

if 0 < 6 < 1/(2¢cy4c’). Consequently, the corresponding system (2) of Lemma 6.3.2
is not solvable, and as a result, the system (1) of Lemma 6.3.2 has a solution; that
is, there exist ly,..., Uy > 0 such that { = ZIJV:I ujaj. By Egs. (6.3.6) and (6.3.7),
taking the inner product with £, this implies that for all f € IT,(S?"!),

staot) = 53w (e (18] ) = S ).

Sd—1 2cd =

which gives the desired cubature formula
N
/gd—l JOw(y)do(y) = 2 Aif(nj) (6.3.8)
j=1

with A;j := pt; + (2¢c4) “'w(c(n;,n~18)) for 1 < j < N. Since u; > 0, we immedi-
ately have A; > (2¢;)'w(c(n;,n"'8)). Furthermore, on defining a finite measure
 supported on the finite set A, by u{n;} :=w(c(nj, g)) for 1 < j <N, we can
write the right-hand side of Eq. (6.3.8) as [gs—1 f(y)du(y), which allows us to apply
Lemma 5.4.3 to obtain the upper estimate A; < cw(c(nj,n~'8)). The proof is
complete. O

Let N be the number of nodes of Eq. (6.3.4). Then the degree of precision of the
cubature formula is on the order of N'/(~1)_ This is the same order as that given
in Eq. (6.1.5), although the constant in front of the asymptotic order could be rather
small. The desirable features of the cubature formula (6.3.4) make it an important
tool for theoretical studies.

Since the nodes are given, constructing the cubature formula (6.3.4) amounts to
determining the weights A;; for each n € A. However, since the weights satisfy an
underdetermined linear system of more variables than equations, it is a difficult task
to identify a positive solution as specified in the theorem among the infinitely many
solutions of the system. In fact, at this moment, no practical method for constructing
such a cubature formula is known when n is moderately large.
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6.4 Area-Regular Partitions of S*!

Except for d = 2, there are generally no equally spaced points on the sphere S?~!
for d > 2. Identifying a good collection of well-distributed points on the sphere is
important for many problems. The main result in this section is to show that for
a given positive integer N, the sphere S?~! can be partitioned into N equal-area
patches in an orderly manner. Once such a partition is established, we can take, say,
the central point of each patch to get a collection of well-distributed points.

The existence of an equal-area partition is intuitively obvious, and our main task
is to provide an algorithm that shows how a desired partition is arranged. To be more
precise, we give a definition.

Definition 6.4.1. A finite collection % := {Ry,...,Ry} of closed subsets of S?~!
is called an area-regular partition of S¢~! if

(1) s 1= U Rjand R{ NRS =0 for 1 <i# j <N, where R} denotes the interior

j=1
of R;;

(2) meas(R;) =N 'meas(S?"!) forall 1 < j <N.
The partition norm of % is defined by

|Z|| := max max ||x —y||.
ReZ x,yeR

The theorem below shows that there exists an area-regular partition of the sphere
with the additional property that each R; in the partition is a product domain in
spherical coordinates.

Theorem 6.4.2. For each positive integer N, there exists an area-regular partition
% :={R1,...,Ry} of the sphere S* with partition norm || %Z|| < chfﬁ.
Proof. The assertion holds obviously if N = 1,2 or d = 2. Hence, we assume that
d >3 and N > 3. To illustrate the idea, we start with the case d = 3.

Let n = |\/N—3/5] and let 6; € [0,7/2], 0 < k < n, be defined by cos 6 =
1- (kH) .Then 0 =6y < 6 < - < 6, < %. Furthermore, (sin 6") = KD angd

TN
% =c0s0y_ —cosb = 2sin Ht 9" Lsin 9"+26" L. It follows that

O ~kN"Z, 6 — 01 ~N"2, N—n(n+1)~N2. (6.4.1)
We first partition S into parallel spherical belts. Let e = (0,0, 1) and
Al ={xe S*: 61 <d(x,e) <6}, 1<k<n,

B,:={xcS*:6,<d(x,e)<m—86,},

AL = (xeS?:m—6 <d(x,e) <m—61}, 1<k<n.
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The sets Afr and A| are spherical caps centered at the north pole and the south pole,
respectively. For 2 < k <n, A,:r and A, are spherical belts in the northern and the
southern hemispheres, respectively, and B,, is a spherical belt around the equator. A
straightforward computation shows that

6k 4wk
meas(4; ) = meas(4; ) = 27':/ sinfde = = | <k<n,
Jo_, N
4r(N — 1
meas(B,) = 4mwcos 6, = W

Next we partition each spherical belt into patches of equal area. Let

2(j—1 2j
ij::[ek*luek]x (] )nu /7 3 1§]§k§n7
’ k k
2~ )m 2jm

Jn,j:_[en,n—en]X{ ], 1<j<N-n(n+1).

N—n(n+1)N—n(n+1)
Write &, = (cos @, sin @) for ¢ € [0,27]. Define

A,tj::{(é(psine,cose)eA,j:(G,q))elk’j}, 1<j<k<n,
A= {(EpsinB,cos0) €A : (m—6,9) €Ly}, 1<j<k<n,

By j:= {(é(psine,cosﬂ) €B,:(0,0) EJn,j}, 1<j<N-n(n+1).

Evidently, the sets A,:r It By A,zn have disjoint interiors, and their union is the whole

sphere S2. Using spherical coordinates, it follows immediately form the definition
that
L _, _ meas(A) 4w )
meas(A; ;) = meas(4; ;) = — =W 1<j<k<n,
meas(A,1) 4w

V= —— V" <j<N-— .
meas (B, ;) Nonnil) N 1<j<N-n(n+1)

Thus, all these patches have the same measure @3/N, which in turn implies that
the number of these patches is N. Finally, since ||£ysin 6 — &y sin6'[|? = (sin6 —
sin6’)% + 2sinOsin 0'(|Ep — |2, it follows from Eq. (6.4.1) that for 1 < j <k <

n~+/N,

diam(A ;) ~ sup [[cos 8 —cos 0’| +[|Epsin O — &y sin 6]
: (6!¢)7(9,7(p/)61k,j

~ (cosB_1 —cosb;)+ (6, — 6;_1) +% NN*%,
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andthatforl§j§N—n(n+1)w\/]Tl,

. . 1 _1
diam(B, j) ~2cos6,+ (1 —sin6,) + m ~N" 2.

This completes the assertion for the case S

The partition of SY~! can be carried out via induction. Let us assume now
that the assertion is true for SY~2 and proceed with SY~! along the same lines as
the case S*. Let n = [N —3/5] and let 6, 0 =6y < 6; < --- < 6, < %, be

defined by [ (sin )4 -2d6 = s % The existence of such 6y is obvious, since

'd—1
g(t) := [5(sin@)92d is evidently an increasing function and g(%) = %%

convenience, we identity a point (£ sin8,cos 8) on S~ ! with (8, &) € [0, 7] x S?~2,
and denote by do;, the usual Lebesgue measure on S"~!. Then

. For

f(x)doy(x) = /S o /0 " £(6,8)(sin0)42d0odoy_ (). (6.4.2)

§d—1

We can then partition S“~! into parallel spherical belts Aki and B, exactly as in the
case d = 3. With e = (0,...,0,1), we have then

Azr:{(evg)egdihek—lSQSG/(}, 1<k<n,
By ={(6,§)es’":6,<0<n-6,},
A;:{(evg)égdfl:7r—9k§9§7r—6k,1}, 1<k<n.

By the definition of 6, it follows readily that

+ - % a2 k
meas(A, ) = meas(A, ) = a)d,l/ (sin@)*~°d6 = N @ 1 <k<n,
6)—1
2 N—n(n+1)
meas(B,) = @; —2 Y, meas(A]) = — N @

k=1
Next, we partition Aki equally using the area-regular partition
Kr = A{R1,-- - Rixy, with | %] < k™7,
of §/% = UE_ | Ry j, which exists by the induction hypothesis, and define

AZJ::{(G,E):GIC,I§9§9k,§€Ek7j}, 1<j<k<n,

A}:’j::{(evg):n_ekgegn_ekflvgeEk,j}v 1§J§k§n,
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furthermore, we partition B, equally using the area-regular partition
Ao ={Ro.1s- . Rom}s | Foll <caM 72, M:=N—n(n+1),
of §972 = 1}/1:1 Ry, j, which again exists by the induction hypothesis, and define
B,;:={(0,£):6,<60<m—6,,cEy;}, 1<j<N—n(n+1).

Using Eq. (6.4.2) and following the proof in the case S?, one can easily verify that
the Alf ; and B, ; constitute an area-regular partition of S?=1 with partition norm

< CyN 7ﬁ. This completes the proof. a

A couple of remarks are in order. Clearly, the partition is not unique. For example,
in the construction given in the proof, the result still holds if partitions in any
spherical belt are rotated by an angle around the x,, {-axis. In the case N =n(n+1),
the construction can be carried out with the belt B,, the empty set.

Since each element of the partitions in the proof of the theorem is a product
region in a product domain in spherical coordinates, it has a center point. The
collection of the central points is a well-distributed set of points in S¢~!. Recall
that the concept of extended maximal €-separated set is defined in Remark 5.3.3.

Corollary 6.4.3. Letd =3 andlet Z ={R\,...,Rn} be the area-regular partition
of S? as constructed in the proof of Theorem 6.4.2. Let x; be the center point of R;.
Then A = {x1,...,xn} is an extended maximal % -separated subset of S? for some

absolute constant ¢ > 0, where n = |\/N|.

Proof. This is an immediate consequence of the proof of Theorem 6.4.2. Indeed,
the distance between the center of two neighboring patches is proportional to the
diameter of the patches, which is of order VN. O

As an immediate application of area-regular partition, we state a result on the
collection of points pertinent to the partition in which x; € R; does not have to be the
center point of R;.

Theorem 6.4.4. Let # = {Ry,...,Ry} be an area-regular partition of S~ and
{xi 1 x; € R;,1 <i < N} a collection of points in S9=1. There exists a constant ry €
(0,1), depending only on d, such that if | %Z| < ram~" for some m € N, then for
each f € IT,,(S?°1),

Ll < 2 3 171 < 21
= I(gd-1y < — Xj)| < = 1(sd—1y-
o I HILI(s=) N & J o LIS
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Proof. Recall that osc(f)(x,r) := sup, cc(. ) [/ (¥) = f(2)|. For f € IT,(S71),

N
N -5 [, feldot) <—2/|fx, ()ldo)

N
1 Z/RjOSC(f)(x ram~ ) do(x) = Ld/S osc(f)(x, ram™~)do (x),

=1 d—1

which, by Lemma 5.2.5 and Corollary 5.2.3, is dominated by
cara |, Jim(x)do() < carallf -

Choosing ry = %,— proves the desired inequality. a
d

Corollary 6.4.5. Under the assumption of Theorem 6.4.4, for each f € IT, (S 1),
Vo) < - 3 Vo)l < VAo |
2\/3 0 Ll(gdfl) =~ Nj:1 0 j =3 0 Ll(gd—l).

Proof. Write Vof = (fi,...,f4) for f € IT,,(S*"!). By definition, each f; is a
spherical polynomial of degree at most m on S?~!. Since

IVofl =/ 24+ 2 < |fil +++ | fal <Vd||Vorf],

the proof follows by applying Theorem 6.4.4 to each component f;. O

6.5 Spherical Designs

A spherical design of degree n, or n-design, is a finite set of N points on S?~!
such that the average value of every polynomial f € IT,(S?~!) on the set equals the
average value of f on S~!. In other words, an n-design is a cubature formula of
degree n on the sphere with equal cubature weights,

! = 1 S d—1
07 Jou T DO =5 TS, FEMLETH, 65D

where x; € S?~!. Spherical designs are intimately related to combinatorics, where
the name n-design originated, as well as to isomorphic embedding of classical
Banach spaces, statistics, and, naturally, approximation theory.

The additional constraint of equal weights means that only the nodes are at our
disposal, which makes it harder to construct such cubature formulas. On the other
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hand, the equal-weights constraint allows us to apply tools in geometry and analysis
to facilitate construction, as can be seen in Example 6.1.8.

The lower bound for the number of nodes in Eq. (6.1.2) clearly applies to equal-
weights cubature formulas. The additional constraint suggests that number of nodes
in such cubature formulas is in general greater than those in ordinary cubature
formulas of the same degree. It has long been conjectured, however, that a spherical
n-design containing & (n?~!) nodes on S?~! exists. Recently, this conjecture was
confirmed in [19]. The result is the following theorem.

Theorem 6.5.1. There exists a positive constant K;, depending only on d, such that
for each positive integer N > K;n~!, there exists a set of N points x1, ..., xy € ™!
for which Eq. (6.5.1) holds for all f € IT,(S?").

The rest of this section is devoted to the proof of this theorem. The proof is based
on the following lemma in Brouwer degree theory, the proof of which can be found
in [134, Theorems 1.2.6 and 1.2.9].

Lemma 6.5.2. Let V be a real finite-dimensional space with inner product (-,-)y.
Let Q be a bounded open subset of V with boundary dQ2 and such that 0 € Q. If
F V=V is a continuous mapping satisfying (x, F (x)),, > 0 for all x € I, then
there exists a point x € Q such that F (x) = 0.

For the proof of Theorem 6.5.1, we will use the Brouwer degree theorem with
V the space of polynomials in IT,(S?~!) with zero mean and inner product of
L?(S?1). To construct the mapping .%, we start with a set of points taken from
an area-regular partition and change the points along paths in the direction of the
gradient, which is permissible because of the lemma below on the initial value
problem of a system of first-order differential equations. First we need a couple
of definitions.

Every polynomial in IT,(S?~!) can be expanded as a sum of spherical harmonics
and hence has a unique extension to a solid harmonic polynomial on R¢. Let ﬁfn‘l
denote the space of harmonic polynomials of degree at most n on R?. Since each
harmonic polynomial in Jz{”d is uniquely determined by its restriction to the sphere
S| - l[12(a-1y is a norm of the space 4. For f € &/ and y € RY, we define an
operator 4 by

2f() = IYIPVFG) — (3 V().

By Eq.(1.8.12), Zf(E) = Vo f (&) for £ € S*~!. We need a normalization of 2 f
that is bounded. Let € > 0 be a fixed number depending only on d, and define the
mapping @ : &Z¢ x R? — R by

D(f,y) = e 2240 with  he(r) := max{z,e}.

2l

Lemma 6.5.3. For each fixed P € /¢ and x € S*~!, the system of differential
equations
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{y’(t) =@(Py(t), 120, (6.5.2)

¥(0) =x,

has a unique solution y = y(P,t) for t € [0,e0). Moreover, y(P,t) € S*~!, and the
mapping P+ y(P,t) is continuous on ¢ for each fixedt > 0.

Proof. Tt suffices to prove the assertion for ¢ € [0,M] for an arbitrary M > 2.
The proof uses the standard Picard successive approximation. The initial value
problem (6.5.2) has a solution y = ¢(P,¢) if and only if

1
o(P.1) :x+/ ® (P,o(P,s))ds. (6.5.3)
0
For a fixed x € S*~! and a fixed P € /¢, we define ¢y(P,¢) =x € S~ ! and
t
Ou(Pr)i=x+ [ O(RO(P9) s, k=12, 6.5.4)
Jo

for t € [0,M]. Let E := {y € R? : ||y — x|| < M}. The definition of ke implies that
|@(Py)|| <1 for all y € RY, from which it follows that ¢ (P,t) € E for all k and
t € [0,M]. Since each component of ZP is a polynomial of degree at most n+ 1,
and A, is a Lipschitz function on [0, ) that is bounded below by &, it is easily seen,
by the triangle inequality, that

|@(Py)—@(P2)| <Lly—zl, yz€E, Pe’, (6.5.5)

where the constant L is equal to Lpg . Consequently, by induction on £, it is easily
seen that for all z € [0, M],

k14K
k!

9 (P,1) — dr—1(P,1)

| <

t € [0,M],

from which we deduce that

oo

Y. sup [[gc(Pt) — ¢ 1(P1)

k=11€[0,M]

| <Ll < oo,

Since ¢ = ¢o + (o1 — @o) + - - - + (¢ — ¢x_1), it follows that the sequence { ¢},
converges uniformly to a function ¢(z) = ¢(P,t) on [0,M]. Letting k — oo
in Eq.(6.5.4) shows that ¢(P,r) satisfies Eq.(6.5.3); hence it is a solution of
the initial value problem (6.5.2). Furthermore, the definition of 2P shows that
(v, 2P(y)) = 0, and hence (y, ®(P,y)) = 0. Thus, for all y € R, by Eq. (6.5.2),

2 lotp)IP) =2((p.5), 22PY o (s(p9) @ (P o(Rs))) =0
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Hence ||¢(P,s)|| is a constant, and moreover, ||¢(P,s)|| = ||¢(P,0)|| = ||x|| =1, or
o(Ps) €S, forall s € [0,M].

Next, we show that the solution is unique. Assume that ¢; (s) and ¢, (s) are two
solutions of Eq. (6.5.2) on [0, M]. Then the above argument shows that ¢; (s), 2 (s) €
S?-1 ¢ E, and using Egs. (6.5.3) and (6.5.5),

[610)= 020 < L [ 101(5) — 0a(s) s

Setting g(¢) := J¢ [|&1(s) — ¢2(s)| ds, we can rewrite the last equation as g’(t) <
Lg(t), or equivalently, (g(t)e %)’ < 0. Thus, 0 < g(t)e ' < g(0) = 0. This shows
that g(¢) = 0 for all r € [0,M]. Thus, ¢; = ¢».

Finally, we show that ¢ (P, s) is continuous in P € &7 for each fixed s > 0. Since
he is a Lipschitz function, the triangle inequality shows that

sup | @(P.y) — @(Q.y)|| < Ce™'sup|ZP(y) = ZQ(y)||-
yeE yeE

Evidently, we can add an extra term [|P — Q||;2(ga-1) on the right-hand side of the
last inequality. Since sup,c | Z.f ()| + || /]| 2(sa-1) is a norm of & and different

norms on a finite-dimensional space are equivalent, we conclude that for P, Q € <7¢,

sup [@(Py) = @(0.)[| < CenellP— Ol 2(sa-1)-
ye

Consequently, by Egs. (6.5.4) and (6.5.5), it is easy to see that

!
0x(P.1) = u(Q.0) || < Cemet||P— Ol 2 (sa-1y +L/O [0—1(P.s) = d—1(Q,5)||ds,

so that by induction on k with || ¢y (P, 1) — ¢o(Q,?)|| = O as a starting point, for P,Q €
% andt € [0,M],

k=1 g jpi+1

”q)k(Pat) - ¢k(Qat)|| < CE,n,e ZE)(]+—1)'||P_ Q”LZ(Sd—l)

< C el e™M||P—Ql| 2501y,

where L depends on P but is independent of Q. Letting k — o, we conclude that
¢ (P,s) is continuous in P € &7¢. O

The space V in our application of the Brouwer degree theorem is defined by

o= {rem): [ 0ot =0},

The following is the key lemma for the proof of Theorem 6.5.1.
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Lemma 6.5.4. For each positive integer N > Kyn“~" with K; a sufficiently large
positive constant, there exists a continuous mapping P — (x;(P),...,xy(P)) from
Hr‘io to (S*"NV, the N-fold product of S*~', such that

™=

P(x;(P)) >0 (6.5.6)

j=1

whenever P € Hdo and - de 1 [[VoP(x)||do(x) =

Proof. Let # = {Ry,...,Ry} be an area-regular partition of SY~! with

1
|2 < ch7ﬁ < cqK, Tyl

For each i, 1 <i < N, choose a point x; € R;. For a fixed P € H;fo and a fixed x;,
consider the initial value problem

() = -@P(yi) s
W)= zeeon f2

yi(o) = Xi,

where € = #3. By Lemma 6.5.3, this initial value problem has a solution y;(s) =
yi(P,s) for s € [0,°0), which is continuous in P € Hdo and y;(P,s) € S?~!. Since
VoP(E) = 2P(E) for & € S?~!, the solution y;(s) satisfies

_ VoPGi(s))
(VPN =2 (6.5.7)

Let r; be the constant in Theorem 6.4.4. Setting

yi(s) =

T, T, .
xj(P):=y; (3—2) =Yj (R3—i), 1<j<N,

we see that P — (x;(P),...,xn(P)) is a continuous mapping from Hdo to (S HN,
We now verify Eq. (6.5.6) for P € I1 0 with — fgd 1 [[VoP(x)||do(x) = 1. We write

1
N

1
N

Pl () = {P(xj(P)) ~P(xj)| + % P) =i 51+ 2o

M=
TM=
M=

First, we estimate X; from below. Since y;(0) = x; and y;(s) € S*~1,

3 = %:21 1P (3i(55)) = PUs(0)] = %é/j L 1p(yj(s))] as
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z ) (V0P 9)as = [

0

However, by Eq. (6.5.7) and the definition of A,

N VoP(y;(s))]2
=3 Vep( - i
N,Zl oPOs(s ; (IVeP(; )
1 1 N
25 Y VP 2 5 X IVePOs () e
[[VoP(yj(s))l|>€ j=1
1<j<N

For each 0 <5 < 3£, since ||’ (s)|| < 1 by Eq.(6.5.7), we have

rqd
yi(s) —xjll <s < i

Let #' = {R),...,Ry}, where R} = R; U {y;(s)}, for 0 < s < 7¢. For fixed s, #' is
an area-regular partition of SY~! with

L
||%’|\<|\92|\+—<ch Tl 22 < 5,

where we choose K; large enough that chfﬁ < r4/2. Thus, using Corol-
lary 6.4.5,

LS ool = L [ wopliaot) = 1
Nj:1 oL \Yjls —2\/—0) Sd-1 oy )’—2\/6—17

which in turn implies, recalling € = that

f,

1 rq 1 rq
21> ——-€)|—> ———.
1—(2\/3 >3n—12\/3n

Next we estimate the sum X, from above. Since [qu—1 P(y)do(y) = 0, we have

1 X 1 | N
o ﬁ;f’(m o /Sd*‘ Plxdot) = a’_d,,-:zl ./R, (P(xj) — P(x))do(x)
1 X LN
< VoP Bl = ||| —— VoP(z ),
< G D, V0PI =11 5 3, 190
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where Zj € C(Xj, H%H) such that ||V()P(Zj)” = MaXyec(x;,|2]) HV()P(X)H. Let Z" =
{R,...,RY}, where R! = R;U{z}. Then #” is an area-regular partition of S?~!
with

L
2" <2|| 2| < 2caK; T n' < Td
n

Thus, using Corollary 6.4.5,

N
¥ 2P < I3V [ NoP@ao)

3 Vdey *dl IR
— d n —chd n .
2 (07

Putting the above together, we conclude that

! iP(x(P))—Z +3 > L ra_Log >0
N - = J -l 2= 12Vdn n d™d ’
provided that K is large enough. This completes the proof. O

We are now in a position to give the proof of the main theorem.

Proof of Theorem 6.5.1. Let Q :={P € 1%, : [s-1||[VoP(x)|[do(x) < 1}. Then
0 € Q, and since P — fgu1 | VoP(x)||do(x) is a norm on IT¢, € is an open set in
I1¢, with boundary

9Q = {p ety /SH IVoP(x)]|do(x) = 1} . (6.5.8)

Recall that Z,(x,y) denotes the reproducing kernel of /¢ and that it is a zonal
function. Let G,((x,y)) = 2?’:12 i(x,¥). Then G, is a reproducing kernel for the
space Hr‘fo, that is,

P(x) = (P.Gal(x,))) ppga 1)y XE€ST!, PEITy,

Let P~ (x{(P),...,xn(P)) be the continuous mapping from IT¢; to (S*"") in
Lemma 6.5.4. Define the mapping .% H,fo — ¢ oby

N
=Y Gu((xj(P),y)), yesS’.
=1

Since G, is continuously differentiable on [—1,1],for 1 < j <N and P,Q € H,io,
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./Sd—l |G ((x;(P),¥)) — Gn(<xj(Q),y>)|2dG(y)

<G [, 1(P)y) = (5(0).3) P o) < Gilley(P) = /(O]
which implies, in particular, that .% is continuous on H,‘io.

Finally, we can apply the Brouwer degree theorem with V = Hg. For each P €
00, by Egs. (6.5.6) and (6.5.8), we have

Mz

N
<</PP 2(sd-1) Z Gn xj Lz(Sd )
j=1 i=1

Hence by Lemma 6.5.2, there exists Py € 2 such that

((x;(P),y)) =0, ¥yes L

H Mz

Now, for each f € IT,(S*" 1), let Py := f —ms with ms = - [sa-1 f(y)do(y). Then
Pre H,’io, and for all f € IT,(S?1),

1 ¥ 1 ¥
N E, flj(Bo)) =my+ j:Zle(Xj(Po))
1 N
=mys+ N Z <Pf,G(<xj(P0), >)>L2(§d—1)
j=1
=mpt o [ POV FRO)
1
= = —_— d .
My = Ju f0)00)
This completes the proof. O

6.6 Notes and Further Results

For the general theory of cubature formulas, we refer to [163] and also [126].
The lower bound in Eq. (6.1.2) is classical. The lower bound in Eq. (6.1.4) and its
proof in Eq. (6.1.3) were first given in [53]. For an unweighted integral, these lower
bounds are sharp for only a few special cases [11, 157]. By choosing a more refined
function F in Lemma 6.1.3, a stronger lower bound for the number of nodes for an
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unweighted integral was given in [171], which shows that for a cubature formula of
degree n for [gu1 f(x)do,

Jo (1 =292y
Jr (=)

N2>2

where 7, is the largest zero of Cj 1 21 (¢). In particular, for d = 3, this shows that

2 4
N> 5 ” =—n*(1+0(n ") >027244n*(1+ O(n" ")), n— oo,
%7

where j; is the first positive zero of the Bessel function J; (¢) on using the known
asymptotic formula for ¥, ([1, p. 787]). This asymptotic order is stronger than the
one in Eq. (6.1.5), which states, for d = 3, that N > 0.251%(1 + 0'(n™")).

Despite their drawback of nodes concentrated around poles, the product cubature
formulas in Sect. 6.2 are widely used in applications because of their simplicity
and lack of a viable alternative. For heavy numerical computations, especially in
high-dimensional spheres, numerical methods such as quasi-Monte Carlo are often
used; see, for example, [28, 87]. Computing good cubature rules on the sphere is a
complicated problem that is hard to tackle; see [87, 153].

Theorem 6.1.7 was proved by Sobolev in [154], and it has been used to construct
cubature formulas on S? numerically. For example, positive cubature formulas
invariant under the octahedral group with relatively small number of nodes were
constructed in [105, 106], and the references therein, up to degree 131; see also
[84], where such formulas are constructed using a connection to cubature formulas
on the triangle. If positivity is not required, a family of cubature formulas invariant
under the octahedral symmetry on S?~!, with remarkably small numbers of nodes,
was constructed explicitly in [85] via a combinatorial method.

The first proof of the existence of positive cubature formulas via the
Marcinkiewicz-Zygmund inequality on the unweighted sphere S?~! was given
in [122]. Further refinements of making the weights almost equal were developed
in [23, 129]. For similar results for cubature formulas on spherical caps, we refer to
[46,119].

The area-regular partition of the sphere in Theorem 6.4.2 is intuitively clear,
though a detailed proof was not given until recently; see [107] for the history and
an iterative algorithm that produces a partition. Such partitions have been used in
[21,149] and in [19].

The concept of spherical design was introduced in [53]. It is closely related to
other problems in coding theory, combinatorics, and geometry (cf. [36]), and to
embeddings of classical Banach spaces (cf. [151]). The existence of a spherical
design for all d and n was established in [152]. That a spherical design of degree
n with 0(n?~1) nodes exists was conjectured by Korevaar and Meyers [98]. The
conjecture was proved only recently by Bondarenko, Radchenko, and Viazovska
[19]. This is Theorem 6.5.1, and its proof follows [19]. Because of their wide
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interest, spherical designs with smallest number of points have been searched for
numerically; see, for example, the webpage of Sloane, mostly for d = 3 and 4.
Based on computational evidence, it has been conjectured in [82] that there exists a
spherical design of degree n with n%/2 + €'(n) nodes for d = 3. For further results
on numerical computation of spherical designs, see [2] and its references.



Chapter 7
Harmonic Analysis Associated with Reflection
Groups

In this chapter, we introduce a far-reaching extension of spherical harmonics, in
which the surface-area measure, the only rotation-invariant measure, on the sphere is
replaced by a family of weighted measures invariant under a finite reflection group,
and the Laplace operator is replaced by a sum of squares of Dunkl operators, a
family of commuting first-order differential-difference operators. Our goal is to lay
the foundation for developing weighted approximation and harmonic analysis on
the sphere, which turn out to be indispensable for the corresponding theory, even
for unweighted approximation and harmonic analysis, on the unit ball and on the
simplex, as will be seen in later chapters.

To avoid heavy algebraic preparations, we shall limit ourselves, in the first two
sections, to the simplest nontrivial case, namely Z‘ZI, so that we can develop the
theory fully with minimal algebraic requirements. In the first section, the Dunkl
operators and A-harmonics are defined, and the basic properties of h-harmonics
are developed. The intertwining operator, a linear operator that intertwines between
the partial derivative operators and the Dunkl operators, is discussed in the second
section; this operator is essential for studying projection operators. The reproducing
kernels of the spaces of h-harmonics can be expressed in terms of the Gegenbauer
polynomials via the intertwining operator, in analogy to the addition formula for
ordinary spherical harmonics. The theory of 4-harmonics for general finite reflection
groups is summarized in the third section. A convolution structure for the weighted
integral is discussed in the fourth section, where it is used to study the convergence
of Fourier orthogonal expansions, including convergence of the Poisson integrals
and a sufficient condition for the convergence of the Cesaro means. A maximal
function for the weighted integral is discussed in the fifth section and shown to
satisfy the usual bounded properties in weighted space. In the case of Z‘zj, this
maximal function is dominated by the Hardy-Littlewood maximal function, as
shown in the sixth section.

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 155
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4_7,
© Springer Science+Business Media New York 2013
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7.1 Dunkl Operators and h-Spherical Harmonics

A function f : R? — C is invariant under the group Zg if it is invariant under a
change of sign in each of its variables. For 1 < j < d, let 0; denote the reflection of
x with respect to the coordinate plane x; = 0; that is,

X0 = (X1, Xjm1, —Xjs Xj4 151 Xd)-

Then f is invariant under Z4 if f(x) = f(xo;) forall 1 < j < d. Define now a family
of difference operators by

Eif(x):= f(x)_x—f(mj) 1<j<d.

Let again d; be the jth partial derivative.

Definition 7.1.1. Let k;, 1 < j < d, be nonnegative numbers. For 1 < j < d, the
Dunkl operators &; with respect to the group Z‘Zl are defined by

9; = 0;+ KiEj. (7.1.1)

Recall that #2¢ denotes the space of homogeneous polynomials of degree 7 in d
variables. The Dunkl operators are first-order operators in the sense that they map
24 into 3”;171. A remarkable property of these operators is that they commute.

Theorem 7.1.2. For 1 < j < d, 9; maps 9,’5 into 9,’571. Furthermore, these
operators commute; that is,

2:9; =9;%;, 1<i,j<d.

Proof. Let f € 2¢. 1tis easy to see that E;f is in 229 _|, so that Z;f is in 29_,.
A straightforward computation shows that for i # j,

2:9;f(x) = did;f(x) + %@f(x) —d;f(x0;)) + :_j(aif(x) —dif(x0;))

KiK;
x_—xj_(f(x) — f(x0)) = f(x0i) + f(x0)03)),
iXj
from which %;%7; = 9;%; follows immediately. 0

The Laplace operator A is a central element of the algebra generated by the
differentials. There is an analogous element, Ay, in the center of the commutative
algebra generated by the Dunkl operators, and it is defined by

Api=DH -+ P2 (7.1.2)
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This is a second-order differential-difference operator, and it reduces to the usual
Laplacian when all k; are equal to 0. It has the following explicit formula:

Lemma 7.1.3. Let hy(x) := H’le |x;|*i. Then Ay, = Dy, — Ep,, where
d

d i .
Duf i=Af+2Y %8jf:hi[A(fhK)—fAhK] and Ej:= Z%Ej. (7.1.3)
=1%j K j=1%j

Proof. A straightforward computation shows that E]2 =0and
2= 2f 459 9= +255, -5
Pj = 9; [ + Kj0jE; + KjEjd; = 0 +2—=0; — —Ej.
J J

Summing over j proves that A, = Dj, — Ej,. The second equality in Dj, follows from
a simple verification. a

The h-Laplace operator plays the role of the ordinary Laplace operator when the
rotation group is replaced by the reflection group.

Definition 7.1.4. Let ¥ € 22¢ be a homogeneous polynomial of degree n. If
ApY=0, then Y is called an h-harmonic polynomial of degree n.

The h-harmonics of different degrees turn out to be orthogonal with respect to
the weighted inner product

(f,8) = ! /Sd?lf(x)g(x)h,zc(x)dc(x), (7.1.4)

- K
W,

where h is the weight function, invariant under the group Z<, defined by
d
he(x) =[] 1%, xes, (7.1.5)
j=1

and ¢ is the constant chosen such that (1,1),. = 1, whose value is given by

2 (ki + %) T(xg+3)

(7.1.6)
r(x|+4)

K._ 2 —
o) = /Sd?lh,c(x)dc—

Theorem 7.1.5. Let f and g be h-harmonic polynomials of degree n and m,
respectively, with n # m. Then (f,g),. = 0.

Proof. We first claim that the following identity holds:

%)
/Sa,,1 a—i:ghidﬁ = /B (eDuf +Vf-Vg)hidx, (7.1.7)
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where d f/dn denotes the normal derivative of f. This identity is the analogue of
the ordinary Green’s identity

J
/ 9L a0 - / L (@AS+V[-Vg)dx,
S B

d-1 dn

from which it follows. Indeed, by the product rule of d/dn, we can write

/ afghzdc :/ a(fhK)gthG—/ %fghpcdaa
S Sd—1 an S

a1 on° ¥ i1 on

and Eq. (7.1.7) follows from applying Green’s identity to the right-hand side of the
equation. Now, if f is homogeneous, then % = (deg f)f on S~ 1. Thus, if f and g
are both homogeneous and A, f = 0 and A,g = 0, then Eq. (7.1.7) shows that

(degf —degg) [ fehido = [ (¢Dnf — fDrg)iidx
— [ (6B - rErg)HEd =0,

where the last step follows from a simple verification that the difference operator Ej,
is symmetric with respect to the integral over B. O

For n =0,1,2,..., let #(h%) denote the linear space of 4-harmonic polyno-
mials of degree n. As a consequence of the above theorem, the following theorem
follows exactly as in the case of ordinary spherical harmonics.

Theorem 7.1.6. Forn=20,1,2,..., there is a decomposition of 9’,‘,’,

9;1: EB ||x|\2j%i2j(h;2<)' (7.1.8)
0<,j<n/2

Furthermore, forn=20,1,2,...,

d—1 d—3
dim 74 (h2) = dim 24 — dim 2¢_, = <” + > _ (" +

. 7.1.

d—1 d—1 > (7.1.9)
In spherical coordinates (1.5.1), a basis of #(h%) can be given in terms

of the generalized Gegenbauer polynomials C,(,)L’“ ) () in Eq.(B.3.1), which have

normalization constants h,(f’“ ) given in Eq. (B.3.3). We use the same multi-index

notation as in Theorem 1.5.1 and the convention that H(}:l =1.

Proposition 7.1.7. Ford > 2 and o € Ng with oz =0 or 1, define

d—2 .
Yo(x) == [ha) " P ga(61) [T (sin 64 )1 ICS™ (cos6y),  (7.1.10)
j=1
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where g4(0) = C&fdfd")(cos 0) for ay = 0, sin gClratl K 1)(cos 0) for oy =1,

Og_1— 1
|0 = 0+ 0, 1| = i+ K, Ay = |od T+ [ 4+ =, and
d—1 :
a Ai K 1 if g =0,
[h(x]z £ HhSX, 'K>(Kl'+li)lli; g = 1 f
(|K|+ )\(x\ Kd+§ ifog=1.

Then {Yy : |ot| = n, 04 = 0,1} is an orthonormal basis of ¢ (h%) under (-,-),.

Proof. For d = 2, the orthonormality of this basis of two elements follows imme-
diately, after changing variables x = cos 8, from the orthonormality of C,(,/l’” )(t).
For d > 2, using the product nature of hi, the orthonormality follows along exactly
the same lines as that of Theorem 1.5.1. That Y}, is a homogeneous polynomial of
degree n, hence an element of s (h%), follows easily from the fact that citH) (t)
is even if n is even and odd if n is odd. a

There is also an analogue of the Laplace—Beltrami operator, denoted by Ay,
associated with the reflection-invariant weight function. For the rest of this section
and the next section, we set for ¥k = (k, ..., &;) with k; > 0,

d—2 d—2
=K+ =k K (7.1.11)

Lemma 7.1.8. In the spherical-polar coordinates x = rE, r > 0, £ € S, the
Laplace operator satisfies

d2 22¢+1d 1
— — 4+ —=A 7.1.12
dr? + r dr + r? 70 ( )

Ay =

where, with Ay denoting the usual Laplace—Beltrami operator,

1 d
Anof = 7= [A0(fh) = fAohx] 2 (7.1.13)

d\v|z

&)

where E;>" means that Ej is acting on the & variable.

Proof. We use the decomposition A, = Dj, + Ej, and the spherical polar form of A
and the partial derivatives 6;. By Eq. (1.4.6),

d d

K 1 Kj (1 J 1 K;j 1 0
' SN (V) —E =)= =% (V) — x| —
;X rjg,l &] (}’( 0)] é/ar> 2 z j( 0)] r|K|8r’
and hence, by Egs. (1.4.2) and (7.1.3), we obtain

& 2lx|+d— 1 4 K
Dh:@_'—fd + - <A0+22—(V0)/>
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Furthermore, it is easy to see that E;f(r§) = r’lEj@) f(r&), and the same relation
holds for Ej,. Consequently, the proof is completed by using A, = Dy, + E),. a

Theorem 7.1.9. The h-spherical harmonics are eigenfunctions of Ay, o,
oY) (&) = —n(n+ W)Y, (&), VY e (hy), §estT (1114

Proof. Using Eq. (7.1.12), the proof is exactly like that of Theorem 1.4.5. O

7.2 Projection Operator and Intertwining Operator

There is a linear operator Vi on the space of spherical polynomials, called the
intertwining operator, that acts between ordinary harmonics and A-harmonics and
encodes essentially information on the action of the reflection group.

Definition 7.2.1. A linear operator Vi on the space of algebraic polynomials on R?
is called an intertwining operator if it satisfies

DVe=Veds, 1<i<d, Vil=1, VieP,C P,, neN,. (7.2.1)

From Eq. (7.2.1), it follows immediately that A,V = VA, and consequently, if
P is an ordinary harmonic polynomial, then VP is an hA-harmonic. In the case of Z‘zl,
Vi is given explicitly as an integral operator.

Theorem 7.2.2. Let x; > 0. The intertwining operator for Z’zj is given by
, d
Vief(x) = ex / it xata) [T+ 1) ()5 e, (1.2.2)
“ [7131] i=1
where ¢y = ¢, -+ ¢, withcy =T (U +1/2)/(v/m (1)), and if any &; is equal 10 0,

then the formula holds under the limit

lim ¢ /11 fO)(A =P dr = O+, (7.2.3)

u—0 2

Proof. The integrals are normalized so that Vi1 = 1. Recall that Z; = d; + K;E;.
Taking derivatives shows that

i d
8jV,<f(x):cK/ ll]dajf(mfl, Sxata)t [T +6) (1 —£2)5de.

'[7! i=1

Taking into account the parity of the integrand, an integration by parts shows that
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d

K
K]-EjVKf(x) :_jCK/[fl 1]df(xll‘1,...,xdtd)zth(l + 1 H K’ ldt

Xj ; i£j i=1

d
:cK/ dajf(xltl, Xata)(1—1)) H 1+1)( 1—t K=y,
* [71!1] i=1

Adding the last two equations gives 7V, = Vi.d; for 1 < j <d. a

Note that Eq.(7.2.2) implies, in particular, that Vi is a positive operator, and
we can use Eq.(7.2.2) to extend the definition of V. f(x) to all f € L'(R,) with
Ry i= [ Fea ] - [=Jxal, bl

With the help of the intertwining operator, a large part of the theory for
h-harmonics can be developed in parallel to the theory for ordinary spherical
harmonics. Because the proof follows similar ideas, we shall be brief and emphasize
mostly the differences.

We write, for o € N4, 9% = 9 ...@a" and use the notation V,S’”, when
necessary, to indicate that Vi is acting on the x variable.

Theorem 7.2.3. For p,q € P, define a bilinear form

(P:q)y :=p(2)q,

where p(9) is the operator defined by replacing x* in p(x) by 2%. Then

1. {p,q) is an inner product on P¢;
2. the reproducing kernel of (-,-) o, is kl'(x,y) := V,gx> ({x,y)")/n!; that is,

<k2(xa')7p>@:p(x)v vpeyg?
3. for pe 2% and q € A, with (-,-) . defined in Eq. (7.1.4),
(P,q) =2"(Ac+ D)n(p,q) -

Proof. This is the analogue of Theorem 1.1.8, and the proof follows along the same
lines. We first observe that it is easy to verify, by induction, that

D7 =2"m! (2K + 1)om1 and 27" = 2" ml (2K 4 1oy

Both are positive numbers, since k; > 0 and Z;x]' = 0 if j # k. This shows that
if o, € N§ and |ot| = |B|, then 2%xP = A8, with Ay > 0. Consequently, if
p.q € Pyl are given by p(x) = ¥|g— aox® and g(x) = ¥|g|—, bax®, then

<paQ>g): Z aq?” 2 bﬁxﬁ = 2 Agagbaq,
alon 1Bl ol

by the commutativity of &;, which proves that (-, -) ;, is an inner product on 3”,‘,’ .



162 7 Harmonic Analysis Associated with Reflection Groups

By Theorem 1.1.8, p(x) = (x,0%))"p(y)/n!, so that Vip(x) = k" (x,aw) PO,
which implies, applying Vk(y ) and using Vil =1,
Vip(x) = VR (xa o )) p(y) =k (x, @(y)) Vip(y).

This establishes the reproducing property for Vip, hence for all g € 9,’,1,
since Eq. (7.2.2) implies that Vi.(229) = 24,

X2
For the proof of item 3, let dy/(x) := hi(x)e’%dx. Integration by parts shows

that

o @edy =— [ 1) (g—xi+22) gy,
/]Rd /]Rd ( X )

since d;hc(x) = K;hi(x)/x;, and a change of variables shows

x) + 8(x0y)

Ki/]Rd Eif(x)g(x)dy = Ki/]Rd f(x)g( av.

Xi
Consequently, adding the two integrals shows that
[, 2 0exay = [ 1) (Zig() ~xg(x)) .

At this point, the proof follows from that of Theorem 1.1.8 in a straightforward
manner. At the last step, we end up with, for p € 22¢ and g € 2% (h2),

(Psd) :c/wr2n+2\1<\+dflefr2/2dr/
Jo .

§d—1

g )p(x Y ()do (),

where the constant ¢ is determined by (1, 1), = 1. Evaluating the value of ¢ and the

integral in r concludes the proof. g
Theorem 7.2.4. For a € N¢, n = |, define
i (_l)n Z\aHZA,{ga =2 72.4
Pa(x) = ||| {llel =} (7.2.4)
2 (A )n

Then

1. po € HA(h2), and py is the monic spherical harmonic of the form
Pa(x) = x% + |1x|*qa (), 4o € P 5.

2. pq satisfies the recurrence relation

Pote;(X) = Xipo (x) x[1%: pes ().

C 2n+2A

3. {pa:|o| =n,04 =0or 1} is a basis of 7 (hZ).
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Proof. This is an analogue of Theorem 1.1.9, and it is proved along the same lines.
In fact, once we establish the relation that for g € 3”,‘3 and p € R,

M(|IxPg) = p(2n+ 224+ p)|Ix]1P g + [lx]1P Mg, (7.2.5)

the proof follows from that of Theorem 1.1.9 with obvious small modifications.
To prove Eq.(7.2.5), we use A, = Dy — Ej,. By Eq.(7.1.3), Dy(||x||°g(x)) can
be derived from Eq. (1.1.12) and J;(||x||Pg(x)) = px;g(x) + ||x||°djg(x), whereas
Ey(||x[|Pg(x)) = ||x||PErg(x), by the invariance of |x|| under Z4. Putting these
together proves Eq. (7.2.5). a

The statements of the above two theorems and their proofs demonstrate a parallel
between the theory of A-harmonics and that of ordinary harmonics. The parallel
goes further, since the above two theorems are key ingredients for dealing with the
projection operator and the reproducing kernels.

Let us denote by

projy : L2 (871, ) v A4 (7)

the orthogonal projection operator from L?(S?~! h2) onto % (h%). Just like the
projection operator for ordinary spherical harmonics as in Lemma 1.2.4, the operator
projy can be expressed as an integral

projy f(x) = L fO)ZY (x,y)hp(y)do(y), xeS! (7.2.6)

a); Jsd-1

where ZX(-,-) is the reproducing kernel of 74 (h2) defined by ZX(-,z) € S (hZ)
for each fixed z € S?~!, and

1
o~ / ZE(xy)p0)he()do(y) = p(x), Vpe A (hy), xesT (7.27)
i Jsd-1

In analogy to Lemma 1.2.5 for ordinary spherical harmonics, this kernel can be
expressed in terms of an orthonormal basis {Yj‘ 1< j <N} of 4 (h2) as

Zy(x,y) =

™=

YI()Y!(y), N=dims#(hy), xyesS', (7.2.8)

j=1

and it is independent of the particular choice of the basis of 7 (h%).
Lemma 7.2.5. Let p € <. Then

[n/2] 1

K
Proj, p= D, |
" Zg) 4ijl(1—n—Ag);

|x[|> AT p. (7.2.9)
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Proof. By Theorem 7.2.4, p,, defined in Eq. (7.2.4) is the orthogonal projection of
the function gq (x) = x%; that is, py = proj) qo. Since Z;f(||x||) = dif(||x]]) and
E;(||x|[Pg(x)) = ||x||PE;g(x), it is easy to verify that

Zi(xlPg(x)) = pxillx[|P g (x) + |[x]]P Zig ().

Using this identity, the proof of Eq.(7.2.9) can be carried out as in the proof of
Lemma 1.2.1, with obvious modifications. O

Ax
z5te) =l ve e (W) )| 20

Proof. For a fixed y € S, let p(x) = kl!(x,y) and p, = proj¥ p. If f € S£%(h%),
then by Theorem 7.2.3, f(y) = (p, f) . and furthermore,

Theorem 7.2.6. For ; > 0 and |)y|| < ||x|| = 1,

FO)=(p.f) g =2" A+ Dnlp,f)c = 2" (A + Dulpn f) -

Since the reproducing kernel is uniquely defined by the reproducing property,
this shows that ZX(x,y) = 2"(Ac + 1),proj} p(x). Consequently, it follows
from Eq. (7.2.9) that

/2] 1
ZEy) = 2" (e D Y.

||l 1y 12K o (x, ),
j=0 J

411 —n—Ag)

where we have used A/p(x) = AJK! (x,y) = [Y[127k}:_5 ;(x,y), which follows from

the intertwining property of Vi and taking derivatives of (x,y)" /n! with respect to x.
Using n!/(n—2j)! = 2%/(—%) (&), we then conclude that

2" ()LK + l)n /2] (_%
K —
Zn (X,y) - 1

ve| S R iy iy g
=N L |

n! =
If ||x|| = 1, then the sum is a ||y||” multiple of a hypergeometric function ,F in

the variable (-,y/||y||), which can be expressed as the Gegenbauer polynomial C}«
by Eq. (B.2.5). This proves Eq. (7.2.10) on using Ax(Ac+ 1), = (Ac+n)(Ac)n. O

If all x; are equal to 0, then Vi becomes the identity operator, and Eq. (7.2.10)
becomes the addition formula (1.2.7) for ordinary spherical harmonics.
Thus, Eq.(7.2.10) is an analogue of the addition formula for ordinary spherical
harmonics.

The identity (7.2.10) also indicates that zonal functions, which depend only on
(x,y), should be replaced by functions of the form Vi.[f({-,y))](x) in the theory of
h-harmonics. Indeed, we have an analogue of the Funk—Hecke formula.
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Theorem 7.2.7. Let f be an integrable function such that fll |F()](1—2)—1/2dr
is finite. Then for every Y € 74 (h2),

1
a); Sd—1

Vil f (e, DY 0)h(0)do () = An(HY,'(x), x€S8T!, (7.2.11)

where A, (f) is a constant defined by

C)LK t 21\ 1
—CAK/ f(2) (1—¢7)""2dr,
che(1)

where ¢; =T (A+1)/v/7(A+1/2) such that Ay(1) = 1.
Proof. The proof can be carried out exactly like that of Theorem 1.2.9. a

Corollary 7.2.8. Let f: R +— R be a function such that both integrals below are
defined. Then for x € RY,

L[ e IR ) = e, [ (0 - a212)
d -1

sd—-1

Proof. This follows from applying the Funk—Hecke formula (7.2.11) with n =0 to
the function & — f£(||x||€), & € S O

The identity (7.2.12) is a special case of a more general identity:

Theorem 7.2.9. Let f : B¢ — R be a function such that both integrals below are
defined. Then

L Vif (y)hy / F) (1 = ||x]|?)*dx, (7.2.13)

a)(;c Sd—1

where ak:F(|k|+%)/(7rd/21"(|k|)).

Proof. By Theorem 1.3.4, every polynomial f can be written as a linear sum of
pi((x,&;)), where p;: [~1,1] = R and §; € S, so that Eq.(7.2.13) follows
from Eq. (7.2.12) for all polynomials. For general f, we can then pass to the limit,
since the right-hand side of Eq. (7.2.13) is clearly closed under the limit. a

The identity (7.2.12) implies that the action of the reflection group embedded
in V. dissipates on taking the average over the sphere. This identity has important
implications in the study of 4-harmonic series, as will be seen in later sections.

In the case Z‘ZI, the explicit formula (7.2.2) for Vi gives the following corollary.
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Corollary 7.2.10. For hZ in Eq. (7.1.5) associated with Zg and x,y € 41,

A d
ZK(x,y) = nt KCK/ CM (it + -+ xayata) VT +8)(1 =) dr.
Ak [~1,1) i=1

In particular, for e; = (1,0,...,0), the identity in the corollary implies that

A
ZK(x,e1) = + K

,q/ Cr (i) (1+1)(1—13)<~dry

n+)LK ’(l/'LK*KlaKl)(xl)’ (7.2.14)
Ak

where the second equality follows from Eq. (B.3.4).

7.3 h-Harmonics for a General Finite Reflection Group

In this section, we summarize the theory of h-harmonics for a general reflection
group G. All results stated in the previous two sections hold in the general setting.
Reader who are unfamiliar with reflection groups can skip this section.

Let v be a nonzero vector in R?. The reflection o, along v is defined by

x0, = x—20x v/ v% xRS,

where (x,y) denotes the usual Euclidean inner product.

Definition 7.3.1. A root system is a finite set R of nonzero vectors in R such that
u,v € R implies uo, € R. A reflection group G with root system R is the subgroup
of the orthogonal group O(d) generated by the reflections {0, : u € R}.

If R is not the union of two nonempty orthogonal subsets, then the corresponding
reflection group G is said to be irreducible. Fix ug € R such that (u,uo) # 0 for all
u € R. The set of positive roots R with respect to ug is defined by Ry = {u € R :
(u,up) >0} and R=R; U(—Ry).

Definition 7.3.2. A multiplicity function v — x, of R} — R is a function defined
on R with the property that x,, = K, if 0, is conjugate to G, that is, if there is a w
in the reflection group G generated by R, such that o,w = 0,.

By definition, a multiplicity function is invariant under the group G.

Definition 7.3.3. Let v — K, be a multiplicity function associated with a finite
reflection group G. The Dunkl operator is defined by, for 1 < j <d,

D, =0, f()+ Y x%< i)

VER,



7.3 h-Harmonics for a General Finite Reflection Group 167

where ¢; = (1,0,...,0),...,e4 = (0,...,0,1).
These are first-order differential-difference operators, and they commute:
Theorem 7.3.4. The Dunkl operators commute: ;% = ZxZ;, 1 < j,k <d.

The analogue of the Laplace operator 4y, is again defined by
Api=DE 4+ 9.

An h-harmonic polynomial Y is a homogeneous polynomial such that A,Y = 0.
Furthermore, A-harmonic polynomials are orthogonal with respect to the inner
product (f,g) . defined in Eq. (7.1.4), with, however, A, defined by

he(x) := [T lx)™, xeRY, (7.3.1)

VER |

which is a homogeneous function of degree ¥ := ¥.,cg, kv and invariant under G.
For such a weight function, Ay in Eq. (7.1.11) is replaced by

A=Y K+ d—_z. (7.3.2)

VER 2

There again exists an intertwining operator V. on the space of algebraic polynomials
on R?, which is linear and uniquely defined by Eq. (7.2.1), acting between the partial
derivatives and Dunkl operators. The operator Vi is known to be positive, in the
sense that Vi f(x) > 0 if f(x) > 0. Under these definitions, most results stated in
the previous two sections for the special case of Z¢, in particular Theorems 7.2.7
and 7.2.9, hold with G a finite reflection group. However, in the case that G # 74,
explicit formulas for ~-harmonics in spherical coordinates such as Eq.(7.1.10) are
unknown, and although {p¢ : || = n,0; = Oor1} with p, defined in Eq. (7.2.4)
is still a basis of ¢ (h%), the L>(S?~!,h2)-norm of py is unknown. In fact, no
orthonormal basis of JZ¢ (h%) is known for d > 2.

For studying A-harmonic series on the sphere, what we will need most is the
representation of the reproducing kernel ZX(-,-) in Eq.(7.2.10), which holds for
all reflection groups. However, for a general reflection group, explicit formulas for
Vi in analogy to Eq.(7.2.2) are no longer available. Since Vi encodes essential
information about the group action, the lack of an explicit expression means that
many results can at the moment be established only in the case thi .

We end this section with a few words and examples on reflection groups and
associated weight functions. The group Z‘ZJ is reducible, a product of d copies of
the irreducible group Z,. There is a complete classification of irreducible finite
reflection groups. The list consists of root systems of infinite families A;_; of the
symmetric group on d elements, B; of the hyperoctahedral group, D, of a subgroup
of the hyperoctahedral group with an even number of sign changes, dihedral systems
I,(m) of the symmetric group of regular m-gons in R?, and several other individual
systems Hz,Hy,Fy and Eg,E7,Eg. Let ey, ..., e; be the standard canonical basis of
R9. In the case of Ay_1, the group G has R = {¢; —e; : i > j} and
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he(x)= ] li—x|*, x>0.

1<i<j<d

In the case of By, the group G is the symmetric group of {+ey,...,+e,}, for which
R, = {ei—ej,e,-—i—ej 2i<j}U{€,’Z 1 Slgd} and

d
hK(x):H|x,-|K° H |xl-2—x§|’<1, Ko, k1 > 0.
i=1

I<i<j<d

In the rest of the book, we will need little specific information on the reflection
groups. To be sure, some of the results will be stated for an arbitrary reflection
group; such results, however, will involve only rudimentary properties of the group,
and the reader can simply assume that the group is Z‘ZI.

7.4 Convolution and -Harmonic Series

Recall that w; (x) = (1 —x>)*~1/2, x € (—1,1). Theorem 7.2.9, which holds for a
general finite reflection group G, allows us to extend the intertwining operator Vi
to a linear positive operator from L' (w;_,[—1,1]) to L'(h%,S?71). As suggested
by Eqgs. (7.2.7) and (7.2.10), we can define a convolution with respect to the th on
the sphere.

Definition 7.4.1. For f € L'(h2,S? ) and g € L} (w,_,[-1,1]),

Fe)0) = — [ FOWVelg(oDI@IRp)dal).  (T41)

o w{}f sd-1

Recall that the norm of the space L” (w; [ 1, 1]) is denoted by ||- ||, ,. We denote
by || - ||, the norm of the space L (hy,S?!) for | < p <coand |- ||xe = || - | the
norm of the space C(S?~1).

Theorem 7.4.2. Let p,q,r > landp ' =r'4+q ' — 1. For f € L9(h%,S" ") and
gL (wy ;[—1,1]),
1 *x 8llkp < [I]

In particular, for 1 < p < oo,

c.qll 8|2, (7.4.2)

I #8llkp < fllkpllgllae:  and [lf*gllep < IFlxallglrep- (7.4.3)

Proof. Following the proof of Theorem 2.1.2, we need to show only that

GG )lr < llgliagrs — where  Glx,y)=Vilg({x;-))](v),



7.4 Convolution and #-Harmonic Series 169

which can be proved as follows: the positivity of Vi implies |Vig| < Vi[|gl], so that
|G(x,)|| k0 < |&]|Ac,0» and we deduce by Eq. (7.2.12) that

160 = g [, Velltls D 0010, [ 60—l

The log-convexity of the L”-norm implies then [|G(x,-)||x.r < [/g||a,r- O

In particular, by Egs. (7.2.6) and (7.2.10), the projection proj} is a convolution
operator:
n—+ A/K'

A (4
-G (1), (7.4.4)

proj, f = feZy,  Zy(t):=
and the following analogue of Theorem 2.1.3 holds.
Theorem 7.4.3. For f € L'(h%,S ) and g € L' (w; ;[—1,1]),
projy (f *x g) = & projy f, n=0,1,2..., (7.4.5)

where gﬁw is the Fourier coefficient of g in the Gegenbauer polynomial

N0
she
8n = Chy g
; O

(1— )M 24r.

~—

The Fourier orthogonal series in A-spherical harmonics are defined exactly as
in the case of ordinary spherical harmonics. In analogy to Eq. (2.2.1), we have for
f e L?(h2,S471) that

x) =Y proj, f(x), (7.4.6)
and an analogue of Eq. (2.2.2) holds. Since the convergence of the series (7.4.6) does

not go beyond L? convergence, we again need to consider summability methods.
For & > —1, let S (h%; f) denote the Cesaro (C,§) means of the series (7.4.6),

S8 (1) =

>|_

Z S projf f=f#cKD (h2), (7.4.7)

where SU(hZ; f) is the nth partial sum and, as shown in Eq. (2.4.5),

k4 A
K? (ht) = A52A2 e G0 =K (wai ) (7.4.8)
n k=0 K

in which kg (wy, ;-,-) is the kernel of the (C,8) means of the Fourier orthogonal
series in the Gegenbauer polynomials.
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Theorem 7.4.4. The Cesaro means of the h-spherical harmonic series satisfy

1. If § > 224 + 1, then S®(h%) is a nonnegative operator;
2. If 6 > A, then

sup 182 (h258) lep < cllgllicps 1< p< oo (7.4.9)
n=z

In particular, S (h%; f) converges to f in LP (h2;S?~1) for 1 < p < ce.

Proof. The positivity follows exactly as in Theorem 2.4.3. For the convergence in
the second item, we need to show only, as in Corollary 2.4.5, that ||SS(h?)||.p is
bounded. By Young’s inequality (7.4.3),

157 (e )l < 1M pllk) wallaer < ellflleps

whenever 6 > A, as shown in the proof of Theorem 2.4.4. O

A major difference from the theory of ordinary spherical harmonic series is that
in general, the condition § > A is only a sufficient condition, not a necessary and
sufficient condition. In fact, the essential ingredient of the proof is Eq.(7.2.12),
taking an average of Vig over the sphere, which, however, removes Vi from the
scene and as a result, inadvertently erases the information about the reflection
group. Determining the critical index of (C,d) requires arduous work in drawing
out information encoded in the intertwining operator V., and this will be the focus
of the next chapter.

As a corollary of Theorem 7.4.4, we have an analogue of Corollary 2.2.6:

Corollary 7.4.5. If f,g € L' (h2,S%"") and proj, f = proj,g for all n=0,1,...,
then f = g.

Next, we define an analogue of the translation operator Ty f in Eq. (2.1.6), which,
however, cannot be defined simply as an integral over the spherical cap. Instead, we
shall take the analogue of Eq. (2.1.9) as the definition.

Definition 7.4.6. For 0 < 6 < 7, the translation operator TeK is defined by

. CM(cos O
projs (7 ) = <59

proi* f, n=0,1,.... (7.4.10)
Cre(1) !

Proposition 7.4.7. The operator T is well defined for all f € L' (h%,S4™1), and it
satisfies the following properties:

() For f € *(h2,S% ) and g € L' (w,,_,[-1,1]),

(f*x8)(x) =ca, /0” T £ (x)g(cos 0)(sin 8)>*+d6. (7.4.11)

(ii) Ty preserves positivity, i.e., Ty f > 0 if f > 0.
(i) For f € LP(h%, S 1), if 1 < p < oo, 0r f € C(ST 1) if p = oo,
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I8 lkp < Iflxp  and i |TEf = flep=0.  (7412)

(iv) Tgf(—x) =T ().

Proof. By Corollary 7.4.5, the translation operator 7" is well defined. Furthermore,
Eq. (7.4.5) implies immediately that

proj, (f *x 8)(x) = ¢z, /Oﬂproj;f(TgKf)(x)g(cos 6)(sin 6)**<do,

which proves, again by Corollary 7.4.5, the identity (7.4.11).

To prove (i) and (iii), for fixed 0, we let B,(6) := c;, j:jll//:(sint)MKdt and
define g, by gu(cos¢) = 1/B,(0) if |¢ — 0] < 1/n, and g,(cos¢) = 0 otherwise.

Then g,(cos0) > 0 for 6 € [0, 7] and

B 1 6+1/n . ) 2
e = gy [, T8I0 sing)edo.

If, say, f is a polynomial, then T f is also a polynomial, hence continuous in 0,
and (f *x gn)(x) converges to T f(x) as n — oo. In particular, T5°f > 0 if f > 0.
Furthermore, the construction shows that ||g,||1..1 = 1. Hence by (i) and Young’s
inequality, || f *x &xllx,p < || flli,p> sO that by the Fatou lemma,

175/

Kp S h,gio{}f”f*xgﬁ wp < [ flle.p-
Take, for example, f,, = Sf (hZ; f), the Cesaro (C,8) means, with § > 21, + 1, so
that f, are positive and f; converge to f in LP (hi7 S=1). Passing to the limit then
establishes the inequality in Eq.(7.4.12). Since Eq.(7.4.10) also implies that T'g
converges to g as 6 — 0 for all polynomials g, the limit in Eq. (7.4.10) follows from
the triangle inequality.

Finally, let h(t) := g(—t). Then (f x, g)(—x) = (f * h)(x) directly from the
definition. Since h(cos0) = g(cos(mw — 60)), a change of variable in Eq.(7.4.11)
shows that

(f *x8)(—x) = ey, /o” TF of(x)g(cos®)(sin G)MKde,

Setting g = g, and letting n — oo as in the previous paragraph then proves (iv). 0O

Definition 7.4.8. For f € L' (h,S?~1), the Poisson integral of f is defined by

PEIE) = e [ JOBNENRONOG), Eest a4y

P
oy .

where 0 < r < 1, and the kernel P¥(x,-) is given by
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1—72

(1=2r(,y) +r2)t1

Pf(x,y) := Vg (x). (7.4.14)

Lemma 7.4.9. For 0 < r < 1, the Poisson kernel has the following properties:
(1) Forx,y € 871, PX(x,y) = £ Z¥ (x,y)r".
(2) PEf =X or"proj, f.
(3) PE(x,y) > 0and g foat PE(x )i (v)do(y) = 1.
The lemma is an analogue of Lemma 2.2.4 and is proved in the same way.

Theorem 7.4.10. For f € LP(h2,S4™1), if 1 < p < oo, or f € C(S¥) if p = oo,
then lim, i~ |[PXf = f|lx.p = 0.
Proof. Directly from the definition of convolution, we can write

1—r2

(1 =27t + r2)Actl’

PSf=fxeprs  with ppe() = (7.4.15)

The function p(z) is also the generating function of %Cf} (t), which im-
plies, in particular, that ¢, [J p*(cos 0)(sin 8)>*d@ = 1. By Eq. (7.4.12), for every
€>0, there is a § > 0 such that || TS f — f||x,, < € whenever |6| < §. Hence,

by Eq. (7.4.11) and the Minkowski inequality, we obtain

125 = Pl = |ea [ (1540 = £(2)) o (cos ) sin6) a6

K,p

T
<, || IS = fll, Pl (cos8) (sin)* <8

V3
< 8+2”f||'<,p%</5 P} (cos 0)(sin 6)**<d6.

Since for 6 < 0 < m, pﬁ”"(cos 0) < pix(cosd) — 0 as r — 1, taking the limit
r — 17 in the above inequality completes the proof. O

7.5 Maximal Functions and the Multiplier Theorem
A maximal function can be defined via the translation operator.

Definition 7.5.1. For /i associated with the reflection group and f € L' (hZ,S971),
define the maximal function

Hf) i sup B TSN (sing) g

7.5.1
0<6<n 1 (sin ¢)2Axdg ( )
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Recall that the spherical cap is denoted by c(x,0) = {y € S~ ! : (x,y) > cos 6}.
We define b(x, 8) to be the convex hull of c(x,8) in R?,

b(x,0) :={yeB: (x,y) >cos0}, xS 0<6<nm. (7.5.2)

Let yr denote the characteristic function of the set E.

Proposition 7.5.2. An alternative definition of M f is given by

wup Jsa 1 1O Ve or0)] (0) 12 (v)do ()
o<o<r  Jsi-1 VlXo(n0)l ()% (v)do(y)

(|f| *KX[COSQJ])(X)

0<6<m C), _foe (sin@)2Axd¢ '

M f(x) = (7.5.3)

Proof. Itis easy to verify that ¥jcos,1)((x,¥)) = ( : o)(y) forxe S T andy € BY.
Hence, the alternative definition follows, by Eq. (7.4.11), from

0
C/lk/o T¢K|f|(X)(Sin ¢)2}LKd¢ = (lfl *KX[COSQJ]) (x)

and applying Eq. (7.2.12) to the denominator of Eq. (7.5.3). a

To state the weak-type inequality, we define, for any measurable subset E of
S9!, the measure with respect to hZ as

measKE::/Eh,z((y)dG(y).

The main result in this section is the boundedness of .Z "

Theorem 7.5.3. If f € L' (h%,S97"), then . f satisfies

meas{x : M f(x) > a} < c% Vo> 0. (1.5.4)

Furthermore, if f € LP(h%,S%71) for 1 < p < oo, then |Micf]|«.p < c||f]

K,p+

In order to prove this theorem, we use Theorem 3.1.8. Recall that PX denotes the
Poisson integral. By Lemma 7.4.9, it is easy to verify that T' := P¥ with r = ¢’
satisfies all the requirements in the definition. We will need another semigroup, one
that is the discrete analogue of the heat operator,

< —nn +A
HEf = freql,  qf(s):= ) e n(m2hor ”A B2 o (s). (7.5.5)

n=0 K
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Lemma 7.5.4. The family of operators {H.} is a symmetric diffusion semigroup.

Proof. Tt will be shown that the kernel ¢/ is nonnegative, from which it follows
immediately that H} are positive and that ||g[|5, ; = 1 by the orthogonality of the
Gegenbauer polynomlals Hence, by Young’s 1nequahty, HE fllx,p < || f]lx,p- Other
requirements in Definition 3.1.7 can be directly verified.

To show the positivity of the kernel g/, we consider the differential operator

2

P = (1-2)L

o7~ (et 1)x:—x, xe[-1,1], (7.5.6)

which has the Gegenbauer polynomial as an eigenfunction (Section B.2),
D,CH(x) = —n(n+21)CH(x), xe[-1,1], (7.5.7)

and we set A = A; in the rest of the proof. We first show that the differential operator
9, satisfies the following property:

if f € C?[—1,1]and f(xo) = I[ni{ll] f(x), then 2, f(xo) > 0. (7.5.8)
xe|—1,

Indeed, if xo = 1 or —1, then f(xo) = min,c[_; ;) f(x) implies that xof’(xo) <O,
so that by Eq.(7.5.6), 25 f(x0) = —(2A + L)xof (x0) > 0. If x9 € (—1,1), then
f'(x0) = 0, and by Taylor’s theorem, f”(xg) > 0. Hence Eq. (7.5.6) again implies
that .@;Lf(xo) >0.

Next, we show that for every a > 0, al — Z,_is an invertible operator on the space
IT of algebraic polynomials of one variable, where I denotes the identity operator,
and the inverse (al — 2, )~ is positive on IT. The invertibility of the operator al —
2, follows directly from the facts that

(al — 25)C* = (a+n(n+21))C* neN,

and that @ +n(n+24) > 0 for all n € N. To show the positivity of (al — 2;)~!, let
f be a nonnegative polynomial on [—1,1] and g(x) = (al — Z;)~' f. Assume that
xo € [—1,1] and min,c_y 1 g(x) = g(x0)- If g(x0) < 0, then by Eq. (7.5.8), f(x0) =
ag(xo) — 2,,.8(xo) < 0, which contradicts the fact that f > 0 on [—1, 1]. This proves
the positivity of the operator (al — 2, )" on IT.

Third, we show that the operator ¢'? is positive on IT for all 1 > 0. To see this,
observe that

t 24)\—m
¢TAC (x) = ¢ MIAICA () — ,,1,133,0(1 N n(nnw: )) (),
which implies that for every f € I1,
t _ m
¢7if = lim (= (m~1-2;)"")"f.
m

m—oo
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Since (mt~'I— 2;)~! is positive for each m € N, it follows that the operator ¢’ 1),

is positive on I1.
Finally, we prove the positivity of the kernel ¢/. Define

13 5 JtAc a
gN(.x) :FZAN j A/ CJK( ), Xe[_l,l], 5>2AK+1
N =0 K

By Lemma B.1.2, gy is nonnegative on [—1, 1]. Thus,

t])LgN ZAS . 7lj(j+27L J‘;/’L j( )>0 ‘e [_171] (75.9)

Since the sum on the right-hand side of this last equation is the Cesaro (C, ) mean
of g, which converges to ¢¥ pointwise as N — oo, it follows that g/(x) > 0 for all
e-1,1]. 0

Lemma 7.5.5. The Poisson and the heat semigroups are connected by

PR = /0 " 6 (s)HE F(x)ds, (7.5.10)

where ) ,
O (s) == 32,

2Vm

Furthermore, if f(x) > 0 for all x € S*~!, then

1 N
PEf(x):= sup PFf(x) <csup— [ HJf(x)du. (7.5.11)
0<r<1 s>0 $ JO
Consequently, PX f is bounded on LP (h%;S?~1) for 1 < p < e and is of weak type

(1,1).

Proof. The fact that {H/} is a semigroup of operators allows us to apply the Hopf—
Dunford-Schwartz ergodic theorem [157, p.48], which shows that the maximal
operator sup,- (1 [o Hf(x)du) is bounded on LP(h%,S¢ 1) for 1 < p < e and
is of weak type (1,1). Therefore, it is sufficient to prove Egs. (7.5.10) and (7.5.11).
First, we prove Eq. (7.5.10). Applying the well-known identity [157, p. 46]

e
e/ Mgy, v >0,

1
vV
VT /0 Vu
with v = (n+ A,)t and making a change of variables s = 1> /4u, we obtain that

n n+21;() l
4u e 4u du

=

2
—n(n+2Ax)s /Ze*(z%ﬁ*lmﬁ) d

“5wh e
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— / —n(n+2Ax)s (S) ds.

Multiplying by proj}; f and summing over n proves the integral relation (7.5.10).
For the proof of Eq.(7.5.11), we use Eq.(7.5.10) and integration by parts to

obtain
prt) == [ [ HErea) o/

1 s K - !
<sup (4 [ zoae) [ slelo)los,

where the derivative of ¢/ (s) is taken with respect to s. Furthermore, since 22X f =
f*epFand [pX(t)] < cfor0 < r<e!, by Eq.(7.4.15), it follows that

1 s
sup IPrKf(X)ISCHfIIl,xzclim;/Hf(lfl)()f)du
s 5 Jo

O<r<e!

Therefore, to finish the proof of Eq.(7.5.11), it suffices to show that sup,_,; [y
5|/ (s)|ds is bounded by a constant. A quick computation shows that ¢/ (s) > 0 if
s < o and ¢/ (s) < 0if s > o, where

2
2 0<r<1.

O = —————= 1,
3+4/9+4A%2

Since the integral of ¢ (s) over [0,0) is 1 and ¢ (s) > 0, integration by parts gives

[ steiias =2a )~ [ asias+ [ oo
0 . J oy

<2040,(04) +1= — -ieal o
e O
<2060 (0 \/We <c,

as desired. O

We are now in a position to prove Theorem 7.5.3.

Proof of Theorem 7.5.3. From the definition of pf in Eq. (7.4.15),if 1 —r ~ 6, then

1—r2

(1= r)2 +4rsin2 8) ™!

P (cosd) =

2
>c 1=r >c(1—r)~ @At

T (=)o)t
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For j >0, define rj:=1-2"/@ andset Bj:={y € B? : 277716 < d(x,y) <2776 }.
The lower bound of p¥ proved above shows that

x8; () < (2770 M pE ((x,)),

which implies immediately that

oo

Xo(x.0)(¥) < X x5, () < O Y 2 TRAFU K ((x ).
=0 par

Since Vi is a positive linear operator, applying Vi to the above inequality gives

/SlH SO Vi [Xo(0)] (0 R (v)do (v)

< cgPt! izfj(zk,(ﬂ)/

N FOW [pry (Ge3))] 0)RR(v)do ()
j=0 5

— 02t Y 2SR pE(| fl: )
Jj=0

<cO ! sup PE(|f]sx).
0o<r<1

Dividing by 62**! and using the fact that by Eq. (7.2.12),

1 o .
— |, Veltowo) )R ()do () = ez, / (sing)*~d¢ ~ 621,
) /S Jo

we have proved that .Z f(x) < cPX|f|(x). The desired result now follows from
Lemma 7.5.5. O

Theorem 7.5.6. Assume that g € L' (wy,.,[—1,1]) and |g(cos0)| < k(0) for all 6,
where k(0) is a continuous, nonnegative, and decreasing function on [0, xt]. Then

for f € L' (hy, 871,

|(F e 8) ()| < et f1)(x), xeST,

where ¢ = [J k(0)(sin 0)**<d#.

Proof. Since T is a positive operator, it follows from Eq. (7.4.11) that

e )] < 2 | " K(0) T (11) (x) (sin 0)*<dp,
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from which the proof follows from Eq. (7.5.1) and integration by parts exactly as in
the proof of Theorem 2.3.6. O
Corollary 7.5.7. If § > A and f € L' (h%,S%1), then for every x € S%1,

sup|SS (h%: f,x)| < ¢ [ Mcf (x) + M f(—x)]. (7.5.12)
n>0

If, in addition, § > 2M + 1, then the term M f(—x) in Eq. (7.5.12) can be dropped.

Proof. Using Eq. (7.4.7), the proof can be carried out exactly as in Theorem 2.4.7.
O

Theorem 7.5.8. For 6 > Ay, 1 < p < oo, and any sequence {n;} of positive integers,
o o\ 12
(Z10P)
j=0

Proof. Since the maximal function My f in Eq.(7.5.3) is not a Hardy-Littlewood
maximal function when k # 0, we cannot use the Fefferman—Stein inequality as in
the proof of Theorem 3.2.3. We follow the approach of [157, pp.104—105], which
uses a generalization of the Riesz convexity theorem for sequences of functions. Let
LP(£9) denote the space of all sequences { f;} of functions for which the norm

| (FllLr(ea) = (/Sdl <i)'fj(x)lq>p/qh,2((x)dc(x)>l/p

is finite. If 7' is bounded as an operator on L”0(¢40) and on LP1 (£91), then the Riesz
convexity theorem states that T is also bounded on L’ (¢%), where

(7.5.13)

1/2
(Slssonr)

K.p K.,p

1 1—1¢ t 1 1—1¢ t
—=—t—, —=—+4+—, 0<t<1.
Pt Po P1 q: q0 q1

We apply this theorem to the operator T that maps the sequence { f;} to the sequence

{55 (h%; f;)}. From Eq. (7.5.12) and Theorem 7.5.3, it follows that 7 is bounded on
Ly (E” ). It is also bounded on L7 (£), since

(3};13 Ifjl) .

Hence, the Riesz convexity theorem shows that T is bounded on L”(¢9) if 1 < p <
g < eo. In particular, T is bounded on LP(£?) if 1 < p < 2. The case 2 < p < oo
follows by a standard duality argument, since the dual space of L”(¢?) is L (%),
where 1/p+ 1/p’ = 1, under the pairing

|sup 2 (21| <e c|[suplfil| .
>0 K,p P j>0 K,p
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. 2
() = [, T hiwe; R2do ()
J

and T is self-adjoint under this pairing, since % (h2) is self-adjoint in L%(h%;S¢1).
O

The proof of Theorem 7.5.8 actually yields the following Fefferman—Stein
inequality for the maximal function . f associated with a reflection group.

Corollary 7.5.9. Let 1 < p <2 and let f; be a sequence of functions. Then

(zp)”

H (Z(asi?) 1/2’ (7.5.14)
j K

<c
P

K,p

We do not know whether the inequality Eq. (7.5.14) holds for 2 < p < o for a
general finite reflection group. It does, however, hold for 1 < p < o in the case of
Zg , as will be shown in the next section.

We conclude this section with a Marcinkiewicz-type multiplier theorem for
LP(h%,S%71) in analogy with Theorem 3.3.1.

Theorem 7.5.10. Ler {u; =0 be a bounded sequence of real numbers such that

2J+1
sup2/*—1) D |AR | < ¢ < oo,
J 1=2J

where k is the smallest integer > A + 1. Then {;} defines an LP(h%,S971), 1 <
p < oo, multiplier; that is,

<cllfllep,  1<p<e,
K.p

p;jproj; f
i—0

J

where c is independent of |1j and f.

The proof of this theorem follows exactly the proof of Theorem 3.3.1 with
obvious modifications. The inequality (7.5.13) plays an essential role, which
requires the condition k > [ A, +1].

7.6 Maximal Function for Zg-lnvariant Weight

In the case of h(x) = [1%, |xi|", as in Eq.(7.1.5), invariant under the group G =
Zg , an explicit formula of the intertwining operator Vi, as shown in Eq.(7.2.2), is
known. This allows us to show that the maximal function .Z,f in Eq.(7.5.3) is
bounded by the weighted Hardy-Littlewood maximal function.
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Definition 7.6.1. For f € L!'(h%;S?" 1), the weighted Hardy-Littlewood maximal
function is defined by

Je(ro) FO)|1E(y)do (y)

M, f(x):= su -
) = D T e R 0)AG0)

(7.6.1)

Since hy is a doubling weight, M, f enjoys the usual properties of maximal
functions. We will show that the maximal function .Zf is bounded by a sum
of My f, so that the properties of .#}f can be deduced from those of the Hardy—
Littlewood function M, f. We shall need several lemmas. Let b(x,0) be the set
defined in Eq. (7.5.2).

Lemma 7.6.2. For x € S, let % := (|x1|,...,|x4|). Then the support set of the
function Vi [Xo(r0)] (v) is {y € ST 1 d(%,7) < < 6} in other words,

Vi [Xb(x,e)} (»=0 if (X,7) < cos0.
Proof. The explicit formula (7.2.2) of Vi shows that Vi [Xb(x,e)] (y)=0if
Koo (T1Y1,12Y2, - taya) =0

for every t € [—1,1]¢ or if x1yit; + -+ + xgyqta < cosB, which clearly holds if
(%,7) < cosB. O

Our second lemma contains the essential estimate for an upper bound of .Z f.

Lemma 7.6.3. For0<0 <m, x= (x,...,x5) €S}, andy € S,

62Kj

7.6.2
x}|+6 QKJXCxﬂ(y) ( )

d
‘VK' [Xb(x,(-) ] | <c U |

Proof. The presence of xc(f,g)()?) on the right-hand side of the stated estimate
comes from Lemma 7.6.2. Hence, we need only to derive the upper bound of
Vi [Xo(x,0)] (v) for d(x,7) < 6, which we assume in the rest of the proof. If /2 <
0 <, then 6/(|x;|+ 6) > ¢, and the inequality (7.6.2) is trivial. So we can assume
0 < 6 < /2 below. By the definition of Vi,

d

Vel 0) =cx [, [T+ - e,

Zl 1 iXiyi=>cos 0

where ¢ also satisfies ¢ € [—1,1]. We first enlarge the domain of integration to
{te[-1,17: 39, |tixiyi| > cos 0} and replace (1 +1;) by 2, so that we can use the
Z’zj symmetry of the integrand to replace the integral by one on [0, 1]¢,
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d
Vi [2oe0)] ) < c/ 1T0- 2 1

4| ltixiyil>cos 0 1

d
< c/ (1—2)% ds.
. te[O,l]d,Z;.i:lti\x,-yi\Zcose i—1

To continue, we enlarge the domain of the integral to {r € [0,1]% : #;]x;y,| +
Y. 1%iyi| > cos @} for each fixed j to obtain

d

V, y)<c /
. [Xb(x’e)] o) ,1:[1 0<t;<1,tj|xjyj]+ X |xiyi| >cos 6

(1 —tj)Kjildlj.

For each j, we denote the last integral by I;. First of all, there is the trivial estimate
I; < jg(l —tj)%1dt; = K]TI. Second, for (¥,7) > cos 0, we have the estimate

! ((X,7) —cos0) i
Ijg/mﬂ* i (L= 1)) Nty = o e
L

Together, we have established the estimate

- X

I; < Kjlmin{l,w}.
|

Recall that d(X,5) < 6. Assume first that |x;| > 26. Then |x;| > (|x;| 4+ 0)/2. The

inequality |[x;|—[y;|| < ||£—7¥|| < d(%,¥) < 6 implies that |y;| > |x;| — 6 > |x;| /2, s0

that [y;| > (|x;| 4 6)/4. Furthermore, write 7 := d(%,y) < 6 and recall that 6 < 7/2.

We have then

— 0
(%,7) — cos @ = cost — cos O = 2sin tsinH_ <(0-1)0 < 6%

Putting these ingredients together, we arrive at an upper bound for /;,

GZKJ'
[ <e— .
T (gl 0)7

under the assumption that |x;| > 26. This estimate also holds for |x;| <26, since in
that case, 0/(|xj| 4+ 6) > 1/3. Thus, the last inequality holds for all x and for all j,
from which the stated inequality follows immediately. a

We are now ready to prove our first main result. For x € R? and € € Z¢, we write
XE = (xl&‘l, ... ,xdé‘d).
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Theorem 7.6.4. Let f € L' (h%;S?~1). Then for every x € S 1,

Mif(x) <c Y, Mif(xe) (7.6.3)

eczd

Proof. Since {y € S d(7,5) < 0} = UseZ‘g {ve ST d(xe,y) < 6}, it follows
from Lemma 7.6.2 that

Jof () = [ LFO)IVi [tnge0)] () ()A()

= FO) Vi [Xo(x0)] 0)E(y)do (y)

(%.5)>cos 0

=2 /<xe ) >cos 0 F0)Vie [2o0)] () (v)do (7).

eczd”
Consequently, using Lemma 7.6.3 and Eq. (5.1.9), we conclude that

62K/
J < hy(y)d
o) < 3 Ml 107 Jueyang O E0IG00)

eczd j=1

< ¢ gAKIFd-1 Y, My f(xe).
€€z

Since the denominator in .y f is of order §2/¥I+4—1 = 92Ax+1  dividing the above
inequality by 02/¥I+4-1 and taking the supremum over 6 leads to Eq. (7.6.3). O

There are several applications of Theorem 7.6.4. First, we need some notation.
For x = (x1,...,X4), ¥y = (b1,---,a) € R?, we write x <y if x; <y; forall 1 <
j < d. We denote by 1 the vector 1 := (1,1,...,1) € RY. Moreover, we extend the
definitions of A, mease, || - [|z,p, LP(h%;S?~1), and the Hardy-Littlewood maximal
function M to the full range of 7 = (7y,...,77) > —% from 7 > 0.

As an application of Theorem 7.6.4, we can prove the boundedness of .Z f on
the spaces LP(h2;S9~!) for a wider range of 7.

Theorem 7.6.5. If —3 < T<«kand f € L' (h2;S97Y), then M f satisfies

measg{x: A f(x) > a} < c%, Yo > 0. (7.6.4)

Furthermore, if 1 < p < oo, —5 L < T<p1<+p 1, and f € LP(h%;S?71), then

|- fl<

ep < | fllzp- (7.6.5)

Proof. We start with the proof of Eq. (7.6.4). If T = (11,...,74) < K, then
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/c(x 0)

)

d
0 0)a00) < e [Tl +02% ) [ 170Ih0)do0).

Jj=1

which, together with Eq. (5.1.9), implies
Micf(x) < cMcf(x), x€ s <k

Hence, using the inequality (7.6.3), we obtain that for —% <1<K,

meas¢{x: A f(x) > a} < Y meas; {x:MKf(xs) > ca/Zd}

d
e€Ls

< Y meas; {x: M f(xe) > a}

d
e€Ls

h2 y)do(y).
/{yt Mz f(ve)>c o} 0)o0)

d
€€Zs

Using the Z‘zi -invariance of A7 and the fact that M is of weak type (1, 1) with respect
to the doubling measure 42(y)do(y), we then conclude that

meas: {x: /4 (x) > @} =2 [ R()do(y) <cl/le

{x:Mc f(x)>c" o}

which proves Eq. (7.6.4). For the proof of Eq. (7.6.5), we choose a number g € (1, p)
such that T < gk + % 1 and claim that it is sufficient to prove

1
Micf(x) < e (Mc(|f19)(x)) 7 . (7.6.6)
Indeed, using Eq. (7.6.6), the inequality (7.6.5) will follow from Eq. (7.6.3), the Z‘ZJ-

invariance of /¢, and the boundedness of M; on the space Li (h2;S4°1).
To prove Eq. (7.6.6), we use Holder’s inequality with ¢’ = q%l and Eq.(5.1.9) to
obtain

[ O dow)
Je(x,0)

<(/ » |f<y>|"h%<y>do<y>>‘11 (f o ) o))’

)

l d 2 2‘L’j d
~ ([, rolmnaotm ) ( TTtsi+ o Jo?
c(x,0) =1

)

~ meask(c(x,0)) (m/c(x’e) |f()’)|qh%(y) dG()’)) )
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where we have also used the fact that the assumption 7 < gx + 42;111 is equivalent

to g’k — %,T > —%. This proves Eq. (7.6.6) and completes the proof. O

For our next application of Theorem 7.6.4 we will need the following result.

Lemma 7.6.6. Let 1 < p < oo and let W be a nonnegative integrable function on
S?=1. Then
/ M) PW R (x) do < < / @PMW @R () de. (7.67)
Sd= Sd=

Proof. Such aresult was first proved in [74] for maximal functions on R¢. The proof
can be adapted to yield Lemma 7.6.6. Indeed, the fact that 42 is a doubling weight
shows that the Hardy-Littlewood maximal function defined by Eq. (7.6.1) satisfies

L LUOIRO)
Ml )~ sup = R0)dol)

where ¥ is the collection of all spherical caps in S¢~!, which implies that

/ o FONE0)I00) < c(measec(r.0)_int, Mcf(c)

z€c(x,0)

for every spherical cap c(x, 0). As a consequence, we can prove the key inequality

meas(E) < = [ 1£0)MW (3)BE()d0 ()

for every compact set E in {x € SY~! : M f(x) > o}, as in the proof for the maximal
function on R in [158, pp. 54-55]. In fact, Eq. (7.6.7) holds with /2 (y)do replaced
by any doubling measure dut on the sphere. a

We are now ready to establish the Fefferman—Stein inequality for the maximal
function .# in the setting of Z‘ZJ for 1 < p < oo, whereas it was proved in
Corollary 7.5.9 for a general reflection group but only for 1 < p < 2.

Theorem 7.6.7. Let 1 < p < oo, —3 < T < px + 2511, and let {f;}7_| be a
sequence of functions. Then
o 1/2
(Z11)
j=1

1/2

<c (7.6.8)

H @(/fzxmz)

T,p T.p
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Proof. Using Theorem 7.6.4 and Minkowski’s inequality, we obtain

(=(= foxxe))z) .

J

<c

H @(mmz)l/z

T.p €€z T,p
1/2
<c 3 [(Soaesie?)
eczd Il N J T.p
1/2
<c| (S
J T.p
Thus, it is sufficient to prove
1/2 1/2
J = ||<Z(MKfj)2> c <2|fj|2> (7.6.9)

We first consider the case 1 < p < 2. Let g be chosen such that 1 < g < p and
T < gK+ 55— (o=t ) . We use the inequality (7.6.6) to obtain

q

(Sorasmi) | <

J

1
q
J<c¢

)

T.p

(Zw )

H Zlf,F

P
7.2
’q

where we have used the classical Fefferman—Stein inequality for the maximal

2
function M; and the space L (£4) in the second step. This proves Eq. (7.6.9) for
I<p<2.
Next, we consider the case 2 < p < oo. Noticing that
(p—1D1 1 2 ( 1

1 1 1
_— M/ _— = —_Z)1<2?2 -
2<T<p1<—i— > <~ 2<p‘r—f— > 2) < K+2,

we may choose a vector y € R? such that

1 2 1 1 1
—= < =T+ | ——z |1 <u<2x+ < (7.6.10)
2 p p 2 2

and a number 1 < g < 2 such that u < gx+ %l. Let g be a nonnegative function
on S ! satisfying ||g||, » =1land
=

112

H (;wmﬁ)z

= [ YIMcfi(0)P ) g(x)h7(x)do(x).
sd-1 \ &

T.p
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Then by the assumption u < gx+ "%1 1, Egs. (7.6.6), (7.6.7) with p=2/g > 1, and
Holder’s inequality, we obtain

/S(H <Z|M;<fj(x)|2>g(x)h%(x)d6 < CZ/S(H (M (1£1%) (x))%g(x)h%(x) do
_L(zm|ﬁmw @I () do

7 2
| (zmp)
J T.p

Using the boundedness of My f and Eq. (7.6.10), we have

’Mll (gh )hi I,

p_°
=2

2 2
HMlJ(gh )hu T » :HMl-l(gh‘rfu)‘ » 2 p
Tp=2 2202
2
SCth‘rf ‘ P 2 p
p2H =202

= cllglle z, =

Putting these two inequalities together, we have proved the inequality (7.6.9) for the
case 2 < p < oo, o

Remark 7.6.8. By Eq.(7.5.12), we can get a weighted inequality for the Cesaro
means by replacing .#f; in Eq.(7.6.8) by Sfj (h%; f;), which gives a || - ||7,,-
weighted version of Theorem 7.5.8 that holds under the condition —% <1<
pK+ ”7711.

7.7 Notes and Further Results

The theory of h-harmonics was pioneered by Dunkl. The Dunkl operators were
introduced in [64], and the intertwining operators and the integral kernel appeared
in [65]. For more results and the proof of the results in Sects. 7.1 and 7.2 for general
reflection groups, we refer to [67].

The first study of h-harmonic expansions appeared in [177], which
contains Eq. (7.2.2) and the formula for Z¥ in Corollary 7.2.10, proved by summing
over a specific orthonormal basis using special function identities, and [176], which
contains Eqs. (7.2.10) and (7.2.13). The proof of Eq.(7.2.13) in Theorem 7.2.9 is
different from that of [176], which was based on the orthogonal expansion of Vi f
on the unit ball. The Funk—Hecke formula (7.2.11) was established in [183].
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The convolution and the translation operators were defined in [190], and used
to study weighted best approximation on the sphere; see Chap. 10. The maximal
function .# f was defined in [188]; the results in Sects. 7.5 and 7.6 were established
in [47]. The positivity of the heat kernel for the Jacobi series, used in Lemma 7.5.4,
was established in [17], our proof seems to be new.

The lack of an explicit formula for the intertwining operator Vi has been an
obstacle to deriving deeper results that rely on the essence of reflection groups. For
the symmetric group S3 with A, (x) = |(x; —x2) (x2 —x3) (x3 —x1 ) |¥ for x € S? and the
dihedral group 7(4) with A (x) = |x1x2|*[x? — x3|¥1, some explicit integral formulas
for Vi are given in [66, 182], but neither is in a form strong enough for carrying out
further analysis. The positivity of the intertwining operator was proved in [144]. At
the moment, little is known about the intertwining operator for reflection groups
other than Z‘zl. For further information, we refer to [67].



Chapter 8
Boundedness of Projection Operators
and Cesaro Means

The Cesaro (C, §) means are important tools, and their boundedness in appropriate
function spaces often serves as a gauge of our understanding of the underlying
structure. In this chapter, we establish the boundedness of the Cesaro means for
h-harmonic expansions with respect to the product weights h2(x) = [TL, |x;|* on
the sphere. The main results are stated and discussed in the first section. The central
piece of the proof is a pointwise estimate of the integral kernel of the means, which
involves a multiple beta integral of the Jacobi polynomials. These integrals will be
estimated in the second section, and the pointwise estimate of the kernels is given
in the third section, from which the upper bound of the norm of (C,§) means is
deduced in the fourth section. Finally, a lower estimate of the norm is given in the
fifth section.

8.1 Boundedness of Cesaro Means Above the Critical Index

Recall that the Cesaro (C,0) means for h-harmonic expansions are denoted by
SS(hZ; f). Let ||S8 (h%)||» denote the operator norm of SO (h%) in LP (h%;S?~1). By
Theorem 7.4.4, the (C, §) means are bounded in L (h2,S¢~ 1), that i, || S& (h2) || is
bounded by a constant independent of n, if § > A, where Ay is given in Eq. (7.3.2).

The condition § > A, however, is not sharp. In this section, we consider the case
that

d
he(x) =] lxl¥, x>0, xes’ !, (8.1.1)
i=1

which is invariant under Zg . In this case, the condition 6 > A, means that

d-—2
8> he =[]+ .
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190 8 Boundedness of Projection Operators and Cesaro Means

The sharp condition for the boundedness is given in the following theorem, which
gives the asymptotic order of S8 (h2) for all § > —1, where S%(h2; f) with § = —1
is understood to be proj 1.

Theorem 8.1.1. Let hy be as in Eq. (8.1.1). Let 6 > —1 and define

d—2 .
Ok := —— + |k| — min x;.
2 1<i<d
Then for p =1 and p = oo,
1, 0 > ok,
lproj, (i) llep ~n  and [IS3(h)llp ~ { logn, &= ok,

notox 1< § < oy.

By the Riesz interpolation theorem, the asymptotic order also serves as an upper
bound of the operators in the || - ||, norm for 1 < p < c. Since 2 (h2; f) converges
to f as n — oo whenever f is a fixed polynomial, the theorem has the following
immediate corollary.

Corollary 8.1.2. If § > oy, then for f € LP(h%,S?™ ") and 1 < p < o, or f €
C(S?=") when p = oo,

sup[|S302%: )l < cllfllp and T |[f=S302: )l =O0.
n

Furthermore, for p = 1 and oo, the convergence fails in general if 6 = O.

Because of these results, we call oy the critical index of the (C,0) means.
When all x; are equal to O, the h-harmonic expansions agree with the ordinary
spherical harmonic expansions, and these results agree with Theorem 2.4.4 and
Corollary 2.4.5. Furthermore, 0, = A, only when one of the k; equals zero; that
is, whenever x; > 0 for all 1 <i < d, we have A > Oy, and 6 > A is a stronger
condition for the boundedness of % (h%; f).

When 8 = 0, the mean SO (/i f) is the partial sum operator,

n
Su(hg:f) =Y proj¥ f,
j=0

which is the best approximation to f from IT,(S?"!) in L?>(h%;S?"!). By Theo-
rem 8.1.1, [|S,(h2)|x.p ~ || proj, (h2)]|«,p ~ n°* for p =1 or .

Let us state another result that illustrates the role of the weight function. The
impact of the weight A (x) = [1%_, |xi| should be centered on the great circles that
are defined by the intersection of SY~! and the coordinate planes. In fact, these great
circles act like boundaries on S?~!. Let us define



8.2 A Multiple Beta Integral of the Jacobi Polynomials 191

d
st t=st\ [ J{xes ! ix =0},

nt
i=1

which is the interior region bounded by these boundaries on S?~!.

TheoremS 1.3. Let h¢ be as in Eq.(8.1.1). Let [ be continuous on S If
8 > 432 then S5 (W2 f) converges to f for every x € S and the convergence

d—1
is umform over each compact subset of the interior S .

1nt ’

In other words, for the pointwise convergence away from the zero set of &y, the
convergence holds if § > (d —2)/2, independent of the value k, which is the same
as the critical index for the Cesaro means of the ordinary harmonic expansions.

The proofs of these results are long and are given in the rest of the chapter. The
means S¢ (h2; f) are integral operators with kernel K9 (h2;-,-),

1
Splsfox) = — /S TR (sxy)h(y)do (), (8.1.2)
d
where by Eqs. (7.4.1), (7.4.7), and (7.4.8),

KD (Mg x,y) = Vielkd (wa 1, ()] (%)

In the case of Zg , the explicit formula for the intertwining operator in Eq. (7.2.2)
then leads to

K,‘?(h,z(;x,y) = CK/[ 1 1jd kg(kaZlmym + - 4 Xqyata)

< [T +1:)( y6i~ldr. (8.1.3)
i=1

For the proof of the case of 0 > A, in Theorem 7.4.4, we took the average of Vi
and erased the action of Zg in the process, which means that we did not make use of
the structure of Z‘ZJ that is embedded in the kernel. For the proof of the case § > o,
we will dig into the structure of the kernel K,‘? (hy;-,-) and establish first, in the next
two sections, a pointwise estimate, which is of interest in itself.

8.2 A Multiple Beta Integral of the Jacobi Polynomials

Because of Eq. (8.1.3), the estimate of the kernel K,‘? (hZ;x,y) requires an estimate
of the multiple beta integral, and the key component of the kernel turns out to be a
Jacobi polynomial. In this section, we deal with a pointwise estimate of a multiple
beta integral of a Jacobi polynomial.
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Recall that throughout the book, we use the notation ||x|| to denote the Euclidean
norm of x in RY, and we write |x| = |x; |+ - -+ |x4| forx = (x1,...,x;) € RY.

The properties of the Jacobi polynomial P,Sa‘ﬁ )(t) are summarized in
Appendix B.1. In particular, we will make use of the following estimate
(see Eq. (B.1.7)), which we restate as a lemma.

Lemma 8.2.1. For an arbitrary real number o and t € [0,1],
PP ()] < en V(1 — 1+ n2)~(@+1/2)/2, 8.2.1)

The estimate on [—1,0] follows from the fact that P,Smﬁ)(t) =(-1) ,Sﬁ’a)(—t).
This estimate motivates the following definition.

Definition 8.2.2. Letn,v€ Ny andletp,r,u € Rsuchthatr>0and [p|+7r<1.A
function f : [—r,7] — R is said to be in the class .7 (p,r, i) if there exist functions

Fjon[—rr], j=0,1,...,v,such thatij(x) = f(x) forx € [-r,r] and

Ll
|1vj(x)|gcn*21(1+n\/1—|p+x|) FEY e enn. (8.2.2)

Using Eq. (8.2.1) and the fact that S P{*P)(t) = L(n+ o+ B+ 1)P* P (p),
we observe that n=*P\*F) ¢ (0,1, ) for all v € Ny.

Lemma 8.2.3. Assume 6 > 0and 0 < |a| <r. Let f € ) (p,r, 1) withv > |u|+
28 + %, and let & € C*[—1,1] be such that supp & C [—%, 1]. Then for |x| <r—la

’

‘/1 Flat+x)(1 =03 @) dt| < en )| (1 +n/T—A) #3210 (8.2.3)
J—1

where A := |p +a+x|.

Proof. To simplify the notation, we define

g LEnV/I—4
© 2n2|a]

First we claim that for ¢ € [1 — B, 1],

1+ny/1—at+x+p|~1+nV/1—A=2nal|B. (8.2.4)
Indeed, if 7 € [1 — B,1] and nv/1 — A < 1, then
n?(1—|p+at+x|) =n*(1—A)+n*(A—|p +at+x|)

1+nyI—A
<n*(1—A)+nalB < 1+++ <2,
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so that both sides of Eq. (8.2.4) are bounded above and below by a constant, whereas
ift €[1—B,1]and n/1 —A > 1, then

1—¢
‘n\/1—|p+at+x|—n\/1—A‘§ nlaf|l —1|
V1-lat+x+p|+V1-A
< nla|B < nlalB = l—i—n\/l—A7
VI—A 2

from which Eq.(8.2.4) follows by the triangle inequality. From Egs.(8.2.4)
and (8.2.2) with j = 0, we obtain

1 Lol
/ flar+x)(1 =P E@Od] < c(1+nVT=A) 44 [* (107

max{1—B,—1} 1-B

<en a8 (1+nV1 —A)fuf%“s.
If B> %, then the desired inequality (8.2.3) follows from the above inequality.

Hence, we assume B < % from now on.
We now consider the integral over [—1,1 — B]. Set

1
= {Iu|+25+§J +1.

Then 1 < ¢ < v by our assumption. Since & € C*[—1,1] with supp & C [—3,1], we
use Egs. (8.2.2), (8.2.4) and integration by parts ¢ times to obtain

1-B
'/71 Flar+x)(1 =031 E()dr

4 S o 1-B
<cy |a|*-/n*21(1+n\/1—A)*ﬂ*%ﬂBﬁ*-/+c|a|*€/1 |Fy(at +x)|(1 =)~ dr
=1 "2

2

<en 2)al 8 (14-nV1 —A)f“*%*&

1-B
+c\a\7€n72€/ . (I+ny/1=|p +x+at\)7“7%+z(l —1)% s,
-2
The first term is the desired upper bound in Eq. (8.2.3). We need to estimate only
the second term, which we denote by L. A change of variable s = |a|(1 —¢) shows
that
3

jal
L:= n—zf|a|*5/2 (1+n\/1_|a+x+p—s-sgna|)*”*%+ﬂs5’f’1ds
B

la|

=n"al (L +La),
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where L; and L, are integrals over the intervals I; = [|a|B, 3|a|] N [0, :52] and

L = [|a|B, %|a|} N [%, o), respectively. If s € I;, then
A—Ja+x+p—s-sgnal < Js| < (1-4)/2,

so that 1 — [a+x+ p —s-sgna| ~ 1 — A by the triangle inequality. Consequently,

Ly 5:/(1—|—n\/1—|a—|—x—|—p—s-sgna|)7”7%+655*z*1ds
I

<c(l+nV1 —A)’“’%“/ s9 gy

Bla|
<c(1+ny/T—A) #2t(|a|B)>"
<en? "2 (1401 —A)7”7%+5.

Ifseh,thens> (1-A)/2and 1 —|ja+x+p —s-sgna|] <1 —A+s~ s by the
triangle inequality. Consequently, since ¢ > u + %, it follows that

L, 5:/(1—|—n\/1—|a—|—x—|—p—s-sgna|)7”7%+655*z*1ds
h

< C/ (1 —I—n\/E)*“*%HsS*[*l ds
1)

1 * (5
< Crf’"*?M/ s EH0-3-% gg
la|B

since n2|a|B > % Using the fact that £ > —u +26 — 1 we obtain

L < cn7”7%+z(|a|3)7%+57§7% = Cn2£725(1 —I—nﬂ)*%ﬂs*%*

< en* (14 n/T—A) HH9-1,

[SIE

using the inequality £ > u + % Putting these estimates together completes the proof
of Eq. (8.2.3). a

Lemma 8.24. Let k; >0, a; # 0, &; € C*[—1,1] with supp&; C [—1,1] for j =
1,2,...m, and let 3, laj| < 1. Define

Jm(x) 1:/ PP <2 ajtj+x> T8 —1)<"ar
=L =1 =1
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for x| < 1—3", |a;|. If o« > B, then

e _ —0— L+
@) < en®25 [ a7 (14 ny/T= A, +x]) ,
j=1
where A, := Z']-":l ajand T := Z']-":l K;.
Proof. Since n’O‘P,Saﬁ)(x) € 7,(0,1,a) for vy := |||+ 2k; | +4, we can apply
Lemma 8.2.3 to conclude that

1
O fi (x)| = n / PP a1ty 4+ x) (1= 1) L& (1) iy
—1

_ i) 70(7%+K'1
<cla| Fn M (1+n\/1—|a1+x|) ,

where |a;| + |x| < 1. Hence, the conclusion of the lemma holds when m = 1.

Assume that the conclusion of the lemma has been proved for a positive integer
m, we now consider the case m+ 1. Let vy| = || — Tp| + 2Knt1 ] +4. For i =
0,1,...,vut1, we define

m

E(x) :Cmi/[ . l]mP,si;ilﬁii) (Z Cljlj—f—.x) H(l —lj)Kjiléj(l‘j)dt,
-1, i=1

Jj=1

where G, 0=l and C,; =2//[T._(n+a+B+1-1)=O(n ") fori=1,...,vps1.
Using Eq.(B.1.5), it is easy to verify that Fi@ (x) = f(x) for i =0,1,...,vpq1.
Furthermore, the induction hypothesis shows that

m
IR < en® =2, <H Ialefn2K1> (14 /T [Apy £ x]) 0 2+t
Jj=1

fori=0,1,...,vpus1, where [x| + XL, |a;| < 1. By the definition of . (p,n 1),
this shows that

m m
(H |aj|'<fn“f> ful@) € Fme (Am,l = fajlo— rm) |
Jj=1 j=1
Since Vi1 > |0 — Tn| 4+ 211 + % we can then apply Lemma 8.2.3 to the integral

1
Jmt1 (x) = /lfm(am+1tm+1 +x)(1 - thrl)KmHil‘ierl(tm+1)dtm+1

to conclude that
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m
n | T ain 5 ) | frnsr ()]
Jj=1
ScnfzK’”“|am+1|7Km“(1+n /1_|Am+1+x|)*a*%+Tm+lv

where [x| + |ap 41| <137, |a;|. This completes the induction and the proof. O

We are now ready to prove the main estimate that we need for establishing the
pointwise upper bound of the Cesaro kernels.

Theorem 8.2.5. Assume xj >0, a; #0, and ¢; € C*[—1,1] for j=1,2,...,m. Let
la| =31 laj| < 1. Ifa > B, o0 > k] —1:= 2K~ 1, and |x| +|a| < 1, then

(8.2.5)
J

‘/[ HWPrE“’m( ajfj+x>H<Pj(fj)(1—tf)Kf1dt
It =1 =1

jajl+n7 /I —la] = x| +n72) 7%

o+4 x|

m
< cn®2x] Hiil(

(1+n 1—|a|—|x|)

)

. ’ } (k)
where the constant c satisfies ¢ < ¢’ max;<j<u MaX )<< 2]+ 3 0" (|-

Proof. Let y € C~[—1,1] satisfy y(t) = 1 for % <tr<l,and y(t) =0 for —1 <
t < —%.We define

£1,i(1) = @i () () (1 +0)5 ",
E-1,j(0) = @i (=) (1= y(=) (1 +1)",

Evidently, & j,&_1; € C°[—1,1] and supp& j,supp&_1 ; C [—4, 1]. Since

j=1,...,m.

[ steita -2 a

1 1
= [ 80)E )= dt [ g8, 00 =1)5

we can write

m

J:=/[ ] Pﬁmﬁ)(zaﬂﬁx)prj(fj)(l—ff)’("ldt
—1,1]m o

J=1

= 3 / PP (Z €ja.ffj+X> [T&,. i) (=) ar
=t j=1 j=1

ee{l,—1}m

= > ILx).

eef{l,—1}m



8.2 A Multiple Beta Integral of the Jacobi Polynomials 197

Recall that [a| = ¥, |a|. For € € {1, —1}", we write a(¢) := X, a;€;. Applying
Lemma 8.2.4 to I, gives

ol —o— %+ k|
le(0)] < en? 2X T Jay| 9 (14n/T= v ale)])
i=1

J

L —o—4+x]
<2 la)l ™ (14 ny/T= R —Jal)

j=1
for each € € {1,—1}", where we have used the assumption o > |k| — % and the

inequality [x+ X7 €;a;| < |x[+ X}, |a;| in the last step. Consequently,

" —o—1 x|
] < 2% 2K T Jay| (1 /T — |a|) 2 (8.2.6)
=1

Finally, we claim that the desired inequality (8.2.5) is a consequence
of Eq. (8.2.6). In fact, without loss of generality, we may assume that

laj| >n'\/1—]a|—|x|+n"% forj=1,....p (8.2.7)
and

laj| <n'\/1—]a| = |x]+n"% forj=p+1,..m (8.2.8)

We then apply Eq.(8.2.6) with m and x replaced by p and Y7 4a;tj +x,
respectively, to obtain

m P
My(x,t') : = ‘/[ ll]pp,g""ﬁ) (Z ajtj+x) [Teie)—6)s'ar
JI=1, =1 =1

DT R Caolasr
<e2Pn® B [T a9 (14 nA(x)) 2 2=
j=1

wheret' := (tpy1,...,tm) € [—1,1]" P and A(x) := /1 — |a| — |x|, and we have used
the inequality |X7 . a;tj+x] < X7 . la;| + [x| as well as the fact that o >

’]-’:1 Kj— % Using the assumption (8.2.7), we then obtain

4 m
My(x,1") < en® 2Kl H|ai|7K" H (n'AX) +n72)78 (1 +nA(x))7O‘7%HK‘
=1 j=pt1

a .
< en® M (lajl +n Alx) +02) 7 (14 nA ()~ 24K,
j=1

Consequently, it follows that
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|/[ 11]’"P’§a!ﬁ>< a'itj+x>H‘Pj(tj)(1—t,2)Kfldt
h =1 j=1

J

m
S/ My (x,1') H (pi(ti)(l—tiz)Ki*IdtpH...dtm
[—1.1]m=P iZpil

m
< en® 2N (Jajl +n " A) +072) 7 (14 nA ()~ 2,
j=1

proving the desired inequality (8.2.5). O

8.3 Pointwise Estimation of the Kernel Functions

For estimating the kernel, we first show that the main term of k¢ (Wa,.1,u) is a
Jacobi polynomial. We state a more general result on Jacobi expansions, which can
be found in [162, p. 261, (9.4.13)].

Lemma 8.3.1. Forevery a,3 > —1 such that oo+ +6+3 >0,

J .
K (wap, 1u) = X b, B,8,m) PSP (1) 4GB (w),
j=0

where J is a fixed integer and

Moreover; the coefficients satisfy the inequalities
bj(a,B,8,n)| <cn® 17077 and |d;(a,B,8,n)| < cj PO
Since the kernel function K,‘? + (w("‘*ﬁ), 1,u) contained in the Gs term has larger
indices, it could be handled by the estimate (B.1.13).
Theorem 8.3.2. Let x = (x1,...,x7) €S Vandy = (y1,...,y4) € S*\. Then for
0> —1,

T (gl e =5l +n72) 7%

5012
; <
Ky (Bexy)l < ¢ W0~ dD/2(||[T ||+ n-1)3+d/2

T (e + 5= % +n2) %
n([x =3 +n 1)

, (8.3.1)
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whereZ=(|z1],---,|za11]) forz=(z1,-..,244+1) € S*~ L. Furthermore, for the kernel
ZX(-,-) of the projection operator,
Y R el e

K <
1Zy (x, )| < ¢ n*(dfz)/z(Hf—YH +n*1)(d*2)/2

(8.3.2)

Proof. We start from the integral expression (8.1. 3) of K?(h%;x,y). The first
step of the proof is to replace the kernel k (w Wi %)) by the expansion in
Lemma8.3.1.Let oo = f§ = ||+ (d—3)/2and letJ = LOH—ﬁ—I—ZJ = [2|x|+d—1].
The choice of J guarantees that we can apply Eq.(B.1.13) the the Gs term.
Combining the formula (8.1.3) and Lemma 8.3.1, we obtain

J

1(5(}12 y) = 2 i(a,B,6,n)Qj(x,y) + Q.(x,y),
Jj=0
where
5+ j+1 d
.Q(xy)—cK/ dP,g(H it ﬁ u(x,y,1) H (1+15)( )6~ La
(-1.1] i=1
and

d
Q*(x,y)zc,(/ u(x,y,t H1+t, Y1 =)< 1dr,
[7171]d i=1
in which u(x,y,t) = x;y1t; + - + XgYaly-

Since the indices of the Jacobi polynomial in Q) are o+ &+ 1= § + || + 4
and |x|+ %, we can use Theorem 8.2.5 with m = d, x =0, and a; = x;y; to
estimate €2y for all 6 > —1. Using the fact that 1 — (x,5) = ||Xx — J||/2 for x,y €
S?=1, this shows that by(cx, B, 8,1)€2 is bounded by the first term on the right-hand
of Eq. (8.2.5). The same estimate evidently holds for £2;.

Next we estimate €2., which by Eq. (B.1.13) is bounded by

1 Z 21
+n72)‘K‘+d/2 H(l_'—tl)(l_tl )Kl dtv

Q.| <en!

/[f L (1= u(x,y,1)

where if x; = 0 for some 7, then under the usual limiting process, the integral against
#; becomes point evaluation at #; = 1. The definition of u(x,y,t) shows that

d d
r_ .
L—u(x,y,t) > 1= |xyiti| = §|x—y|2+ > Pryil (1= [ai]),
i=1 i=1

from which it follows that
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|.Q|<cn71/ ML (11— )8!
TS o (R 21, eyl (L =1+ 2y ea 2

Changing variables #; — s; by

5 ,
==t (1 —1t; 1<;<d
Sj |)E—)7|2/2+I’l72( ])a >J>

)

in the above integrals, we obtain

=52 +n2\"5 1
Q.| <c
| | H ( |Xzyz| n(|i—y|2+n72)\1€\+d/2

Pl [xgval

d
[t—52/2+n 2 / [t—52/2+n 2 1 -1
X I IS»' ds.
/0 0 (1_|_sl_|_..._|_sd)\1<\+d/2 e i

Using the elementary inequality

d

ds 4o dsz ri Ki
—<c
/ / 1—|—S1—|— —|—sd) Kli+d/2 = H/O 1_|_s K+1/2 — H(l—Fr,’) )

i=1

it then follows that

T (vl + 5 =31 +n72) 75

Q.| < ,
(s el
which is the second term on the right-hand side of the estimate (8.3.1).

Finally, we note that the kernel Zf(x,y) can be regarded as the case § = —1 of
K,? (h2;x,y), and by Eqs. (7.2.10) and (7.2.2), Theorem 8.2.5 applies, which gives
the pointwise estimate of Eq. (8.3.2). O

8.4 Proof of the Main Results

We first prove Theorem 8.1.3, since its proof is easier.

Proof of Theorem 8.1.3. By the estimate (8.3.1), for x € S

1nt 4

1 1
d + = = —
n= 2 (|—)| +n- )3+ n(IF=F[+n"1)?

K2 (h%:x,y)

hi(y) < c(x) [

where c(x) = ¢/T1% |xi|¥ > 0. Since the right-hand side of the estimate is invariant
under sign changes, it follows that for the first term,
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1 1
/ —do(y gzd/ —do(y)
S (x5l +nm1)0TE S (e =yl +n1)0TE
b4 : d—2 -
< c/ (sin 6) —dg < cn57i72,
0 (vVI—cos@+n1)0"2

which implies, together with a similar estimate for the second term, that

L

Consequently, the pointwise convergence of S,‘? (th, f) follows from the triangle
inequality and the fact that Sf (hi, f) converges to f whenever f is a polynomial

of fixed degree. Since c¢(x) is evidently bounded over a compact set in an;l, the

K? (h;x,y) | M (y)do(y) < c(x).

convergence is uniform over such a subset. g
Proof of Theorem 8.1.1. A standard duality argument shows that ||S%(h2)||x.1 =
157 (75) | and
1
3020t = swp — [ KA IRGOG). (4D
xesd—1 @y a1

The proof is naturally divided into two cases, dealing with the upper bound and
lower bound, respectively.

Case 1. Upper bound. We prove the upper bound for the norm of S,‘? (th) when
0 > —1. The norm of the projection operator can be treated similarly.
The main task of the proof is to establish the following claim:

K (h2sx,y) W% (y) < en ' (1 +n)z—5]) PO, xyesi, (8.4.2)

where $(8) := min{d, 8 — ox +d — 1}. Indeed, once claim (8.4.2) is proven, we
have

L K sx ) B)do(y) < ent ! [ (1400) PO (sinp)*2do

1, 0 > Oy,
~ < logn, 0 = oy,
n 9t 1< § < o,

which together with Eq. (8.4.1) will prove the desired upper bound.
For the proof of Eq.(8.4.2), we shall use Theorem 8.3.2. Without loss of
generality, we may assume |x|| = max; < <g4 |x;|. Set
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Li(x,y) = (gl n T =5l +n72) Sy, 1<) <d.

Since [x| = max;<j<q|x;| > \/LE’ we have

N K
Li(x,y) < x| Sy <d7.

For j > 2,if [xj| > 2||x— 7|, then |y;| < |x;|+ || —F| < %|xj|, and hence

—K; 2K;j 3 9 3 & TN

) < b < (3)7 < (3) e s,
whereas if |x;| < 2|lx— |, then |y;| < |xj|+|*— 3| < 3|/*—y||, and hence
Li(x,y) < (0718 =3l +n72) 78 Bl — 32 < 325 (1 4 nfl 2~ 5]])"

Consequently, it follows that

d

d
14 H (x,y) < (1 +n|jz—y)x—=,
j=1

in which k7 can be replaced by min;<;<4 ;. Thus, we obtain

d
1(x,y) = n (142 —3) *%H, (8.4.3)

<en™ (14 n||x—][) (O,
Similarly, we can show that for 1 < j <d,
Tix,y) = (Jxgyjl + 18 =511 +n72) 7]y [*9 <,
which implies that

H?:l J](xvy)
n(n=+[lx=3l)* ~

J(x,y) = T 4n|z—7)) "% (8.4.4)

Since the estimate in Theorem 8.3.2 shows that

K3 (h2s,9)|B2(v) < c(I(x,y) +J(x,)),

the claim (8.4.2) follows by Egs. (8.4.3) and (8.4.4). O
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Case 2. Lower bound. We first consider the projection operator. Without loss of
generality, we can assume that k; = min;<;<4 k;. Let e; = (1,0,...,0). By 7.2.14,

n+ A
Ak

Z5(x,e1) = C TR R (4,

where C,SA’” ) is the generalized Gegenbauer polynomial, which is orthogonal with

respect to vy (x) == [¢]?#(1 — 12)*~1/2, Consequently, since 0x = Ac — ki, we
obtain, on using Eq. (1.5.4),

I projy (%)) 1y (x,e1) i (x)do (x)

>
xl = a)[’f Sd—1

7I’l+)bk /1
= A’k Ay .

where ay is the normalization constant of vg, . The generalized Gegenbauer
polynomials are related to the Jacobi polynomials. By Eq. (B.3.1), we can write the
last integral as twice the integral over [0, 1] and then change variables Zx? -1t
to conclude that

’(lUK,Kl)(S)

Vo, K (s)ds,

WGK7%7Kj (t)dt,

. 11 Ll 1
R R C

Nl—

where wg, g denotes the usual Jacobi weight. The last integral has asymptotic order
n°%, as seen from the classical estimate in Eq. (B.1.8), which is the desired lower
bound. The case of proj}, | (%) can be handled similarly.

We now consider ||SS (h2)]|.i for § > —1. Let k,‘?(v;tyu;s,t) denote the kernel of
the (C,0) means of the generalized Gegenbauer expansions with respect to v ;.
From Eqgs. (7.2.14) and (B.3.3), it follows that

KO (h2se1,x) = kS (Vo i3 1,X1).- (8.4.5)

Hence, on using Eq. (1.5.4), we obtain the relation

152 (12| K2 (hse1,y)| h2(y)do(y)

K -
o) Jsi-1

1 1

oF J-1

Koo 2

k,? (VG)OKI ; l,s) ‘ Vo, K (S)ds'

Thus, it is sufficient to estimate the last integral from below, which, however, is
harder than the estimation of the integral of the Jacobi polynomial in Eq. (B.1.8),
and it is not classical. We give this estimate in Proposition 8.5.1 in the following
section. a
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8.5 Lower Bound for Generalized Gegenbauer Expansion

For the weight function v; ,(¢) on [~1,1] and 6 > —1, we define

1
Tn‘s(v,l"”;t) = [1 |k5(v,1’”;s,t)|w,1,”(s)ds. (8.5.1)

The following proposition contains what we need for finishing the last step in the
proof of the lower bound of Theorem 8.1.1.

Proposition 8.5.1. Assume 1 > 0and 6 < A. If A > LU, then

logn, ifd=A4,

i) 0 2o o B IR

Proof. First it follows from Eq. (B.3.5) that

% [C,W‘) (M (x) + ) (1)t (—x)} =M )M (V1 -22),

which implies that

O va s 1,y) + A (Vx,u;lv—J’)‘Vx,u(y)dy

kS(VM;O, V1 —yz)‘ viu(y)dy

V?uu’

:1
-/ e

Thus, to finish the proof, we will need only to prove that fin (v;L, ”;0) > clogn when
W >A.For 6 =u > A, using Eq. (B.3.5) and Lemma 8.3.1, we obtain

1
kr(?(v/.l,l;oay) =Cy [lkS(Wl+ﬂ;17SV 1_y2)(1_sz)kilds

1
Cn/l+/.t+l/2—6/ P’g/1+u+6+1/2,/1+u71/2)(s\/1__y2)(1_sz)lflds
-1

+ Y A+ p—1/2,A+pu—1/2,8,m)k (v, ;30,y),
j=1

Vu 2:0,y ‘Vu A(y)dy = Tné(vu,?u;o)-

since wyy, agrees with the Jacobi weight wy , 1224y-1/2- For j > 1,
o+ j = U + j > u, the sufficiency part of Theorem 8.1.1 shows that
I 1|k (vuA,O ¥)|vy (v)dy is uniformly bounded and
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2|c,a+u 1/2,A+un—1/2,8,n) |<czfz’L W3 < oo
j=1 j=

Hence, since 6 = U, it follows from the definition of T! that

1,1

rE)L+2/.t+2,/l+/.t 2)(s /—1—y2)(1—s2)171ds
1

[y (1 =y " 2dy+ (1),

Tn‘s(vu’l;O) = cntta

where the outer integral is taken over [0, 1] instead of [—1, 1], since the function is
even in y. Changing variables = 1/ 1 — y2 in the outer integral, we obtain

Tn‘s(qu;O)—cn )LH‘H Ath= 2)(t)(l—sz)kflds

21— tz)”’fdt +0(1).
Consequently, we need to derive a lower bound on the double integral of the Jacobi
polynomial, which is the content of Proposition 8.5.2 below. a

Proposition 8.5.2. Assume At >0andA >8> —1. Leta=A+u+dandb=
A+u—1.Then

1pyl
2 ) (1= 2 | P (1 =y 8:52)

S et logn, ifd=A,
- 1, f—1<8<A,

where when (L = 0, the inner integral is defined under the usual limit.

The proof of this proposition is fairly involved and will occupy the rest of this
section. Let us denote the left-hand side of Eq. (8.5.2) by I,,. First, we assume that
0 < u < 1. Changing variables t = u/y, followed by y = cos¢ and u = cos 6, and
restricting the range of the outside integral leads to

1
I, > c/
V2/2
/4
ZC/l

We need the asymptotics of the Jacobi polynomials as given in [162, p. 198],

y 1 1
[ R R = )] (1= ) Ry

T (il pyl
/ P,S +2’b+2)(cos 0)(cos> ¢ —cos> 0) ' sinOdO | (sin¢)**d¢.
o
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0

P _g_1

forn ' <@ <m—n"', where N =n+ % and T=—Z(a+ ). Applying this
asymptotic formula with @ =a+1/2 and 8 = b+ 1/2, we obtain

/4
I,>cn'? /71/ IM,,(9)](sin¢)**dg — O(1)E,, (8.5.3)

where M,,(¢) is the integral over the main term of the asymptotics

T=0 (ca d — cn )H—1
M(9) ::/ (cos"9 —cos O)" (N +7)d6, (8.5.4)

0 (sin%)“(cos %)”

and E, comes from the remainder term in the asymptotics

E,:=n z/m/” # (cos ¢_°°S 01 46 (sine)*do. (8.5.5)

(sin §)at! cosg)”+l

Here N=n+“2+1and 7= —%(a+1).

In order to handle the main part of Eq.(8.5.3), we first derive an asymptotic
formula for M, (¢). We need the following lemma, which follows directly from [68,
p. 49].

Lemma 8.5.3. If 0 < u < 1, g(t) is continuously differentiable on the interval
[et, B], and & € R — {0}, then

[ s a1 g

Jo

mué

—rGolel* | %

9(B)eEP + ¢ 78 g(a)els| +Re.

as |E| — +oo, where

Rel <1617 7181001~ @)t B 1)

Lemma 8.5.4. Assume 0 < <1,A>0,and A > & > —1. Let M,,(¢) be defined
by Eq.(8.5.4). Thenfor0 < ¢ < m/4,

My (¢) = Ki(9) + Gu(9), (8.5.6)



8.5 Lower Bound for Generalized Gegenbauer Expansion 207

where

—u 29(sin(2¢))* !
(m—2¢ )~ (sing)

[ () (v ) () o).

(8.5.7)

Ka(9) = I'(1)N

Y=17+ %, and the remainder satisfies

Gn(9)] < cn~ gt 47072, (8.5.8)

Proof. Writing cos(N6 + 1) = (elV0+7) 4 ¢~ iN0+7)y /2 " we split M, (¢) into two
parts, M, (¢) and M, (¢), respectively, and apply Lemma 8.5.3 to these integrals.
For M, (¢), we define a function f, as

(cosza) cos? @)H1
(sin §)*(c0s §)(6 — @)~ (m — ¢ — 0)4~

for ¢ < 8 < m— ¢ and define its value at the boundary by the limit. Then it is easily
seen that

fo(0) =

sin(r—¢—0)sin(6—¢) p=l 1 . _
( (x—¢—0)(0—9) ) DTy T OE(0.m—9),

fo(0) =

sin(z—29) \ 1! | o
(smﬂizz‘p ) (Sing)a T 1f9_¢01‘ﬂ'—¢,

5 )%(cos 5

is continuously differentiable on [¢, T — ¢]. Hence, invoking Lemma 8.5.3 with £ =
N, and by a straightforward computation, we obtain

wi0)= 5 [ 00— op 1m0 0)" a0

(sin(2))#~! 20!
(T—20)5 T (sing)"

a—b
y [( %) N(z—9)-Z +1] | (COS§> R

IRy (9)] <N~ /;‘p 1£5(8)I(6 — )" (m— ¢ — )" 'd6.

=T (uN*

+Ry(9),

in which
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Since 0 < ¢ < Z, using the fact that sinx/x is analytic and that sin(mr — 6 — ¢) =
sin(6 4 ¢), from the definition of f; we see easily that for ¢ < 6 < — ¢,

15(0) < c(6H 24 (m—0)""72).

This implies that for 0 < ¢ < %,

ki@l <av! [ ["or oo a0+ [ im0y 2091 a0
9 n/2

w/2
<ot [ene2 (0 - gy o,
0

since a > b and the first term dominates. A simple computation shows then that

+ a2 [P et 1 ™ apeass
Ry (9)| <cn ¢ (0—¢)* 'dO+cn 0 de
0 2¢

<en g A —ep gt A2 (8.5.9)

sincea=A+u+6>2u—2.
Similarly, using Lemma 8.5.3 with & = —N, we derive a similar relation for

M, (9):

e*l‘L’

M, (9) = = ./qufd,(e)e'”"(e — ¢} (m—9—0)"""do

_(sin(2¢))n1 ga-!
(m—29)#" (sing)”

[( ‘1’)” ()B4 ( ¢>” i+ 4]
X smz e 2N+ COSE e 2

=TI'(u)N

+R, (¢),

where the error term R,, (¢) satisfies the same upper bound as in Eq. (8.5.9). Since
M, (¢) = M, (¢) +M, (¢) and Nt +27 = nm + 2547, the desired expression for
M, (¢) follows with G,(¢) = R} (¢) + R, (¢), which satisfies the stated bound. O

Lemma 8.5.5. Assume that0 <u <1, A >0and A > 6 > —1. Then

g

/i IM,(¢)|(sing)** dg > cn™* {logm ifA=3§,

1, if—1<d<A.

Proof. Since a —b = 6+ 1 > 0, we can choose an absolute constant £ € (0, F)
satisfying (tan )4~ < 1. We then use Eq. (8.5.7), and obtain that for ¢ € (0,¢),
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a—b
1K (9)] = et 0! <|cos<Nq>+y>| - Qg) )

>cen Mo A0! <COSZ(N¢ +7)— %)

n N(p*l o— 1 n H¢ A—6— 1COS(2N¢+2'Y) (8.5.10)

4 2

where we have used the fact that (tan $)*? < (tan£)~? < | for 0 < ¢ < e in the
second step, and the identity cos’t = % + % cos?2t in the last step. It follows that

/e |Kn(¢)|(sin ¢)le dp >cn M /i ¢)L*571dq)

-1

£
+cnH /71 ¢* 9 cos(2Ng +27)d¢

- logn, ifA =2,
cn
- 1, if—1<8<A.

where we have used an integration by parts in the last step.
To complete the proof, we just need to observe that by Eq. (8.5.6),

| @) sin o do = [ 1K, (0)](sin0)* do = [ 1G,(9)](sind)* do.
whereas by Eq. (8.5.8),
/ : |Gu(9)|(sin9)** dg < cn'logn+cn #H07A,

which is smaller in magnitude than the bound for the first term, since O <y < 1. O

Lemma 8.5.6. Assume 0 < u <1, AL >0, and A > 8 > —1. Let E, be defined
by Eq.(8.5.5). Then

E, <cn M 2-(A- 5>+cn*%10gn.

Proof. By Eq.(8.5.5) and the identity cos® 8 — cos® ¢ = sin(8 4 ¢)sin(6 — ¢), we
obtain

=9 sink (6 + ¢)sin" (0 — ¢) o
= d6 sin d
/ / (sin®™! &) (costt1 §) vde

<en” z/ / O*42(0 — 9)* 1 dO9>* do.
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The inner integral can be estimated by splitting the integral into two parts, over
[¢,2¢] and over [2¢, /2], respectively. On considering the various cases and taking
into the account thata = A + u+ 8 and A > 0, we conclude that

E, < en? /Zl (¢27L|10g¢| + q)}”*’"‘*é*z) d¢ < en M1 (=8) 4 o3 logn.
-

This completes the proof of Lemma 8.5.6. a
We now return to the proof of Proposition 8.5.2.

Proof of Proposition 8.5.2 (continued). We consider the following cases:

Case I. 0 < u < 1. This case follows directly from Eq. (8.5.3) and Lemmas 8.5.5
and 8.5.6.
Case2. p=0orl.Inthecase u =0, in limit form reduces to

1
I = /
0
/4
)
-1

The asymptotic formula of the Jacobi polynomial gives

a+y.b+3 a+3,b+3 -
PP ) B ) 12y

1 1 1 1
{atzbt3) (cos¢)+ pltbta) (cos(m—0))| (sing)**do.

P(a+%,b+% (a+3.b+3) a1 2n71/2
n

)(cos o)+ P (cos(m—¢)) = (sin %)aﬂ(cos %)a+l

¢ a—b ¢ a—b
X {(cos 5) cos(No + 1)+ (Sinf) cos(N(m — @) + 1)

+0 ((nsind))*l) ,

which is essentially the same as the asymptotic formula for M,(¢) in
Lemma 8.5.4 with 4 = 0 and a smaller remainder. Thus, a proof almost identical
to that of Lemma 8.5.5 will yield Proposition 8.5.2 for y = 0. Proposition 8.5.2
for 4 =1 can be proved in a similar way.

Case 3. p > 1. In this case, we denote by r the greatest integer less than . We
then use Eq. (B.1.5) and integrate by parts r times to obtain

y 1 1
/ PN (0 (7 — )R du
J=y

r

(—2)’ /y (a+lfrb+l*r) 2 2nu—1
B Pl T ) | (P — ) | du.
Cnratbr2—0)) " (1) 5[ 02 =) du

Since [(y? — u?)* 1)) = Ag(y,u)(y* —u?)*~""!, where A is a nonzero constant
and g(y,u) is a polynomial in y and u that satisfies ¢(y,y) = (—1)"g(y,—y) =1,
we conclude that
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y Iyl
’/ PR 1) (57 i) du
-y

>cn "

)

V(@3S "
[P gt

where ' = —re€ (0,1),d =A+p' + 8 and b’ = A + ' + 8. It follows that

1
I, > cn”/
NG

4
>cn " i
> -

x (sing)**dg,

(1 _yZ))Lfl/Zdy

Vo +g b +5 —
/—yPVEirz 2 (1) g (v, u)y(* — ?)*' ' du

nfq) a 17,1 /
/ P,E+r+2’b +2)(cos 8)q4(cos 0)(cos> p—cos® 0)* ' sin BdG‘
0

where gy (cos8) = g(cos@,cos0). Since p' € (0,1], gg(cos¢) = (—1)"gy
(—cos¢) =1 and supy g |gy(cos0)| < ¢ < o, the desired lower estimate in
this case follows by a slight modification of the proofs in Cases 1 and 2.

Putting these cases together, we have completed the proof of Proposition 8.5.2.
O

8.6 Notes and Further Results

For § > (d —2)/2, the main estimate in Eq.(8.3.1) was established in [108] and
used to establish Corollary 8.1.2 and Theorem 8.1.3. The general case of 6 > —1
and its proof were given in [49].

In contrast to Theorem 8.1.3, it was shown in [196] that if for f € L' (h2),
S8 (h%; f) converges almost everywhere on S¢~!, then it is necessary that § > o, =
|K'| +minj<j<g K; + (d — 2)/2



Chapter 9
Projection Operators and Cesaro Means
in I” Spaces

In analogy with the Bochner—Riesz means on R, the Cesaro (C,§) means of the
spherical harmonic expansions on S¢~! can be bounded in L? space for § below the
critical index %, and furthermore, they are bounded under the same condition
as that of the Bochner—Riesz means. In this chapter, we establish such results
for h-harmonic expansions with respect to the product 2 (x) = [1¢_, |x;|**/, which
cover results for ordinary spherical harmonic expansions. The proof of such results
depends on the boundedness of projection operators, which will be established in
the first section, assuming a critical estimate. The main results on the boundedness
of the Cesaro means on L” space are stated and proved in the second section. The
critical estimate used in the first section is established in the third section, which is

rather technical and can be bypassed with little impact on further reading.

9.1 Boundedness of Projection Operators

Throughout this section, we assume /A, (x) = [T, |x;|* and recall that

d—2 . .
Ok = —— +|K| — Kmin  With  Kpin := min K.
2 1<j<d

For 1 < p < o, we define a positive number o« (p) by

1 1 1
Ok (p) :—max{(ZGK—i—l)'———‘—— 0}. 9.1.1)
The main result we need on the projection operator is the following.
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Theorem 9.1.1. Letd > 2 andn € N. Then

. 2(op+1
(i) forl1 <p< ((;Z":2>,

Iprojs f1l,cp < en® | flep:

(ii) for =2 5= 2(6"“ <p<2,

1

1
lprojy fllco < en ™2 £

Furthermore, the estimate (i) is sharp, and the estimate (ii) is sharp when kK = 0.

Let yg denote the characteristic function of the set E. The proof of Theorem 9.1.1
depends on a sharp local estimate given below.

Theorem 9.1.2. Let v := 2<r,<+22 and V' := 7. Let f be a function supported in a

spherical cap c(®,0) with 8 € (n™!, 1/( d)] and&i € S9=1. Then

1-2
. Ok 20x+1 v
|broiy ool v < enTrex 0oxT [ Lo )hi(x>do<x>] [Fjre

)

Since the norm of the left-hand side is taken over the spherical cap c(@,0), the
above estimate is a local one. The proof of Theorem 9.1.2 is long and will be given
in later sections. We first use it to establish the following result.

Theorem 9.1.3. Suppose that 1 < p < 26K+2 and f is supported in a spherical cap

c(@,0) with 6 € (n!, ] and @ € S~ 1. Then
1_1
2 p

. 1
i e < cnt P00 [ [ iwyaato]” " iy

Proof. Assume that f is supported in a spherical cap c(@,0). Without loss of
generality, we may assume 6 < 1/(8d), since otherwise, we can decompose f as
a finite sum of functions supported on a family of spherical caps of radius less than
1/(8d).

We start with the case p = 1. By the definition of the projection operator, it
follows from the integral version of the Minkowski inequality and orthogonality
that

1/2
it ez < sup ([ 125G PR0A00)) Il

yec(m,0)

. 1/2
= (s Z50) il

yec(@,0)
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Using the pointwise estimate of the kernel in Eq. (8.3.2) and the fact that n6 > 1,
we then obtain

d
. d-2 ks
Iprojy fllxa <en'= sup [T(yjl+n~") " 1fllx.
yec(®,0) j=1

d
d=2 _d2 e
<cn' T (n0)° 7 sup [T(yil+6) I ]k
yec(®,0) j=1

<enco® ([ | Ridow) Il

)

where the last step follows from Eq. (5.1.9). This proves Theorem 9.1.3 for p = 1.
Next, we use Holder’s inequality and Theorem 9.1.2 to obtain

Iproiy k= [ | | FO)pro FOI) 40 )

<[,

)

1
v

[proif £(3) |V I2(3) do<y>)

I\)

Ox 20x+1 1= v
oo [ iRwaot) Ik,
c(®,0)

which proves Theorem 9.1.3 for p = v = <552
Finally, Theorem 9.1.3 for 1 < p <wv follows by applying the Riesz—Thorin
convexity theorem to the linear operator g — pr0]n( 38X c(@.6) ) a

For the proof of Theorem 9.1.1, we will also need the following duality result.

Lemma 9.1.4. Assume 1 < p <2 < g<eand % + cl/ = 1. Then the following are
equivalent:

(i) [|proi fllez < AllF
(i) |[proif fllig < Allfllca

Proof. The proof is standard and follows from writing

. 1 .
Iproj¥ flleg = sup — [ projk f(»)g(»)hi(y)do(y)
gl =1 @ /54!

= s (;d /S SO proj g ()i (v)do (y),

Hngp

where the second equation follows from the fact that ZX(x,y) is symmetric in x
and y. To prove that (i) implies (ii), we apply the Cauchy—Schwarz inequality on the
right-hand side and then use (i). The proof that (ii) implies (i) follows similarly. O
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Proof of Theorem 9.1.1. The inequality of (i) follows directly by invoking The-
orem 9.1.2 with 6 = m. The inequality of (ii) follows from the Riesz—Thorin
convexity theorem applied to the boundedness of f — projX fin (2,2) and in (v, 2).

To prove the sharpness of the estimates, we can assume without loss of generality
that Knin = K. In case (i), we define

Jn(x) :=ZF (x,e), e=(1,0,0,...,0).

Since f, € % (h%), we have

1/q
100035 foll g = g = ( L |z,f<x,e>|qhi<x>do<x>> .

Thus, it is sufficient to show that

20Kk

_ +1
fulleg ~n® "0 ||fllea forg > 2o 9.1.2)

Indeed, setting p = ¢/(q — 1) and using Lemma 9.1.4, Eq. (9.1.2) shows that

20x+1 (
T | fallp = cn

200+1) (4 - gt

) full e

[Iprojy fullka ~cn
which proves the sharpness of (i).
Recall that C,(,/l’” )(t) denotes the generalized Gegenbauer polynomial.
By Eq.(7.2.14),
A
ZX(x,e) = _n—; K ,(,UK’K'>(x1).
k

Hence by Eq. (B.3.1), in terms of Jacobi polynomials we have

11
ZE (x,e) = O(1)nO P 15172) (2,2 1, 9.1.3)

Since this is a function that depends only on x;, a standard change of variables
leads to

1

q

||f2n|

Ox+1 T (Uk*%a’q*%) 20 q 2K1 (o 20k
kg~ N2 |Pa (2cos” 6 —1)|7| cos 6|~ (sin6)“°<dO
0

1/q

1
ot (/ |P£‘”7"‘”<r>|4w‘“””“Mdt)
-1

P 720‘k+l
~n%n Ta
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where in the last step we have used Eq.(B.1.8) and the condition g > 2(0; + 1)

/0x > (20; + 1)/ 0 to conclude that the integral on [0, 1] has the stated estimate,

whereas the integral over [—1,0], using P,ga’m(t) = P,gﬁ’w(—t), has an order

dominated by the integral on [0, 1]. For g = 2, using Eq. (9.1.3), we get

1
k2= (Z3,(e,€))? ~n°F.

[f2n

Together, these two relations establish Eq. (9.1.2) for even n. The proof for odd n is
similar. This completes the proof of (i).

To show that the estimate of (ii) is sharp, we choose f,,(x) = (x4_1 +ixy)", which
is harmonic, so that it is an element of %’jﬂ Using Eq. (A.5.3), we see that for d > 3,

W42 nq d—4
02 [T (- ) dndn

15113 =

1

() nq d—4 _d=2

——2717—/ 2t 1 =) T dr~n T,
O J-1

whereas for d = 3, we use Eq.(A.5.4) instead, from which the sharpness of (ii)
follows immediately. a
9.2 Boundedness of Cesaro Means in I” Spaces

Our main results on the Cesaro summation of A-harmonic expansions are the
following two theorems:

Theorem 9.2.1. Suppose that f € LP(h%,S971), 1 < p < oo, %— %| > m, and
5> 8e(p) = maxd 2ox+ 1) |~ — |~ L o ©9.2.1)
w(p) == et D=5 =50 2.

Then S3(h%; f) converges to f in the L (h%,S4~") norm and

1) .
sup (1S5 (s )l ep < €[l £l
neN

Theorem 9.2.2. Assume 1 < p <ooand0 < 6 < Ox(p). Then there exists a function
f € LP(h%, S such that S (h%; f) diverges in LP (h2.,S91).

For k¥ = 0,h«(x) = 1, and the spherical h-harmonic becomes the ordinary
spherical harmonics, and the above two theorems become Theorems 2.5.1 and 2.5.3
in this case.
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9.2.1 Proof of Theorem 9.2.1

The proof is rather involved, and we break it into several steps.

9.2.1.1 Decomposition

Let ¢y € C*[0,0) be a nonnegative function such that for all x > 0, o 1)(x) <
@0 (x) < Xj0.2(x), and let @(t) := @o(t) — @o(2¢). Then ¢ is a C*-function supported
in (1,2), and it satisfies ¥7° ( ¢(2"#) = 1 forall # > 0. Setting

§9 (]) — (P(@)Aj}],

we define

,,Vf ZS prOJJf, v=0,1,...,|logyn| +2.

Since Z&lz(%z nj+2 (0] (@) =1for0 < j <n—1,it follows that the Cesaro means
are decomposed as

[logy n]+2

SO f) = Z S,wf+ PFOJnf 9.2.2)

V=

Using Theorem 9.1.1 and the fact that 6 > 6,(p), we have

2 < en® P70 flley <l flliep-

1 . - .
5 1prods e < e~ projy
n

On the other hand, using summation by parts ¢ > 1 times shows that
Shuf = ZN( D)) AN ),

where A denotes the forward difference and A1 := AA’. Since 5’5 () =0

whenever n — j > zv—,r orn— j < 57, itis easy to verify by the Leibniz rule that

Ny
a%(s3, ()] < 2 (2—) . WEeN, 0<j<n  (©923)
! n

Hence, choosing £ > A, and using the fact that S’ (h2; f) is bounded in L” (h%,S%~1)
forall 1 < p < ooif £ > A, we conclude that for v=0and 1,
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)
15501

n

U -1yl (p2.

ep <ent Y J ST s Al < el fllep-
Jj=0

Therefore, by Eq. (9.2.2), it is sufficient to prove that

1S3,(/)|

xp <27l

kpy, V=2,...,|logyn] +2, 9.2.4)
where & is a sufficiently small positive constant depending on § and p, but
independent of n and v.

9.2.1.2 Estimate of the Kernel of S¢ ,

Let

¢ 66 At
D) = 3 S0 (N =76 0)
J=

The definition shows that SE,V f=f*x D,iv, so that the kernel of S,‘iv fis

K2, (6.9) = Ve | D2, ((x,)| ).
Lemma 9.2.3. Let2 <v < |log,n| + 2. Then for any given positive integer ¢,
K2, (6, ) | (v) < en 1277179 (1 4 pa(x,5)) A2,

where Z = (|z1, ..., |z4|) for z= (z1,...,24) € R%.

Proof. We first define a sequence of functions {ay,, ¢(-)}7_, by

an,wO(j) = 2(]+ )LK)SSW(].)a

a ( ) _ an,v,f(j) o an,v,Z(j+ 1) />0
) et l 21 2A 42 =9

Following the proof of Theorem 2.6.7, we can write, for any integer ¢ > 0,

> T+ 2Ac+0) (et t—1 A1
D(1) = ex 3t () LT 2D et )
=0 r(j+Ac+3)

so that

- 420+ ¢ A=t 2e—1d
R s s S U
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Note that a,,, ¢(j) =01if j+¢ < (1 - 2V* s=r)nor j>(1— T—h)n, so that the sum is
over j ~ n. Furthermore, it follows from the definition, Eq.(9.2.3), and Leibniz’s
rule that

27\ ¢
a,,,vj(j)‘gcz”‘sn*f“ <;) ) £=0,1,.... (9.2.5)

Consequently, using the pointwise estimate of Eq. (8.2.5), it follows that

L (Jxiyi +n1d(%,9) +n )%
(1+nd(x,5)) et 1]

Ky (.9)] < en?he 201200y

d—15v((~1-8) TS (Jxjy)l +ntd(%,5) +n2) 7
1+ nd(a ) T

Scndflzv(éflfﬁhK ( )(1+nd(x y)))“‘ d+2— F,

<cn

where in the last inequality we have used the fact that

d

[Tyl +n7'a(E5) +n72) 7% < ch P2 (y)d(E,5) ",
j=1

which follows because if [y;| > 2d(%,7), then |%; — 7;| < d(%,7) < |y;j|/2, so that
lvj|* < 2|x;y/|, whereas if [y;| < 2d(%,7), then [y;|> < 2(n'd(%,¥)) - nd(%,¥). This
completes the proof of Lemma 9.2.3. a

Corollary 9.2.4. For every ¥ > 0, there exists an & > 0 independent of n and v
such that

su Koy ()| () do(y) < 27

? |
resd-1J{yesd—1: d(z,5)>20+1V /n}

Proof. Invoking Lemma 9.2.3 with £ > A+ 1 + 7“"; % we see that the quantity to
be estimated is bounded by

1
d—1v(0—1 5)/
S 2 do
€ gt {: a(e3)>20400 fn} (14 nd(%,5)) 442 o)

d-2
V((—1-8) n(nd)
<c2 /Hy /n—(l—i-n@)Z‘Ld " dé

< /(1= (N (A1) — o —veo

which proves the corollary. a



9.2 Boundedness of Cesaro Means in L” Spaces 221

9.2.1.3 Proof of Eq.(9.2.4)

Now we are in a position to prove Eq. (9.2.4). Recall that

SO f = > $3,(j)proj’ f. (9.2.6)

(1—2=vthn<j<(1-27v"Nn

Assume § > O¢(p), and let y > 0 be sufficiently small that & > x(p) +
7(8c(p) +1). Set vi = v(1+7). Let A be a maximal 21 -separated subset of S?!;

that is, ming sq/c4 d(@, ®") > % and S~ UmeAc(GI —) Define

fo) 1= W02, 2 A, = 3 g

o oEA

Then evidently 1 <A(x) < ¢, x €S 1, |fa| < c|f], and f(x) = Smea fo(x). Using
the Minkowski inequality, we obtain

173 (Alliep < X 11820(f) -

oeA

Thus, it is sufficient to show that for each @ € A, we have

153, (fa)llep < 27| fall . 9.2.7)

To this end, we denote by c*(@,2"17! /n) the set

avitl _
c* (w, ) = {x es? ! ax @) < zvl“/n}
n

and further define J (v, n) := {j: (1-27"*"n < j < (1-27""")n}. Using Eq. (9.2.6)
and orthogonality, we obtain

3
ISS,v(fw)IK,F( )y Iff,v(j)lzllpmj,,’-‘fmli,z) :

JjeJ(v,n)

Hence, by Holder’s inequality, Theorem 9.1.3, and Egs. (5.1.9), and (9.2.3) with
¢ =0, we have

<~/C*(w,zw+1/n) 1S9 ,(fm) (x)]7 th(X)dc(x)> ,

<o [ gy, il000) "

1
2

=
D=

( > Iff,v(j)lzlproj,,-(hi;fm)lli,z>
je

jeJ(vn)
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1
Iy 1 & . 2
<23 (03 185,()P) ol
Jj€J(v,n)

< 2 v(8=8x(p)~7(3x(p)+3)) I follcp = 27| fo|

K,.p
Finally, using Holder’s inequality, we obtain, for x ¢ c*(@,2"1! /n),

p

152, (fo)(®)|” = fa()Kn, (x,y)he(y)da ()

/{y:d(w,y)ﬁ"l /n}

p K5 hz d
: </{y: d(7,8)>2"1 /n} o D)7 1Ky (6 9) i (v) G()’))

p—1
A KL EIRG) o) )
J{y: d(3,%)>2"1 /n}
which, together with Corollary 9.2.4, implies
1

1) 2 »
(~/Sd‘\c*(m,zv1+1/n) |S”’V(fw)(x)|phk(x) dG(X)>

1

_1 g
<c@ ™)' sup ([ KD ()R do() ) lfol
{x:a(xy)>2"1 /n}

yESd’l

K.p

<27 fallxp-

Putting the above together, we deduce the desired estimate (9.2.7), hence
Eq.(9.2.4), and complete the proof of Theorem 9.2.1. a

9.2.2 Proof of Theorem 9.2.2

Our main objective is to show that

sup (182 (h2; f)ll.p < el fllep 9.2.8)
neN
does not hold if 1 < p < % orp> %. Let
L 2GK+ 1 and L pl - 26}(‘"’ 1
Pr="5.-5% N T T k146
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It is sufficient to prove that Eq. (9.2.8) does not hold for pi, since it then follows
from the Riesz—Thorin convexity theorem that Eq. (9.2.8) fails for p; < p <o, and
then that Eq. (9.2.8) fails for 1 < p < ¢g; follows by duality.

Let e € S?~! be fixed. Define a linear functional .9 : L” (h%;S?~!) — R by

T0f = SR fe) = ax [ SOOKE (v, e ()do ().
Since this is an integral operator, a standard argument shows that
5 8012 1 1
”Tn HK-,P: HKn (hK’xve)HK-,fh 1_7_'—5:17

where ||T9 |, = SUD| £l p=1 |73 f|. On the other hand, by the Nikolskii inequal-
ity (5.5.1), '

IS0 (1 )l o < en@RFDPYSY (B £

since for w = hi, sw = 20k + 1 by Eq. (5.1.8), so that if Eq. (9.2.8) holds, then we
will have
1T 1 = 1S3 (s £.€) < 1157 (s )| .o

< enCotVIPYSHRE: ) ep < en®O VP fllic

Consequently, the above two equations show that we will have

1 1
K (h2;- €) || g < cnotD/P - —p =, 9.2.9)
' P 49
To complete the proof of Theorem 9.2.2, we show that Eq. (9.2.9) does not hold for

P =Dpi1-
Without loss of generality, assume k; = mink. We use the explicit formula
(8.4.5), which shows that

q
k?z (VO';oKl ; 17t) Woi K (t)dt'

1
o .
1K) g =c [

Consequently, the proof of Theorem 9.2.2 follows from applying Proposition 9.2.5
below, an analogue of Proposition 8.5.1, with 0 = 0 and U = Knpin = K. O

Proposition 9.2.5. Let vs y be the generalized Gegenbauer weight function and
o > U > 0. Define

1
qu(Wc,u;S) = /71|k5(Vc,u§saf)|qwc,u(f)df-
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20+1 20+1
Then for g1 = #115 and p; = 225,

Tn‘?ql (vou,1) > T,fql (Vu,6,0) > enPotDa/piyggy,

Proof. The case ¢ =1 and 0 = o has already been established in Proposition 8.5.1.
By considering the even functions on S!, we can deduce the boundedness of
(C,6) means for the generalized Gegenbauer expansions in L” (w;, ,,[—1,1]) from
Theorem 9.2.1. Hence, following the proof of Proposition 8.5.1, we can deduce that

Tr?ﬂl (Wous1) =T, (Wu030) = cn(OHH=8+ )

1,41
1
X /
JO

Thus we see that that stated result is a consequence of the lower bound of a double
integral of the Jacobi polynomial given in the next proposition. O

1 1 1 q1
/ Tn(c+u+5+z70+ll 2)(st)(1—s2)“71ds t2l~l(1_t2)0*%dt+ﬁ(1),
J—1

Proposition 9.2.6. Assume o,u >0 and 0 < 6 <o+ U. Leta=0c+ U+ 96,
b=oc+u—1,andq :%5. Then

/

> cn~ WH 200y, (9.2.10)

1 1 1 q1
/ P,E“+27b+2)(st)(l — ) lds| 2H(1 =12 2dr
-1

Proof. Denote the left-hand side of Eq.(9.2.10) by I, ,,. First assume that 0 <
u < 1. Following the proof of Eq. (8.5.3) in the proof of Proposition 8.5.2, we can
conclude that

/4
bng, > cn*q'/z/ :

n—1

M, ()]% (sin§)*°d¢ — O(1)Ep q,,

where

L3 [T
Epg =n?
n

-1

/”*”P (cos? ¢ —cos® 9)H~1
o (sing)etl(cos §)bt!

q1
dG] (sing)*°d¢

and M,(¢) = K,(0) + G,(¢) as in Eq.(8.5.6) with A = o. From the
estimates (8.5.10) and (8.5.8), and the fact that ¢; (0 + 1+ 8) =20 + 1, it follows
that

[ K@) (singPode > cner [* g2 (11911 4 cos(aNg + 27)do

£
=cn M / 1 ¢ (14 cos(2N¢ +27))7'd¢ > cn M9 logn,
-
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where in the last step we used (1 +A)7 > 14 qA for A € [—1,1] and the fact that
JE1 97 cos(2N¢ +27))d¢ < c, on integration by parts once. Furthermore,

€ €
[, 1Gu(0)# (sing)20dg < e~ [ g2rmin-o-0-2gg
"€
—cn 1 qi(u—=1)-1 —q11
=cn 1./”71(})' do <cn N7,

Together, these estimates yield that for 0 < u < 1,

/4
/w |M,,(9)]9 (sin$)*°d¢ > cn~91H logn.

Moreover, the remainder E, 4, term can be estimated as follows:

3 /4
Epq < cn” 24 /

Jn—1

/4 q1
M 01 20— ¢)''do| ¢*°do

/4
-3 /n (—0-6-2)q1+20
<cn 2 - (0] d¢

< Cn*%‘ll*‘ll(ﬂ*” — Cn*(l»“rj)ﬂll ’
where in the second step, we divided the inner integral into two parts, over [¢,2¢]
and over [2¢, /2], respectively, to derive the stated estimate.

Putting these two terms together, we conclude the proof for the case 0 <
u < 1. The case u = 1 can be derived similarly on integrating the inner integral
in Eq. (9.2.10) by parts. The case yt > 1 reduces to the case 0 < y < 1 on integration
by parts | (| times as in the proof of Proposition 8.5.2. O

9.3 Local Estimates of the Projection Operators

In this section, we establish the local estimate of the projection operator stated in
Theorem 9.1.2.

Throughout this section, we shall fix the spherical cap ¢(@, 0). Without loss of
generality, we may assume @ = (@, ..., D) satisfying |@;| > 40 for | <k <vand
|@y| < 46 for v < k < d. Accordingly, we define

0, ifv=d,
V== . (9.3.1)
Yk, ifv<d.
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Since 6 € (0,1/(8d)] and @ € S, it follows that

0<y<|kx|— mn;c cr—u
SYs ldl_ K )

The proof of Theorem 9.1.2 consists of two cases, one for Y < 0 — % and the

other for y = oy — %; they require different methods.

9.3.1 Proof of Theorem 9.1.2, Case I: y < O — ‘%

The proof is long and will be divided into several subsections.

9.3.1.1 Decomposition of the Projection Operator
Recall A = 452 + |k|. Let & € C[0, ) be such that Xjo,1/2)(t) < &o(t) < xp0,11(2)s
and define &, (¢) := &y(¢/4) — &o(¢). Evidently, supp&; C (1/2,4) and
N+ &M@ =1
j=1

whenever 7 € [0,00). Define, for u € [—1,1],

n-+ A

Cuolu) == "FECH ) (171 =)

n+A (1 —u? )
Cn,j(l/t) = /’LK_ KCr)zLK(M)él <%>7 ]j= 172,... ,Nn,

where N, := |log, n| +2. By Eq. (7.4.4), proj, (h2; f) can be decomposed as

Ny
proj,(h:f) = Y, Yajf, where Y, ;f:=fxcCy;. (9.3.2)
j=0

By the definition of convolution, the kernel of ¥, j is Vic[C, i ({x, )] ().

9.3.1.2 Estimates of the Kernels V. [Cy,j(x,-)| (v) and L~ Estimates

Recall the definition of the class .} (p, r, it) in Definition 8.2.2 and that n=op{*P) ¢
70,1, ) for all v € No.
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Lemma 9.3.1. Assume that 6 = (01,...,6,) € R™ satisfies min;<j<,, 8; > 0 and
p e R Let F € ) (u) with v an integer satisfying v > 2m~+ 3L, §; + [u|. Let &
be a C* function, supported in [—8,8| and constant in a neighborhood of 0. For
p € (n1,4], define

G(u) = F(u)E (1 _”2> . uel-1L1].

Then fors € [=1,1}and a = (ay,...,am) € [-1,1]" satisfying I7_ |a;| +|s| < 1,

j: j=1

.

’/11 z‘%ﬂ)l_m[ (1 +1))dt

3

< cn— 318118113

> [1(ajl +n'p)7%, (9.3.3)

.
—_

where |8 = Y7, §;.

J

Proof. Without loss of generality, we may assume that |a;| > nlpforl<j<m,
since otherwise, we can modify the proof by replacing s with s+ Z{j:‘aj‘<n—lp} ajtj.
Let 19 € C*(R) be such that 1g(¢) = 1 for || < 1 and 1o(¢) =0 for [t| > 1, and

let i (t) =1 —np(z). Set

p

B =P
7 nlag|”

j=1,...,m.

Given € := (g1,...,&y) € {0,1}™, we define y : [—1,1]" — R by

o 1— (X7 ajtj+s)
Ve(t) =& ( 02 )Hrlsj(

where t = (11,...,ty). We then split the integral in Eq. (9.3.3) into a finite sum:

2

) L)) (1= 2)0,

/11 iz“ﬂ/ﬂ)we() = > Je

ec{0,1ym”| e€{0,1}m
Thus, it is sufficient to prove that each term J¢ in the above sum satisfies the desired
inequality. By symmetry and Fubini’s theorem, we need only consider the case in
which g =---=¢, =0and &,,41 =--- =&, =1 forsome 0 <m; <m.

Let m; and € be fixed as in the last line. Fix (t1,...,t,,) € [—1,1]™ momentarily,
and write 51 = Zj 1a;tj+s. Define
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¢<r>:—§<1_(27‘“’““ ) I m( t2><1+r,><1—r>5 -1,

p Jj=my+1

1-7 .
Since the support set of each 1; ( ! ) is a subset of {t; : |t;| < 1 — 1B}, we can
]

use integration by parts [l = ¥, . ¢; times to obtain

‘/11'""11 2 a1t1+51)(1)(t)dt

Jj=my+1
n llg(t

- 11 |“J|*Z’/ (X aps) - .

j=mp+1 [71’1] ! Jj=my+1 a 1 l‘m1+l~~~a«m[m

. oMo (1)

< I I |aj|7zj/ m( Z a t]+S1)H dr
- m—m [m 4 ’

Jj=mp+1 (L1 Jj=mp+1 J lJrltmlJrl"'&fmtm

where F‘f“ ) = F is as in Definition 8.2.2, and 1 = (Cmy41,- -, bm) € N satisfies

£;>djand |l| > u—+ % Since & is supported in (—8,8), the integrand of the last
integral is zero unless

8p >1—‘ Z agly + 81
k=m1+1

m

>1= X lal = lstl+ (1= t])]aj] = a1 = ;1) (9.34)
k=m+1

forall m; +1 < j <m; that s, ‘%ZL‘ <8(1— |tj|)’l for j=my +1,...,m. Also, recall
that £ is constant near 0. Hence, taking the kth partial derivative with respect to ¢;,
the & part of ¢ is bounded by c¢(1 —¢ j)’k , and likewise for the same derivative of the
N part of ¢, since B;l <(1-— tjz.)’l in the support of 1. Consequently, by Leibniz’s
rule, we conclude that

9" (1) 5 )61
(1=t -
'a£m1+ltml+l .. 8[mtm :]‘mI | |

in the support of the integrand. Next, since p > n~! and |I| > u + %, Eq.(9.3.4)
together with Eq. (8.2.2) implies

1 1
(£ et
k= m1+1
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It follows that

/[7171]m7m1

1 1 1
A, -2+ —0i—1 4,
<cn2 Hp paalll II / 1—t ITdt
Jj=mp+1

[
F” 2 ajlj-l—Sl)H ? (P(t) dr

j=mi+1 afm1+1tm 110ty

<on Mo a1 BV
- J
j=mi+1
<enbapatt T a0
scn p H laj|
j=m1+1

where a =3, | 6;. Thus, since

mi 1_

We(t)=¢(t)]_[no( 7

j=1 j

D)1+ -,

1-£2
and 1 (B—jt’> is supported in {r;: 1—B; < |t;| < 1}, integrating with respect to

I1,...,tm, over [—1,1]™ yields

Je < /
[~11]™
x Hno <

| i
<cn 2 %% HT2

/[7171]m7m1 F (1_21 ajtj+ S) O (1) dtyny 41+ iy

2

) (1+1;)(1—11)%dt;

m

IT lal™® H/ (1= 1) ary

j=m1+1 Bj<lr|<1
| L
< en 4 19lp 3184 [ a9,
j=1
where we have used |aj|[f < 1 in the second step. This completes the proof. a
Using the relation between the Gegenbauer and the Jacobi polynomials yields
. MK*l,lK*l> 1 _“2
Coj(u) = anPy™ > 2 (u)§ (m ;
(=% 2x—%)

where & = &) or &, and |a,| < cnPth Hence, using the fact that ¢,, P,
V(A — 1) forall v € N, Lemma 9.3.1 has the following corollary.

S
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Corollary 9.3.2. Forx,ye S 'and j=1,2,...,N,,

. d . . .
Vi {Cn,j(<x, ->)} (y)’ < end"2p74=2)/ ZH (heiyil +2/n72) 7"

Recall that ¢(@, 6) is a fixed spherical cap, 8 isin [n~!, 7], and ¥ = ¥4 is defined
in Eq. (9.3.1). We are now in a position to prove the following L™ estimate:

Lemma 9.3.3. If f is supported in ¢(®@,0), then

.
sup ]Y,,J(f)(x)] < end 2421 =i +7) g2r+d—1 [/(w 0 th(x)dG(x)} £l

xec(@,0)

Proof. Note that if x € ¢(@,0), then |x; — @;| < ||x — @| < d(x,®@) < 6, so that
§|wi| <Jxil < §|wi| for 1 <i<wv,and |x;| <560 forv+1<i<d. It follows from
Corollary 9.3.2 that for every x,y € ¢(@, 6),

v d
Vi [Cn,j(<x, ~>>} (y)] < ent 2 DR @ 25 [T w22
i=1 i=v+1

d
< ent 22 TN (o) [ (@] + 6) 2%
i=1

-1
< en®22- 1T (g )2rgd 1 { / hZK(z)do(z)} ,

(@,6)

where the last step follows from the relation (5.1.9). This implies that

sup [¥, j(f)(x)| < sup IF O he(v)do(y)

xec(@,0) xec(@,8) /c(@,0)

Vie|Gus )] )

-1
.(d—2
< end=2+21p- (472 47) g2r+d-1 [/c(w e)hi(x)dc(x)] I1f1k.15

which is the desired inequality. a

9.3.1.3 L’ Estimates

We prove the following estimate:

Lemma 9.3.4. For every f € L*(h2,S971),

¥ ()2 < en” 27| fllxc2-
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Proof. For simplicity, we shall write &; = & for j > 1. Also let A = A in this proof.
From Eq. (7.4.5) and the definition of ¥, ; in Eq. (9.3.2), it follows that each ¥, ; is a
multiplier operator,

Zmnj ) proj (h: f),

where equality is understood in a distributional sense, and

T 2 qin2
. A A n-si-t Y
My, j(k) := cpp /0 Cyy (cost)Cy (cost)&; (4]—1> sin?* rdr

with [, | < enk2**1. Hence, it is enough to prove

sup |my, (k)| < cn”'2/. (9.3.5)
k

If k > 2, then using the fact that |(sin8)*C}* (cos 8)| < cn*~!, a straightforward
Computatlon gives

m,j (k)

22
nsin“t\ | .
*(cost)C} (cost)E; ( - >‘smutdt

4j-1
< M. n?sin’t &< 2/
_C/O & T f_Cga

where the last step follows easily using the support of &;.
For k < %, we shall use the following formula (cf. [5, p. 319, Theorem 6.8.2]):

min{k,n}
CtChn) =Y alikn)Cl, (), (9.3.6)
i=0
where
alik,n) = (k+n+A—=20)(A)i(A)k—i(A)n—iRA)yn—i (k+n—2i)!

(kn+ 2= k— )l n—)!(Mrni  Ch)kenai

For k < n/4, it is easy to see that

(i+ 1)(min{k,n} —i+1)(k+n—i+ 1))“

—
otk ~ ol o)

~ 4+ D) k=i 1) (9.3.7)
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Consequently, it follows that for k < n/4,

| j ()| < cnk™ 2“12 i+1)*

2 «in2
n-sm-t .
—i+ 1)t 1/ k+n—2i COSf)&j< 27T )Slnutdt’

1 1 1 2 _ 2
(-t -1 n*(1—s%) _1
/71Pm 2473 (S)gj (T) (1 —52)/1 2 ds|.

Then using the estimate (B.1.7), we obtain

1
Atz max
3n/4<m<5n/4

my (k) < anl/ (1— |s|)7“71 ds<en!
i 1—|s|<en—2

If j > 1, then for all £ € N, it follows that

ds’ <§1 <(4J—1S2)> (1 —sz)l£>} <e (271)2/112(,

since 1 — 5% ~ (zn_/)z in the support of &[; consequently, we obtain by integration by

parts the properties of the Jacobi polynomials (B.1.5) and (B.1.7) that
(k) < en? 37
777[717%*[) dé n2(1 —S2) Al ‘
i —_— 1— 2 d
3n/4<m<5n/4‘/ m+L (s) ds? &1 4i-1 (1-57) §
< Czj(l*[)zjnfl < Czjnil

on choosing £ > A Thus in both cases, we get the desired estimate. O

9.3.1.4 Proof of Theorem 9.1.2, Case I: y < oy — ‘%

Recall v = 2;3"" We set, in this subsection,

A [ BA)do)
c(®,0)
Recall the decomposition (9.3.2). For a generic f, we set

Toif =Ynj(fXe(@.0)) Xe@0)y 0= J<Nu
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Clearly, if f is supported in ¢(@,0) and x € ¢(@, 0), then T, ; f(x) =Y, j f(x). Using
Lemmas 9.3.3 and 9.3.4, we have

1T, e < en2rtd=20—i("52+7) g2rtd—1 4~

T2 <en™'2/ (9.3.8)
Hence, by the Riesz—Thorin convexity theorem, we obtain
-1 j(lf(ier)#) 2y+d—1
TSl < en™ 2702751 (@) (9.3.9)

On the other hand, using Eq. (9.3.8), Holder’s inequality, and Eq. (5.1.9), we obtain
1 oa_i(dz2 IR
1T e < T if oA’ ¥ < en?? 42209147 | )

<en 27T () HTATY | f - (9.3.10)

Now assume that f is supported in ¢(@,0) and 210 <6< 2 0 for some 1 <
Jjo < N,. Using Eq. (9.3.2) and Minkowski’s mequahty, we have

2jo
||Pr0Jn hwf)%c @,0) ||Kv/ < z HTn /f||;<v’+ z ||Tnjf||1<v’ =2 +2.
=0 Jj=2jo+1

For the first sum X, we use Eq. (9.3.9) to obtain
2y+d—1 2 2jo i(1—(d 1
5 < en (n0) T AL gy 3 20 )
j=0

Scnli’*ﬁxe%fx“%|\f||m

since ¥ < 0 — 452 readily implies that 1 — ( + 7/)# > 0. For the second sum
25, we use Eq. (9. 3 10) to obtain

5 <o (n0) A fly Y, 27D
j=2jo+1

2 1
<en ' (nO)AY V|| flley < cn L (n8) T ATVl
—enT 5 0w A ],

where in the third inequality we have used the fact that n8 > 1.
Putting the above together proves Theorem 9.1.2 in the case ¥ < Oy — d—gz ad
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9.3.2 Proof of Theorem 9.1.2, Case Il: y = o, — ‘%

Recall that |@;| > 46 for 1 < j <v, |@;| <40 forv+1<j < d and y=Yp =
Z‘f il K'j In this case, either v =1 and |@;| = max;<j<q |@;| > \f’ orv>2 and
K1 = -+ = K, = 0. Therefore, by Eq. (5.1.9), we have

/ h,zc(x) do(x) ~ gd-1 (H |wi|2Kj> 027 ~ g20x+1_
c(®,0) i .

Hence, Theorem 9.1.2 in this case is equivalent to the following proposition.

Proposition 9.3.5. Let f be supported in c(®@,0) with 6 € (n=',1/(8d)] and let

_ 20x+2 v
V=TS and V' : v=1- Then

proi, (1 £)te(@.0) | v < T |l v

To prove Proposition 9.3.5, we use the method of analytic interpolation [159,
p- 205]. For z € C, define

P ) = (P G0 =ax [ F0)Vi [ Gl )| 0IEG) doly) ©31D)

for x € S9!, where

1 “)t A (1) (1 — 12 4 =2) ZEGE (9.3.12)
K

Gi(t) = (ox+1)(1—2)
From Eq. (7.4.4), it readily follows that

_ox
P f = proj, (hig: )-

For the rest of this subsection, we shall use c; to denote a general constant satisfying

lez| < e(1+ |z])¢ for some inessential positive number /.

9.3.2.1 Estimate forz=1+it

Lemma 9.3.6. For 1t c R,
”911%1
n

k2 < el fllea

Proof. From Eqgs. (9.3.11), (9.3.12), and (7.4.5), it follows that

pI'O_]k( ‘@LHTf) ( )pro.]k(hk"f) k:()ala"'a
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where

Jo(k) := O(1)nk P tlg '/ Cl"(cost)C’lK(cost)(mn t+n2)" %Jr”/(sint)u’(dt
Jo

and 7/ = —9"2*—117. Therefore, it is sufficient to prove
u(b)| <cey  VkneN. (9.3.13)

For k < 7, Eq.(9.3.13) can be established as in the proof of Lemma 9.3.4. In fact,
using Egs. (9.3.6) and (9.3.7), we obtain

(k)] < c|zlnte*2

X max

1 | )
A'K7771’K7’ N 1
3n/4<m<5n/4/, P’<” ’ 2)(S)(l—sz—i-n 2) 7 HT (1_S2)AK 3 ds|,

which is dominated by

A== Ae—L 1
(=g =bhe=3=0)

1-n2
|
cotemn™ 7l max / m+e (5)
3n/4<m<5n/4.J—14n-2
df 1 7%4»[‘[’ 1 2 )L;(*% ds < /
xa (—s +n- ) (1—s%) s<co,

using integration by parts £ > A, times. This proves Eq. (9.3.13) for k < %.

For k > %, Eq.(9.3.13) is established as follows. Since R](a’m(—t) =

4,
(A-3.A—3

(‘Ujpjga’m(t) and Cj}* ()=o) 771’ )(t), we can write

4n~! z 14 1
To(k) = O(1)k Mttty Uo + 421}3{“‘ 2472 (cos)
n

(A~ 7

,1 .
X Py >(cost)(sin2t+n’z)*%ﬂr/(sint)u’( dr

=Jdn1 (k) +Jn,2(k)'

Since |P§a’a)(t)| < ¢j*, a straightforward calculation shows that |J, ; (k)| < ¢;. To
estimate J,, » (k), we need the asymptotics in Lemma B.1.1, which give

1 1
(o,B) L1 E\TET2 i\ —B-1 o
Pja (cost)=m2j72 (smz) (cosz) [cos(thJrra)Jrﬁ(l)(Jsmt) ]

for j=! <t <m—j !, where N; = j+ &2+ B and 1, = o+ ) Applylng this
asymptotic formula Wlth o = = Ax—1/2, we obtain, fork > % a nd dn~l<r< z
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11 11
k’lﬁénkﬁ%PkMK 2 2>(cost) 3 2)(cost)(sint)z’“

=0(1) {cos((k—n)t) +cos((k+n+2A)t —QLKTL')} +0 (%),

using the cosine addition formula. Also, note that

1 =T —2,-3 -1
S — 2 L 0 (n 23, Al <i<
(sinzt—l—n*z) ®) ( )

R

It follows that

[Jn2(k)| < ¢z 4 crsup

b3

2 P
21// t71+21‘r etét dl‘
L€R 4n1

b 2it!
/eltdt 1T
Ja

This proves the desired inequality (9.3.13) for k > 7. a

<cr+cesup
a<b

<cs.

9.3.2.2 Estimate forz =it

Lemma 9.3.7. If Tt € R and f is supported in ¢(@,0), then

sup | P,Ff(x)] < con® | 1|1 -

xec(@,0)

Proof. Since f is supported in ¢(@, 6), we have

sup [ ZENE@I< sup [ 7] Ve [ G ()] 00|10 do)
)/ e(@,0)

xec(@,0) x&c(@,0

<|[fllix sup
x,yec(@,0)

Ve |G (05, 0)].

Thus, it is sufficient to prove

Vie [Gif((x, >)} (y)‘ < cn®* forall x,y € ¢(@,0). (9.3.14)

We note that Eq.(9.3.14) is trivial when Ky, = 0, since in this case, |G| <
crnk’f = ¢;n°<. So we shall assume K, > 0 for the rest of the proof.
To prove Eq. (9.3.14), we claim that it is enough to prove that

.
}[IG;T(at+s)(1_t2)5*1(1+t)dt < can®, (9.3.15)

whenever |a| > g7 > 0, |a] +|s| < 1, § > Kmin, Where ¢ is independent of s.
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To see this, let x,y € ¢(®@,0), and without loss of generality, assume @) =
max)<<q|®;|. Then @ > 1/V/d, which implies that |x|,|y;| > 1/vVd — 6 >
1/v/d —1/(8d) > 0, so that |x;y;| > & > 0. Thus, invoking Eq.(9.3.15) with
a=x1y1,0 =Kj,and s = 27:2tjxjyj gives

< ¢;n%.

1 ., d
’/ G:f(zxj'yjtj)(l—t%)K171(1+11)dt1
_1 4
j=1

The desired inequality (9.3.14) then follows by Fubini’s theorem and the integral
representation of Vi in Eq. (7.2.2). This proves the claim.
For the proof of Eq. (9.3.15), by symmetry, it is sufficient to prove

1
‘/ 1 Gi¥(at +5)(1 — 1)1 E(1) dt| < con®F, (9.3.16)

where & is a C* function supported in [ 1, 1], whenever [a| > &; > 0, |a| +|s| < 1,
and 6 > Knin.

Let 19 € C*(RR) be such that X
Set, in this subsection,

| < Mo < X[-1,1- and let 0y (1) := 1 —no(7).

DI—

1
2 El

B n /1= a+s]

4n
We then split the integral in Eq. (9.3.16) into a sum Iy(a,s) + I; (a,s) with

Ii(a,s) := [1 Gi,f(at—l—s)nj(%) (1-0)°'E@r)dr,  j=0,1.

It is easy to verify that 1 +ny/1—|at+s| ~ 1 +ny/1 —|a+s| whenever ¢ €

—B,1|N|—1,1]. Therefore, for | — B <t < 1, usin, .(B.1.7),
1-B,1 1, 1]. Theref forl1—B 1, using Eq. (B.1.7)
|G (at +5)| < cn™ (n™" + /1= |at 4 ) 9% < cpOx B~ Kmin

which implies that

1 .
llo(a,s)| < c/ |G (at +5)|(1 — )% dt < en®% B Fmin < %
. max{lfB,f%

To estimate I (a,s), we write

i 1—1¢ 1 g1
Gif(ar+sm (=) (1=0""&(0) = 2™ P ar+5)0(0),
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1
where |c,| < con?*t2 and

ox _ Oox+l.

o(t):=(1—(at+s5)*+n?)* 2 nm(%)é(f)(l—t)ail-

Recall that |a| > €; > 0. Using integration by parts ¢ times gives

(o=~ g—1—0)

1
i1 (a,5)| < et 3 / e ) (at+5)| |0 ()| dt.

If—3 <t<1-B/2,then 1 —|at+s| > 1—|a|—|s|+ (1 —[t|)]a] > c(1—1) > cB >
cn~2, which implies, in particular, (1 — (az+s5)* + 11’2)71 <c(1—1)"L. Since ¢ is
supported in (—1,1— %), which gives B! < (1 —1)~!, it follows from Leibniz’s
rule that

[0 0] < ee(t ~Jar+s)F (1),
Therefore, choosing ¢ > 26 and recalling that & > Kin, we have by Eq. (B.1.7) that

=
|1 (a,s)] §c1n7°"7[/1 (1 —|at+s|

2

)T

FTa—nd1"ar

3
3 lal !
< crn’lﬁzﬁ (1—la+s| +u)%*7ku5’l’zdu.

Ja|

2

Using the fact that (1 — |a+s] +u)* < c((1 — |a+ s])* + u®), we break the last
integral into a sum J; + J,, where

i +0_ A
Ji SCr”MJﬁM(l—W*’SDGg “F U du

2

ox+t

A
S crn}wiz(l _ |a+S|) 5 77'(357[ S crn}bxffnffé(nB)5+GK*7uc

= Crnl"f‘s(nB)Smei“ <m0 < n%

and

_ ol ke §_1_ 0kl Mg
ngcfnl" éﬁla\ uz T8l Zdugcfnl" B™% 3+
S5

Kimin —*

= cn™ 9 (n2B) "8 (nB)® Fmin < ¢ onM 0 < o nOx,

Putting the above together, we obtain the desired estimate (9.3.16) and complete
the proof of Lemma 9.3.7. a
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9.3.2.3 Proof of Proposition 9.3.5

Define
Tf = n Y P Ae(0) Xe(m0) O<Rez<1.
By Lemmas 9.3.6 and 9.3.7, we have

(i k2 and [ T7f]le <collf ]

k2 <crlf]

This allows us to apply Stein’s interpolation theorem [157, p. 205] to the analytic
family of operators 7%, which yields

o
ITT0% Fllicwr < €l Flliy-
Consequently, using the fact that

OKk

TTo0x f = n” Toox PO (fXe(@.0)) Xe(@.0) =1 7% proj, (he: fXe(@.0)) Xe(w.60)»

we have proved Proposition 9.3.5. a

9.4 Notes and Further Results

For ordinary spherical harmonics, it was observed by Bonami and Clerc in [18] that
the boundedness of the projection operators in Theorem 9.1.1 is enough for estab-
lishing the boundedness of the Cesaro means in Theorem 9.2.1, and Sogge [155]
proved that the approach indeed works. For the A-harmonics, the additional stronger
local estimate in Theorem 9.1.3 is needed to establish Theorem 9.2.1.

The estimate in (ii) of Theorem 9.1.1 is expected to be sharp for Kk # 0 as well,
but the proof remains open. In place of (x; 4 ix;)" used for proving the sharpness of
(i) when x = 0, one may consider

Fu(x) :=Vie[(x1 +ix2)"], xeRY,

where Vi is the intertwining operator associated with 42 and Zg .Itis easy to see that
F, is an h-harmonic of degree n, and furthermore, it can be explicitly given in terms
of generalized Gegenbauer polynomials on using [67, Prop. 5.6.10]. However, the
evaluation of the norm of ||F, ||« , indicates that it does not yield the sharpness of
(ii) for K #£ 0.

The proof of Theorem 9.2.1 follows essentially the approach of Sogge [156]. The
estimates for h-harmonics, however, are far more involved than those of ordinary
harmonics.

The proof of Theorem 9.2.2 follows the approach in [4], which can be traced
back to [130].



Chapter 10
Weighted Best Approximation by Polynomials

The structure of spherical harmonics allows us to develop a theory of best
polynomial approximation on the sphere based essentially on multipliers, which is,
historically, the first approach in this direction. It turns out that the entire framework
based on multipliers can be established more generally for s-spherical harmonics
associated with reflection-invariant weight functions developed in Chap.7, which
leads to a theory of weighted best approximation by polynomials that we shall
present in its full generality.

Throughout this chapter, the weight function s, will be associated with a
reflection group, and we work with the weight space LP(h%) := LP(S4~1;S4°1).
In the first section, two different moduli of smoothness are defined in weighted L”
spaces via generalized translation operators, which are multiplier operators, and they
are shown to satisfy many of the basic properties of classical moduli of smoothness.
An equivalent K-functional will be defined in terms of the s-spherical Laplacian; the
fractional power of the latter is studied in the third section, where a Bernstein-type
inequality for the spherical h-Laplacian and a useful general multiplier theorem are
proved. The matching weighted K-functional is defined in the third section, where
several fundamental results, including the realizations and the direct and inverse
theorems, are established. The equivalences between the two moduli of smoothness
and the K-functional are more difficult to prove; the two equivalences are given
in the fourth and the fifth sections, respectively. These equivalences, together with
properties of K-functionals, allow us to establish deeper results for weighted moduli
of smoothness, including the Jackson inequality and the inverse inequality, in the
sixth section.

10.1 Moduli of Smoothness and Best Approximation

Let G be a finite reflection group and let &, be the weight function defined
in Eq. (7.3.1), which is invariant under G. Then A is a homogeneous function of
degree 3,cp, K. Recall that

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 241
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4_10,
© Springer Science+Business Media New York 2013
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Ae= Y, K’V—l-u.

VER | 2

Associated with the weight #%, a generalized translation operator TX is defined
g K g p 0

in Eq. (7.4.10) for all 6 € R, which we write as
projX (TX f) = R (cos 0) projX f, where R}(r):= =12 (10.1.1)

The operators T, are uniformly bounded on L? (h,%), as shown in Eq. (7.4.12),

1T fllep < I flleps 1< p<oo (10.1.2)

When & = 0, it is the usual translation operator on S?~!, also called the spherical
mean operator.
For r > 0 and 0 < 6 < m, we define the rth-order difference operator

pi= (=T = i(—l)"(r/2> (TF)", (10.1.3)

n=0 n

in a distributional sense, by
K r A r/2 K
projfs [Ag o f] = (1 —R”K(COSG)) proj f, n=0,1,2,....  (10.1.4)

Definition 10.1.1. Let » >0 and 0 < 6 < 7. For f € LP(h%) and 1 < p < o or
f€C(S? 1) and p = o, the weighted rth-order modulus of smoothness is defined by

O (f,1)ip ::Os%g A fllkp, O0<t<m. (10.1.5)
<0<t

This definition makes sense, since the next proposition shows that ®(f,f)«
satisfies basic properties of the usual moduli.

Proposition 10.1.2. Let f € L?(h2) if | < p < ooand f € C(S* 1) if p = oo. Then
wK(fvt);gp < 2r+2||f|

]. K7p;

2. 0 (f1)kp = 0ift = 0+;

3. o,(f,1)k p is monotone nondecreasing on (0, 1);
4. o (f+81)xp < O (f,1)p+ Or(8,1)xp;

5. forO<s<r,

wr(fat)mp < 2(r7s>+2ws(fut)i<,p~
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Proof. Using Eqs. (10.1.2) and (10.1.3), we have
< |(r/2
= 3] (777 nrs
n=0

|05 o f ep <2772 £

. (10.1.6)

which proves the first assertion. If f is a spherical polynomial, then the second
assertion can be verified directly from the definition (10.1.4). The assertion for a
general f € LP (h,%) follows from Eq. (10.1.6) and a density argument. The remaining
assertions are easy consequences of Eq. (10.1.6) and the definition (10.1.5). O

More properties of ®,(f,t)x,, will be given after we prove its equivalence
to a K-functional. The definition of ®,(f,t)r,, involves higher powers of the
generalized translation operator T, which are rather difficult to compute, even in
the unweighted case in which Ty® = Ty is given explicitly by the integral of the
spherical average (2.1.6). An alternative way of defining a modulus of smoothness
that avoids high powers of 7 is to take the central difference with respect to the
step 0. This leads to the definition of our second moduli of smoothness, which
we define only for integer orders. Let &g denote the central difference operator
defined by

Agf(t)_f<t+g) —f<t—§), NG i=AgALT, r=1,2,....

From the definition, it follows immediately that for f : R — R,
A " (r ; ré .
0= 3, (7) i (15 - o).
j=0 \J

Definition 10.1.3. Given a positive integer £ and 8 € R, we define the 2/th-order
difference operator A%?K by

_1)4
(%)

For f € LP(h%)and | < p < e or f € C(S? 1) and p = o, define

NG f(x) = A¥G,4(0), where Gy (1) :=T,5f(x). (10.1.7)
D (f,)xp = sup DG flp, 0€(0,7). (10.1.8)
0<O0<rt

Lemma 10.1.4. For ¢ € Nand 6 € R, we have

X 20 2 & 2N
Ae,Kf=f+%Zl(—l) (é_)Tjef. (10.1.9)
() J=
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Proof. By definition, one has

. 20 ¢ ) 20 ¢ .
AFGr(0)=3 (2. ) (—1)Gep((E—))0) = Y, <2] > (=D’ jyef ()

j=0 J j=0
4

0 (3)r+ 3 () s

i=1
3 ()0 s

Since T f(x) is an even function of 6 € R, it follows that

A2¢ (2 xig 26N CNTE £
8360 = (-1 () [f( () comn >].

The desired identity then follows. O
As will be shown later in this chapter, the above two moduli of smoothness are

equivalent:

@ (fot)iep ~ @(fit)p, 1<p<eo, 0<t<T. (10.1.10)

An interesting point is that for d > 3, one can drop the supremum sign on the right-
hand side of both Egs. (10.1.5) and (10.1.8) without essential impact on the moduli.
More precisely, we have

o (f;)p ~ | A1 efllep, 1<p<eo, 0<t<m/2, (10.1.11)

and

Do (f, ) kp ~ | A7l

The equivalences (10.1.10), (10.1.11), and (10.1.12) will follow from the equiva-
lences of these moduli of smoothness with a K-functional, which are established
later in Theorems 10.4.1 and 10.5.1.

Definition 10.1.5. For f € LP(h2) and 1 < p < oo, 0or f € C(S?"!) and p = oo, the
weighted best approximation of f by spherical polynomials of degree at most 7 is
defined by

pr 1<p<oo, 0<t<m/20. (10.1.12)

En(f)p = Pel‘[i:(gdfl)Hf_P||K’p'

We will need the near-best-approximation operator defined via a cutoff function
for h-spherical harmonic expansions.
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Definition 10.1.6. Let 1] be a C*-function on [0, ) such that () =1 for0 <7 <1
and 1(t) = 0 for t > 2. For f € L(h%), we define

2n .
L¥f = Zn(ﬁ)projff, n=12,.... (10.1.13)
=0

The following proposition collects several useful results on the operator L.
Proposition 10.1.7. Let f € LP(h2) if1 <p <ooand f € C(S*"!) if p=co. Then

(1) LYf € Iy (S ") and LY f = f for f € IL,(S7").
(2) ForneN, Lr’ff”l(',p < C”fHK,p-
(3) ForneN,

If =Ly S|

kp < (14+)E(f)kp-

The proof of this proposition is almost identical to that of Proposition 2.6.3, on
using the boundedness of the Cesaro means of the ~-harmonic expansion proved in
Theorem 7.4.4.

10.2 Fractional Powers of the Spherical h-Laplacian

Recall that the space .7 (h%) of h-spherical harmonics on S~! of degree  is an
eigenvector space of the h-Laplace—Beltrami operator Ay, o; namely,

A W) = {feCEN): Mof = —n(n+240)f}, n=0,1,....

Accordingly, we can define fractional powers of Ay o as follows.

Definition 10.2.1. For r >0and 1 < p < e, a function f € L”(h%) is said to belong
to the weighted Sobolev space 7/ (hZ) if there exists a function g € L”(h%), which

we denote by (—Ay0)"/f, such that
projy | (=40)72f| = (n(n+240)2projs £, n=01,...,  (102.1)

where we assume f, g € C(S?~!) when p = c. The fractional spherical 4-Laplacian
(—Ap0)"7? is then a linear operator on the space #{"(h%) defined by Eq. (10.2.1).

The Bernstein inequality holds for the fractional spherical A-Laplacian.

Lemma 10.2.2. [f1 < p <oo, r>0, and f € IT,(S* "), then

|anore| < el
K.p
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Proof. If f belongs to IT,(S?~"), then so does (—Ay0)"/?f. Thus, we may write

2n :
(—0) 2 = L (=02 = 3 1 () (i +2)) 2 proff 1.

J=0

Let £ = [A«], the smallest integer greater than A, and p; := 1 (% (4 22))72.
Summation by parts £+ 1 times gives then

( Ah() r/2f ZA[+IHJA[S£(h2 f)
Jj=0

where A? = (j 455) ~ j% and Sﬁ are the Cesaro (C, () means of the ~-harmonic series.
A straightforward computation, using Eq. (A.3.3), shows that

Ay e+ o,

Thus, recalling the uniform boundedness of the (C,8) means of h-harmonic
expansions, we deduce

2n
|Can0 s <e XG0 ey < e,
P j=0

which proves the desired Bernstein inequality. a

The above proof relies only on the boundedness of the Cesaro operators of A-
spherical harmonic expansions. Following the same idea, we can prove a more
general result, which will be used repeatedly in the following sections.

Proposition 10.2.3. Let {ux}7_, be a sequence of real numbers satisfying

sup |u,| + 2 ‘N“un Al<m (10.2.2)

n>0

for some positive integer { > Ag. Let f € LP(h%) for | < p < eoand f € C(S?~") for
p = oo. Then the limit u := lim,_. u, exists, the series

1= 3 (85 ) 458,05 )

converges in || - ||, norm, and the operator T : LP(h) — LP (h%.) satisfies

proi¥ (T f) = (up —u) proj<(f), n=0,1,..., (10.2.3)
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and

ITfllxp <M fllxp, 1<p<ee (10.2.4)

If, in addition, u = lim, .. u, = 0, then

. unprojy f
n=0

n=0

< C(Z W*lunlnf) £ 1. (10.2.5)
K7p

where the series on the left converges in the norm of LP (hy.).

Proof. That limit lim,_s. u,, = u follows directly from Lemma A.4.1. For simplicity,
we write S, f = S’ (hZ; f) in this proof. Using Eq.(10.2.2) and the uniform bound-
edness of S, (hZ), it is easily seen that the series e (A”luk) AiSif converges in
LP(h2%) norm and that the inequality (10.2.4) holds.

We now prove Eq. (10.2.3). Without loss of generality, we may assume that u = 0.
Since each projection operator proj; is bounded on L? (h,%), it follows that

projf (7f) = X, (8u;) Afproiy (877) = (2<A“1u,~>A§n> projyy /.
j=0 j=n

since proj) (Sﬁf) is equal to 0 if j < n and is equal to Aﬁ:fn/Aﬁ if j > n by the
definition of Sf Therefore, in order to prove Eq. (10.2.3), it is sufficient to show that

> (AT AL, = uy,

j=n
which, however, is an easy consequence of the identity
Zuk}’kzz Z(Aerluj)Aﬁf” I’n, O0<r<l.
k=0 n=0 \ j=n

Finally, by Eq.(10.2.3), it is readily seen that Eq.(10.2.5) is a special case
of Eq.(10.2.4). a

Lemma 10.2.4. Ifr>0, 1 < p <o, and f € ¥, (h%), then

, n=1,2

ylyeann
K,p

I =Ll < on” | (=) 2

Proof. Let £ be a positive integer greater than A,. Without loss of generality, we
may assume that n > £ + 1. Since 11(x) = 1 for x € [0, 1], we may write

IS <1 -7 (ﬁ)) (G +220) " proi ((~an0)"f ).
Jj=n
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Thus, applying Eq. (10.2.5), where p; = (1 — n(ﬁ))(](] +2Ax)) "2, we deduce
that

If—L§f||K,p§c< 3 |A[+1[.,Lj|k£> H(_Ah’o)r/ZfHK .
k=n—{(—1 P

Since n € C~[0,0) satisfies xo,1(x) < N(x) < oo (%), it is easily seen that
|A ;| < cj~"*"!forall j > 1. Hence,

K,p

I1F = L5 Fllp < ( ) j’“jf) |(~anoy”2s
j=n—L(—1

<en ™" H(—Ah,o)r/zf

K,p

The proof is complete. O

10.3 K-Functionals and Best Approximation

For f € LP(h2), we define its K-functional in terms of the A-spherical Laplacian.
Definition 10.3.1. Given r > 0, the rth K-functional of f € L”(h%) is defined by

K (fit)ep:= inf {|f—g||,<,,,+trH(—Ahvo)r/ng } (10.3.6)
S (%) o

We will show in later sections that this K-functional is equivalent to the two
moduli of smoothness defined in the first section. Our main tool is the following
realization of the K-functionals.

Theorem 10.3.2. Let f € LP(h2) if | <p <ooand f € C(S? 1) if p=co. Ift € (0,1)
and n is a positive integer such that n ~t~', then

K-(fit)ep ~ If =Lyfllpc+n" (—Ah,o)r/szf

’K . (10.3.7)

P

Proof. The upper estimate of Eq. (10.3.7) follows directly from setting g = LS f in
the definition (10.3.6). To prove the lower estimate, choose g € %/, (h2) such that

1 =g+ |[(~an0) s <2KelF 1)
By Lemma 10.2.4 and the uniform boundedness of the operator LX on L? (h2),
1f =Lafllcp < INF =8l + I8 = Lugllep+ Ly (f = &) llx.p

<ellf ~gllepter'||(~an0) g <Kl




10.3 K-Functionals and Best Approximation 249

Furthermore, using the fact that L (—Ay0)"/? = (—Ap0)"/?L¥ and the Bernstein
inequality in Lemma 10.2.2, we obtain

nfr

(—Ano)?LEf

’KJ?

<m0y PLi =g

(~80) (Li8)]|

< el (f = &)llp +et”|| Ly (—An0) g

K,p

<ellf ~glhep+er | (o) e <eKel.0np,

on using the boundedness of LY. Together, the last two displayed inequalities give
the desired lower estimate of Eq. (10.3.7). O

As a consequence of Theorem 10.3.2, we can establish the following direct and
inverse inequalities for the best approximation in terms of K-functionals.

Theorem 10.3.3. Let f € LP(h2) if 1 < p < oo, and f € C(S?~1) if p = o. Then for
everyr>0andn €N,

En(f)K,p < CKr(f;nil)K,p (10.3.8)
and
K (fon Diep <en "3 (k+ 1) E(f)xp- (10.3.9)
k=0

Proof. The Jackson inequality (10.3.8) follows directly from Proposition 10.1.7, the
realization (10.3.7), and the monotonicity of the K-functional. To prove the reverse
inequality (10.3.9), we assume that 2m=1 < 5 < 2™ and for convenience, we set
L,-1 f = 0. By the definition of K,(f,7)«, and the properties of L¥ f, we have

Ke(fon ep < I = Lsafllip +2727" || (= An0) 2 L5n f

’ K.p

m
< B (fep 22" 3 | (o) PILE S~ L5 11|
Jj=0 ’

m
< CEm(f)ep+c2™ Y 2LS f = L5 i fllkps
=0

on using the Bernstein inequality in Lemma 10.2.2. Consequently, by the triangle
inequality,
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n

m
Kr(fanil)mp <e27™ 2 2"Eyii (f)kp <en” Z (k+ l)rilEk(f)K,pv
j=0 k=0

since 2"~ ! < n < 2™. The proof is complete. O

10.4 Equivalence of the First Modulus
and the K-Functional

The main goal in this section is to prove the following theorem, which asserts the
equivalence of the weighted moduli of smoothness @, (f,?), , and the K-functional.

Theorem 10.4.1. Let f € LP(h2) if 1 < p < oo and let f € C(S*™") if p = oo. If
6 €(0,%)and r >0, then

~K(f,0)kp (10.4.1)

o f.0)ep~ =T

As a consequence of the equivalence between the modulus of smoothness and
the K-functional and Theorem 10.3.3, we immediately deduce the characterization
of the best approximation by modulus of smoothness.

Theorem 10.4.2. Let f € LP(h2) if 1 < p < oo, and f € C(S?™1) if p = oo. Then for
everyr>0andn €N,

Ei(f)ep <co(fin Ve (10.4.2)
and
o (fon Niep <en "X (k+ 1) E () p- (10.4.3)
k=0

The proof of Theorem 10.4.1 relies on the following two lemmas.

Lemma 10.4.3. Forr >0, 0 € (0,3n"!], and any ¢ € N,

1—R).LK(COSQ) r .
(41 j Jj ) ’
“ KW) "(Z)HU“) <c (10.4.4)

2n
)y
j=0
and

2n
Y (+1)'<e, (10.4.5)

Jj=0

)

where the difference A\"tV is acting on j, and ¢ depends only on K, ¢,r.
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_la 1
Proof. In terms of the normalized Jacobi polynomials, R;L" = R;M 2he3 ). Hence,

using Eq. (B.5.6) and Lemma A.3.3, we deduce thatif i =0,1,...,{41and jO <C,

then
71— R*™(cos6) 1- Rl"(cose)
AN — ) | < Ce N —L— ),
‘ (j(j+27u<>62) ot ( i )

J(j+2A)02
where Al is as defined in Eq. (A.3.6). However, Egs. (A.3.6) and (B.5.7) imply that
for 6 € (0,cn~'Jand 0 < j < 2n,

Ak
; (1 —R7*(cos0)

W) Sen™', i=0,1,...041,

so that an application of Eqs. (A.3.3) and (A.3.4) yields that for 0 < j < 2n,
1—R)-LK(COSG) T
()
J(j+2A)02 n -
which in turn implies Eq. (10.4.4).

The proof of Eq.(10.4.5) is almost identical to that of Eq.(10.4.4), and we
therefore omit the details. O

Lemma 10.4.4. Let {, = [A]. If r >0, k! <9_2,J€N0,and0<1<€,<+1
then for every m € N,

‘Aj ( (1-(1- R,}:K(cos 6))r)m+€;<+1
(1— R} (cos6))"

) ‘ < Cmr(kO) G, (10.4.6)
Proof. First, we prove that for 8 € [k~!', /2],
’A ((1 — RM*(cos0)) ) ’ <o b, i=01,.. Let 1, (10.4.7)
Indeed, by Lemma B.5.3, there exists a constant ¥ € (0, 1) such that
0<1—% <1—-R"(cos8) <1+%, 6l n/l
Hence, using Lemma A.3.3, we conclude that for 6 € [k, /2],

’A ((1 —R’l’“(cose ) ’ < L (1 —R’l’((cose))

which, by Lemma (B.5.1), is dominated by c,c,,,,-G", proving Eq. (10.4.7).
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Next, we claim that for 6 € [k~!, /2] and i =0, 1,..., 0+ 1,

2| (1= (1-Rieose) )"

Indeed, setting a;(0) :=1— (1 —Ri" (cos0))", then using Eq. (B.5.5) with j = 0,
we obtain

< CxpmB (kO) M (10.4.8)

|ax(0)] < ¢

R (cos e)’ < e (kO) (10.4.9)
which proves Eq. (10.4.8) for i = 0. For 1 <i </, + 1, using Eq. (A.3.7), we obtain

Ai(ak(e))mHMK SCK,mAi(ak(6>) max (aj(G))’"HH"’i

k<j<k+i+1

< C]gmAi ((1 —R%K(COS 6))r) (ke)*mM

by Eq.(10.4.9), which implies, by Eq.(10.4.7) and the definition of A, the

inequality (10.4.8).
Finally, combining Eq.(10.4.7) with Eq. (10.4.8), we deduce the desired esti-
mate (10.4.6) from Eq. (A.3.3). a

We are now in a position to prove Theorem 10.4.1.
Proof of Theorem 10.4.1. Let n € N be such that ' < n < 36~!. First, we show
that for every g € IT,(S" 1),
H(I— Te’f)’/ng <cppn H(—Ahyo)’/ng . (10.4.10)
K,p K.p

For this, we use Eq. (10.1.4) and write

1 r/2 .
(I-TF)?g= Zz)(l—R;LK(COS@)) proj} g
-

2 /1 —R*(cosO)\"/? ;i
=6" __J - 7 J o r/2
¢ ,ZE>< J(j+2A¢)62 > n(n)prob ( Anp) g).

Invoking Proposition 10.2.3 with ¢ = /,., we then deduce

. _RM R
Jo-rireal,, <er(EJee () (@)

|avor],.,
P

which, using Lemma 10.4.3, yields the estimate (10.4.10). With the help
of Eq. (10.4.10), we obtain



10.4 Equivalence of the First Modulus and the K-Functional 253

H(I 15) r/sz <exrllf = Ln/2f||K[7+HI Ty) r/zL

<cxr (17~ Liaflley 77| - o>f/2L

)

H(I—Tek)r/szKpgc,(,K,(f,e)K,,,. (10.4.11)

which, together with Theorem 10.3.2, implies the upper estimate

Next we prove the matching lower estimate that reverses the inequality
of Eq. (10.4.11). By the definition of K,(f,)x,p. it suffices to prove both

| caorwEn| <en

(I—TGK)r/szKP (10.4.12)

and

If = LEfllep < cpr||(I—T5)? (10.4.13)

K,p
For the first inequality, we use Eq. (10.1.4) and the eigenvalues of Aj o to write

92r( Ay )r/Z(LKf) i(%)rﬂn(ﬁ)proj; [(I_TGK)r/zf}7

ji—o\1 —R.)]-L"(cose

so that the desired estimate (10.4.12) is again a direct consequence of Propo-
sition 10.2.3 and Lemma 10.4.3. To prove the second inequality (10.4.13), we
temporarily set a;j(6) =1 — (1 — R?K(cos 6))"/2. Let m be the smallest integer such
that mA, > £y +2. Using the fact that (1 —r) ™! =M ¥ 4 M+ (1 —r) " forr < 1,
we obtain

— R™(cos R —a; ’I*m%’(a. i (aj(@)) !+
(1-Rrteose)) " = (1-ato) " = R o'+ TR

Thus, setting /1 := (I — T))"/? £, we deduce

B e [6))
L n £
F=Inf= Z w (1 —R7°"(cose))’/2 prol;
m ZK i
Y - (1-a-15y)
=0

+ 3 (1-n (1)) A it

1 —Rl"(cos 0))/2
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where I denotes the identity operator. Since the operators LX and (I — T))"/? are
uniformly bounded on L”(h2), it follows that

m+Lly j

Y (-1 (1--15)7") n

j=0

< eIl p-
K,p

Moreover, using Proposition 10.2.3 and Lemma 10.4.4, we obtain

5 (10()) gy

= n — R,i”" (cos0))r/2 o
oo —n(E\(a m+Lle+1
= <kn2€,<1 e ( - (ln_(’;e)gf(clise(;;)’/z ) e 1)[K> (Al

Putting these together, we have established Eq. (10.4.13), and as a result, proved that
R 0 T

This shows that @,(f,t)x,, > cK.(f,t)x,p, and furthermore, since K,(f,r)x p is

evidently an increasing function in ¢, taking the supremum over 0 < 0 < ¢ shows
that @,(f,1)x,p < cK,(f,1)x,p. The proof is complete. O

10.5 Equivalence of the Second Modulus
and the K-Functional

The main result in this section is the following equivalence theorem.
Theorem 10.5.1. Let f € LP(h) if 1 < p < oo andlet f € C(S*V) if p=oo. If
¢t eNand 6 € (0,7;), then

D2 f,0)xp ~ || D5l ~ Koe(f,0) - (10.5.1)

As a result of this theorem and Theorem 10.4.1, the two moduli are equivalent.

Corollary 10.5.2. Under the assumption of Theorem 10.5.1,
@f(fae)K,[’Na)Zf(fae)K,Pa ISPSOO

For convenience, we make the following definition:

2 & v
=Y (=1)/ T, 10.5.2
(2;) FZI( ) (ﬂ—j) o ( )

K . A20
Tej =1 A97K =
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where I denotes the identity operator, or Aé’f,( =1- Te’f[. By the definition of A%f;,(,

proj, (To o f ) = ar(n,0)proj, f, n €N, (10.5.3)
where
4
alk0) = 2 3 -1 2 JRbosjo). (1054)
(Z) j=1 J

For the proof of Theorem 10.5.1, we need the following lemma.
Lemma 10.5.3. Let 6 € (0, ;]. For a given constant T > 0, the following hold:
(i) For0<k6 <r,

1 _af(ku 9)

< _-—en\mY)
0<as grraanery

§C2<°°7

where cy, cp depend only on K, ¢, and T.
(ii) For kO > 1, there exists a number y € (0,1) depending only on «, ¢, and T
such that

ap(k,0) <y<1.

(iii) For0<kO <rtandj>1,

; 1—ay(k,0)
AN | ——m || <
((k(k+ 2/1,<)92)f) =€
where ¢ > 0 depends only on x, £, and t.
(iv) For j € Ny,

((k+D)'" 0+ (k+1)771),

|Aay(k,0)] < cg;min{67, (k) *67}.

Proof. Considering (i) and (ii) together, we need to establish these two assertions
only for the case T = zlf

For the proof of (i) with 0 < k6 < 227 we set fi(u) := Ri"(cosu). Since
1—ay(k,0) = ((T)A%ffk( ) and AZfi(t) = (=1)" Al fi(t —m8/2), it follows
from Eq. (A.3.4) that

(G
()

Using Eq. (B.2.11), we can write

(4 6
1—ay(k,0) = /29 ---/29 S+ F ) duy iy (10.5.5)
2 2

k

4]

2

filu) = R (cosu) ok, j, A) cos(k — 2)u, (10.5.6)
/:0

—



256 10 Weighted Best Approximation by Polynomials

where the constants o (k, j, L) satisfy
0 < ak, j, Ag) ~ kA At (10.5.7)

Taking derivatives, it follows that

k
(=0 P w) =3 P ak, j, ) cos ju.
Jj=0

Since cos ju ~ 1if 0 < j < k and |ku| < 1, it follows that for |[ku| <1,

,i
(ST

J
14 207 — D Ape—
(_l)éflfz)(u)N ]Mk }LK-])LK lNkZZ,
=

which implies, together with Eq. (10 5.5), assertion (i) for 0 < k6 < 5,

We now prove (ii) with k6 > 5;. Since |R7L" (cos )| < ¢ (kO) A= by Egs. (B.1.3)
and (B.1.7), there exists a constant ¢« > 0, depending only on ¢ and «x, such that
|ag(k,0)| < 4 whenever [k0| > c.. To prove (i) for the remaining case 5, < k6] <
cx, we use Egs. (10.5.4) and (10.5.6) to obtain

5]

-2 20
= A | == ) (— cosi 0
3 et ><(2;),§( 1y (£_> (k- 2J)>

e 4 [ (k—2/)0\¥
= jg;)oc(k,J,lK) <1 — @ <smT) ) ,

which implies, since setting # = 0 in Eq. (10.5.6) shows that c¢(k, j, A) sums to 1,

¢ 15 a2
ag(k,G)_l—é—z)ia(k,j,k,()<sinw> : (10.5.8)
¢) j=0

Let us assume, temporarily, that ¢, > 1. Let y = [ (1 — —)J It is easy to see that if
Jj> v+ 1, then (k—2j) <k/c*, sothat (k—2j)0/2 < k@/(ZC*) <1 for k0| < ¢*
Hence, by Eq. (10.5.7), we obtain that for ﬁ <k6 <cy,

i —2/)0\* /L3 g\ 2
(j_[)za(k’j’l’c) <Sin@> (4) Z a(k, j, Ax) (M)
= "
15)
Y (k—2j)%6% > c(k6)* > c >0,
j=Yk+1
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which, combined with Eq. (10.5.8), implies (ii). If ¢, < 1, then (k—2;)0 < k6 <
cx < 1 for all j in the sum, and the above proof carries over with obvious
modifications.

To prove (iii), we set, for simplicity, g;(x) = R,%" (x), so that fi(t) = gx(cost).
Using induction on ¢, it is easy to see that

20) min{2¢(,k} ) } o
)= g,({" (cost) D cr ji(sint)*(cost)/ ", (10.5.9)
j=1

max{j—£,0}<i<|4]

where ¢y ; ; are constants independent of k. However, using Eq. (B.5.3), we have

4 A\ 1, 1 a1
g](g)(x): <_) R]({AK Z;A‘K 2>(x):AJ7K(P](k)R](€AjI+] 271}(“!’] 2>(x), (105.10)

: 1 : k+1
Aje=2 (AK+-> and  ¢;(K) = (=1 (—k); (AK+L> .
2 j 2 j

Since @;(k) is a polynomial of degree 2 in k, we have that for v € N,

v @;(k) >' (k+1)220if j# 4,
A <o, 10.5.11
‘ ((k(k+2l»<))£ = (k+1)™"',  ifj=Clandv>0, ( )

which follows, when j # £, from AV f(z) = f)(€) /v! with some & between [t,7 +V]
and a simple computation, whereas a cancellation of the highest term occurs when
j = ¢ and v > 0. Furthermore, by Eq. (B.5.5), for 0 < k&t < ¢7 and v € N,

At j—3 At j—1
‘AV (R,({Kjﬂ 24t 2)(cost))‘§ctv,

which, together with Eq. (10.5.11), implies, on using Eq. (A.3.3), that for 0 < kt < /{7
and v € Ny,

0)
o & (cost) .
2 ((k(im,c))f) =Aix

v @ik pwti-dAetic)
A ((k(k+2;LK))eRkj (cost)

O A (S R S R A
<cuy, :
MT (k+ 1)21*25*V7 ifl+1<j<20
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Consequently, we then deduce from Eq. (10.5.9) that

> : 2 ' |
‘Av ((k(ik—l——;/{,)())f) ‘ <cryz (2 ((k—i— vt +t") 4 z (k+ 1)2/25vt2(15))

j=1 Jj=l+1

< ((k+ D) 4 (k+1) 772 (10.5.12)

where v € Ny and 0 < kr < ¢7. Now, by Eq. (10.5.5), we obtain that for j > 1,

O R B [

Since fk(w is an even function, we deduce from Eq. (10.5.12) that for 0 < k0 < T
and j > 1,

i 1—auk,0)
’A <<k<k+u,<>92>f

> ’ <crje((k+1) 7'+ 67+ (k+1)77%6%)
<cpjr((k+1) 7T+ (k+1)"7t o).

This completes the proof of (iii).
Finally, (iv) is a direct consequence of Eq. (10.5.4) and Lemma B.5.1. O

We are now in a position to prove Theorem 10.5.1.

Proof of Theorem 10.5.1. The proof runs along the same lines as that of Theo-
rem 10.4.1. Let £, = [A] and let n = [0~! + 4/, 4 4]. First, we show that for
g eI, (s 1),

’ = lle—Tgsll,, < cxen™ HA,E,OgHKP. (10.5.13)

Since g € II,(S""') implies that TS, € IT,(S"') by Eq.(10.5.2), us-
ing Eq. (10.5.3) and the eigenvalues of Ah’(j, we obtain

= Tig =L (8~ Td,) = Zn( ) (1= ak, 0)) projt £

= 9”2 ( )((,C+)(i)e))gpr0j}f ((—Ah,o)‘*g). (10.5.14)

However, it follows by Lemma 10.5.3 that for 0 < k < 2n,

07 () ey )| <eon (),
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which implies immediately that

o (1) gy ) <o

%

k=0

Using this inequality and Eq.(10.5.14), we deduce Eq.(10.5.13) from Proposi-

tion 10.2.3. Now, applying Eq. (10.5.13) with g = Lfn/zjf and the boundedness of

Té{, ¢» which follows from the boundedness of TeK’ we deduce that

1f = Tgef I, < I =gllp+ e = Teesll, + [ T6e(e = N,

20| At
<cllf —gllxpten? HAhngKpNKZE(faQ)

by Eq. (10.3.7), which gives the desired upper estimate.
To establish the matching lower estimate, it suffices to show, by the definition of
the K-functional, that

w2 cao @ <enelr -8, (10.5.15)

and
1f =Liflep < exelf = Tguf ||, (10.5.16)

For Eq. (10.5.15), we use Eq. (10.5.3) and the eigenvalues of Ay, o to write

, e 2 (k(k+2A,)0%)"
6% (—Mno) (L) = kg,o (T(kﬁ)

k
n (Z)) proj (f —Tgef). (10.5.17)

Using Lemma 10.5.3 and Eq. (A.3.9), we have that for 0 <k <2nand 0 <v </, +1,

<o ((k+ 1) o+ (k+1)77)

if 1 <v </, and the replaced by a constant cy if v = 0, which in turn implies

o (S o

and consequently,
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Using this inequality and Eq.(10.5.17), we see that Eq.(10.5.15) follows from
Proposition 10.2.3.
It remains to prove Eq. (10.5.16). Since the operators L} and Te’f@ are uniformly

bounded on L (hZ), it suffices to show that

<exe|lf =T8S, (105.18)
K7p

4 .
Hf—Llff— ;)(I—Lf) (180) (f = T50f)
o

The reason for choosing the above operator lies in its expression as a multiplier
operator. Indeed, we can write

4 oo
f=Lyf = 2= L) (Tg) (f = Tgof) = X belk,8) proji (f = Tgf)
j=0 k=0
(10.5.19)
where, using Eq. (10.5.3), the multiplier b,(k, 0) is given by
_ k S kY (ac(k,0))°
be(k,6) = (I*” (E)) (lfa/ k,0) ]2;) a(k,6)) ) (1*”(2)) 1—ay(k,0)
which has better behavior than that of f — L f itself, since by Lemma 10.5.3,
ap(k,0) <y <1, if6>0.

Using (iv) in Lemma 10.5.3 and Eq. (A.3.5), we deduce that for k6 > 1 and v € Ny,

! —A
AN ——s )| S N < v
‘ (1—az(k,9))‘ < cueliar(k,0)) < 6" (k6)

Using Eq. (A.3.3), Lemma A.3.2, and (iv) in Lemma 10.5.3, it follows that

()

This further implies that

nle=1 ifn—VY—1<k<2n,

A by (k, 0 ’SC !
| KOS ext) ntioy5te, itk > ms 1,

whereas At py(k,0) =0if 0 <k <n—fc—2,since 1 —n(4)=0if 0 <k <n.
Consequently,

3 [ A5 bk, )] (k1) < e
=0
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The estimate (10.5.18) then follows from Eq.(10.5.19) and Proposition 10.2.3.
Consequently, we have established

|88t = 17 =T, ~ Kar(7. 0y

As in the proof of Theorem 10.4.1, this also shows that @ (f,t)x,p ~ Kae(f,1)ic,p-
The proof is complete. a

10.6 Further Properties of Moduli of Smoothness

As an immediate consequence of Theorem 10.4.2, we have the following Marchaud-
type inequality:

Theorem 10.6.1. Ifr >0, o0 > 0,1 € (0,1), and 1 < p < oo, then

w1

1
o (fi1)ep < cf/ Orralfsep g, (10.6.1)
Jt

Proof. Assume that ¢t ~ 27" for some m € N. Then by the reverse inequality (10.4.3)
and the Jackson inequality (10.4.2), we obtain

m m
O (f,1)kp <27 N 2VEy (fiep <27 Y 2 00 (f,27 ) pe
j=0 j=0

Applying the monotonicity of @,(f,-)«,p, we further deduce that

o—J+1

Orva(f, 1), P Ora(f, )k,
O (f,1)xp < 2 mrz/ LR <o [ LN gy,

which proves Marchaud’s inequality. O
Proposition 10.6.2. The following statements are true for all 1 < p < oo
1. If0>0,r>0,andt € (0,m/0), then

@ (f ) p < cr(0+1) @ (f1)k p-

2. Ifa>0and f € W[,O‘(h,z(), then forr > a,

w”(fut)K,p < Ctawrfa((_AhD)a/zfat) K.p
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3. Iff€I,(S* ") and O ~n~!, then

= a0) 2 e ~ 186,67

Proof. Statement (i) is a direct consequence of Theorem 10.4.1 and the definition
(10.3.6) of K-functionals. To prove (ii), let n € N be such that # ~ n~!. We then use
Theorem 10.4.1 and Lemma 10.3.7 to obtain

wr(fat)K,p ~ Kr(fanil)mp ~ Hf_Lr’ff”K,p +”7r|| (_Ah,O)r/zL;’ffHK,p' (10.6.2)
Set g, = f —LE f, and observe that L’fnm gn = 0. It follows from Lemma 10.3.7 that

Hf_L;f”K,p = Hgn _L}fn/ZJg”Hmp < CniaH(_Ah,O)a/zg"HK,p'

By the definition of g,, it then follows from Proposition 10.1.7 and the Jackson
inequality (10.4.2) that

1f = LEflliep < en™ || (=n0)*f — LE[(—An0)* 1] |

<cn %E, ((—Ah,o)a/zf)

K.p

K,p

<en oo ((—An0)*2f.n ") Kp°

Furthermore, since LY and (—4;0)? commute, we deduce by Theorems 10.4.1
and Eq. (10.3.7) that

r—o

n|| (—Ah,o)r/leffHK,P =n % D||(=Ap0) T [Lf(—Ahp)%ﬂ |

< C}’lia(l)rf(x ((_Ah,())a/zfa nil)

K,p
K.p’

A combination of the last two inequalities and Eq.(10.6.2) yields the desired
inequality in (ii). Finally, to prove (iii), we use Theorem 10.4.1 to obtain

186,65 p < eKelFin™ Dy < en” ([ (=A00) 1] .,

where the last step uses the definition of the K-functional. a

10.7 Notes and Further Results

In the unweighted case, a brief account of the history of approximation on the sphere
is given in the notes at the end of Chap. 4. With the main theorems spelled out in
the present chapter, which covers the unweighted results as special cases, we can go
into greater detail.
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Many authors made contributions to the proof of the Jackson inequality (10.4.2)
and its reverse (10.4.3), making use of the moduli of smoothness ,(f,?), on the
sphere S~! in the unweighted case. This effort can be traced back to the work of
Kushnirenko [103, 1958], who proved the Jackson inequality (10.4.2) on the sphere
S? for the case r = 2 and p = . In all dimensions, the inequality (10.4.2) on S¢~!
was later proved by Butzer and Jansche [26, 1971] and Pawelke [135, 1972] for
r=2and 1 < p < oo, by Lizorkin and Nikolskii [132, 1987] for r € N and p = 2,
and by Kalyabin [94, 1987] for r € N and 1 < p < oo. Rustamov [146, 1991], [148,
1993] studied moduli of smoothness @, (f,7), for all » > 0 and presented a proof
of Eq. (10.4.2) for the full range of 1 < p < oo. However, his proof, based on the fact
that the unit ball of the Sobolev space Wy is weakly compact in L? for 1 < p < ee,
did not seem to work for p = 1 and o. A detailed proof that works for the full range
of 1 < p < oo was given in [174, Chap. 5]. The proof was later simplified in [13].

The weighted moduli of smoothness Eq.(10.1.5) and K-functionals (10.3.6)
were defined and studied in [190], where the direct and inverse theorems, namely
Theorem 10.4.2, the equivalence @, (f,t)xp ~ K-(f,t)x,p, as well as several other
useful properties of @, (f,1)x, p were established; see also [189].

Most of the results in Sect. 10.2 for K-functionals were proved by Ditzian [55] in
a more general setting, where only Cesaro summability was assumed.

In the case of 1 < p < o, both the Jackson inequality (10.4.2) and the Stechkin-
type inverse Eq. (10.4.3) can be sharpened as follows: For r >0 and 1 < p < oo,

1

n £
n (ST E() " S eepor(fin eps s =max{p.2},  (107.1)
k=1
and
n 1
o (f;n )i p < cwn*’(z k*’q*Ekmz,,,) ', g=min{p,2}.  (10.7.2)
k=0

In particular, in the case p = 2,

1

n’ <2 kzrlEk(f)%,K> ~ wr(fanil)z,rc'

k=1

In the unweighted case, for d = 2 and 27m-periodic functions, both Eqgs. (10.7.1)
and (10.7.2) were established by Timan [165, 166], and they were proven, for d > 2,
in [41, 43], respectively. The proofs of [41, 43] work equally well for the weighted
case discussed in this chapter. A different but more elegant proof of the sharp
Jackson inequality (10.7.1) was given recently in [60], using semigroups and convex
properties of L,-spaces. The method used there also works for more general Banach
spaces.

The unweighted case of Theorem 10.5.1 was proved in [40]. The proofs of
Theorems 10.4.1 and 10.5.1 follow along the same lines as those of [13,40].



Chapter 11
Harmonic Analysis on the Unit Ball

Unlike the unit sphere, the unit ball is a domain that has a boundary. The boundary
usually makes analysis on the domain more difficult. It turns out, however, that
analysis on the unit ball is closely related to analysis on the unit sphere. Indeed,
a large portion of harmonic analysis on the unit ball can be deduced from its
counterparts on the sphere. What is needed for the sphere, however, is weighted
results, even when we work in the unweighted setting on the unit ball. The weight
functions that we consider are mostly invariant under Z’zj .

The connection between the ball and the sphere and its implications for or-
thogonal structure are discussed in the first section, followed by a convolution
on the unit ball and a first discussion of orthogonal expansions in the second
section. The connection is strong enough to yield satisfactory results for maximal
functions and a multiplier theorem in the third section and sharp results for Cesaro
means, including boundedness in L? spaces, in the fourth section. The near-best-
approximation operators on the ball that have highly localized kernels when the
weight function is radial are addressed in the fifth section. Cubature formulas on the
ball are studied in the sixth section. Finally, a further connection between analysis
on the ball and analysis on higher-dimensional spheres is discussed in the seventh
section.

11.1 Orthogonal Structure on the Unit Ball

We consider orthogonal polynomials with respect to a weight function on the unit
ball BY. The classical weight function on the unit ball is

W (x) == (1= P12, p>o0, (11.1.1)

which is a special case of a more general weight function

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 265
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© Springer Science+Business Media New York 2013
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d
Wie(x) := hg(x) (1= [l )72, o) = [Tl x>0, (11.1.2)
i=1

Moreover, the weight function Wy is a special case of
Wieu (x) = B () (1= [[x[P)* 12, > —1/2, (11.1.3)

where £ is the weight function (7.3.1) invariant under the reflection group. To keep
the notation simple, we shall stick mostly with Wy below, for which we set A, :=
||+ 451, which is the same as Eq. (7.1.11) but with d replaced by d + 1.

Definition 11.1.1. For n € Ny, let #,¢(W,) denote the space of orthogonal polyno-
mials of degree exactly n with respect to the inner product

<f7g>WK = aK/]Bd f(x)g(x) Wi (x)dx,

where a, is the normalization constant of Wi, ax := 1/ [pa Wi (x)dx.
From the Gram—Schmidt process applied to monomials, it follows that

n+d—1

n

dim”i/nd(W,():( ) n=0,1,2,....

The orthogonal structure on the ball is closely related to the corresponding structure
on the unit sphere. We start with a simple relation on polynomials over these two
domains.

Let S‘fl denote the upper hemisphere Sfi ={xeS?:x; >0} A simple-
minded relation between the ball and the sphere is

x€B! = (xxa01) €SL, xgir=/1— x| (11.1.4)

The domain Si induces a symmetry in the polynomial space. Let IT (S?) denote
the subspace of elements in IT,(S?) that are even in the (d + 1)th coordinate. The
mapping Eq. (11.1.4) leads immediately to the following basic result.

Lemma 11.1.2. For each n > 0, the equation
IT,(S%) = M Uxy 119 (11.1.5)

holds in the sense that for each P € IT,(S%), there exist unique elements p € TT¢ and
qc H,’Ll such that

P(x,x411) = p(x) +xa419(x), (x,x441) €S

In particular, there is a one-to-one correspondence between I1¢ and IT} (S?).
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Proof. LetP € Hn(Sd). We can write P(x,x411) =X p; ()c)xé+l for some p; € Hgﬂ
Using the fact that de =1— ||x|?, we have P(x,xs¢1) = p(x) +x441g(x), where

p €I and g € I1? . In particular, if P € [],} (S?), then P(x,x441) = p(x). The
uniqueness of p and q is evident. O

One immediate consequence of the relation (11.1.4) is the following lemma,
proved in Lemma A.5.4.

Lemma 11.1.3. For every integrable function on S,

[ 10100) = [ [ (s/T=10lR) 7 (/1= R | —ﬁ

(11.1.6)

The weight function Wy is closely related to the product weight function /2 “(x) =
‘”1 ;% for x € S¢, which is as defined in Eq.(7.1.5) but with d replaced by
d+1 Indeed, by Eq. (11.1.4),

Wi (x) = h2 (x,1/1—||x|2>, x € B, (11.1.7)

In particular, by Eq.(11.1.6), the normalization constant a, of Wy satisfies a, =
2/}, |, where @F , is defined in Eq. (7.1.6).

Theorem 11.1.4. Let k = (', x;.1) and ' = (x1,...,K;). Then
A () =18 (W) @ xat 1ty Wiy, 1) - (11.1.8)
Proof. LetY € 7% (h%). Using &7, =1—& —---— &7, we can write Y(§) =

P(&') 4+ &4+1Q(E"). In particular, P(E) = (Y(§) +Y (&', —&411))/2 and Q(E)
(Y(&) =Y (&', —&a+1))/(284+1). Consequently, by Eq. (11.1.6),

 P(x)q(x)Wr(x)dx = / R(E)do =0, Vge Il

sothat P € ¥, d(WK) A similar consideration also shows Q € %% | (W ., +1). since
Wit g1 +1(X) = Wie(x)[xg 1] Thus, the left-hand side of Eq. (11 1.8) is a subset of
the right-hand side.

On the other hand, if {P2} is a basis of #,%(Wy) and {Q% '} is a basis of
7/71{1(W;<’,;< ., +1+1)’ then since Wy is invariant under Z‘zl, one can show by induction
that the polynomials P, and O, are sums of monomials of even degree when n is
even and sums of monomials of odd degree when n is odd. Consequently, since
r?=x}+--+x5, |, it follows that ”'P3(&’) and r"&,, 1 Q%' (£) are homogeneous
polynomials of degree n. Furthermore, by Eq. (11.1.6), it is easy to see that P2 (E")
and &;,1Q% (&) are orthogonal polynomials with respect to 42 on S%, so that
they are elements of Z9"!(h2). This proves the other side of the inclusion
of Eq. (11.1.8). 0
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As an immediate consequence of this theorem, the space 7#,%(Wy) can be
identified with the subspace of those elements in %! (h2) that are even in x4 1,

V(W) = span{Y € AV R2) Y (r,x400) = Y (x, —xdﬂ)} . (11.19)

It is of interest to note that the space %’j{j of classical spherical harmonics,
that is, k¥ = 0, corresponds to the space #,¢(Wp), where Wy(x) = 1/+/1 — ||x||? is
the analogue of the Chebyshev weight of one variable. The space ¥, (W, /2) of
orthogonal polynomials with respect to the unit weight W, ;,(x) = 1, that is, the
unweighted case, corresponds to 2% (h2) with h2(x) = |x;41|. Thus, even if we
want to work only with the unweighted case on the unit ball, we still need to
understand the weighted 27 (h2.).

Using the relation in Theorem 11.1.4, we can deduce from Eq. (7.1.14), which
shows that elements in %’j{”l are eigenfunctions of Ay, that the elements in
7,4(Wy) are the eigenfunctions of a differentialdifference operator.

Theorem 11.1.5. The orthogonal polynomials in ¥,%(Wy) satisfy
Depu=—n(n+2|x|+d—1)u, (11.1.10)
where, with Ay, as defined in Eq. (7.1.2),
D =My — (6, V) = (2|k| +d - 1)(x,V). (11.1.11)

Furthermore, I, g is invariant under Z‘ZI. In particular, for the classical weight
Sfunction Wy, 9y is a second-order differential operator with Ay, replaced by A,
invariant under the rotation group O(d).

Proof. The proof comes down to showing that Aj o becomes, in terms of the
coordinates r,&y,...,Ey of y = r& with € = (&;,...,E441) € S? on the upper space
{y R 1 yg1 >0},

Mo =AY —(E V) — 2lx|+d—1)(E,Ve),

where A}(I@ and V¢ are acting on (&1,...,&;) € BY. The proof is a tedious but

standard exercise, and we omit the details. That 2, j is invariant under Z follows
from this connection, and the case W), follows from a simple computation. O

From Eq. (11.1.9), we can easily deduce an orthogonal basis of 7, (W) from the
basis of #2471 (h2), say from Eq.(7.1.10). We shall not need an explicit basis but
will need a formula for the reproducing kernel.

Let P,(Wy;-,-) denote the reproducing kernel of #,¢(Wy). It is uniquely deter-
mined by the reproducing property

(Pa(Wiix, ), q)w, = 4(x), Vg € % (Wic).
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Let proj, (Wy; f) denote the projection operator from L* (Wi, BY) to #,4(Wy). Then

proj, (Wi f,x) —aK/ FO) P (Wi x,y)Wie()dy. (11.1.12)

Let Z¥ be the reproducing kernel of J#Z+!(hZ), defined in Eq.(7.2.8) but with d
replaced by d + 1. By Egs. (7.2.2) and (7.2.10), the reproducing kernel Z¥(-,-) has
a closed formula, from which a closed formula of P,(Wk;-,-) follows readily. To
state the result, we give the following definition.

Definition 11.1.6. Let V. denote the intertwining operator for h2(x) = [T, |x;| >
as given in Eq. (7.2.2) but with d replaced by d + 1. Define
1
Ve f(x,xap1) = 3 Vief (x,Xa51) + Vi f (X, —xq41)], xR (11.1.13)

Theorem 11.1.7. The reproducing kernel P,(Wy;x,y) satisfies

Bu(Wiixy) = 3 25 (Ceoxarn)s 0 ) 4 25 ((ooxain), 0 —vas)

= Ve [Cl (yas1), >)} (x,xa41) 5 (11.1.14)

where x;11 = /1 — ||x||? and yq.1 = /1 — ||y||? In particular

n+A
Pa(Wiix,y) = cx 7 K/ CHe (aiyit + -+ Xgy 1Yas1tast)
K [ 1’1]z1+l

d

x [H(l—i—t,)(l —t,?)"fl}(l — 2, )5y, (11.1.15)

i=1

Proof. Denote the right-hand side of Eq.(11.1.14) by Q,(x,y) temporarily. Let
(-,), be the inner product defined by Eq.(7.1.4) with S?~! replaced by S?. For
€ 1%, by Eq.(11.1.6), we have then

<Qn(x7~),P>WK*%[< o (6 Xa11),), P ) + (2 (6 =xa41),), D))

where p(x,xz11) = p(x). Since ¥4 (W) C % (hZ) by Eq. (11.1.8), it follows from
the reproducing property of ZX that Q,, is the reproducing kernel of V¢ (W), which
proves the first equality of Eq. (11.1.14). The second equality of Eq.(11.1.14) is an
immediate consequence of Eqgs. (7.2.2) and (7.2.10). Finally, Eq. (11.1.15) follows
from Eq. (11.1.14) and the explicit formula of Vi in Eq. (7.2.2). O

The formula in the case of the classical weight function W, is as follows:
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Corollary 11.1.8. For 1 >0, let Ay = p+ L. If u > 0, then

n+A _
P(Wysx,y) = ¢y ; K / ((%,9) + Xgr 1y t) (1 —HF1de,  (11.1.16)
U
where xq41 = /1= ||x||% yas1 =~/1—||y||% and c is as in Eq. (7.2.3), from which
the expression for L = 0 becomes

n+ Ao
P,(Wosx,y) = 7 [C;%”(<X,)’>+xd+1)’d+1)+cﬁ”(<X,)’>—xd+1)’d+1) :

By Eqgs.(11.1.6) and (11.1.13), we can deduce a Funk-Hecke formula for
functions on the unit ball. The most interesting case appears to be the one for the
classical weight function W),.

Theorem 11.1.9. Let A = u + % and let f be an integrable function such that
T F@O)(1 = 2)A=Y2dt is finite. Then for P, € ¥4 (W),

au [, FEDPOIW0)dy = Au(PP), 3 € B, (11.1.17)
where A, (f) is a constant defined by

1 A
o [ 02l

where ay is the normalization constant of Wy, and c) is a constant such that
Ag(l) =1.

2A-14s,

Proof. We apply the Funk-Hecke formula in Theorem 7.2.7 with d replaced by
d + 1 to the function f({(x,0),-))(y,y4+1) with the parameters k; = --- = k; = 0
and Ky, = . By Eq. (7.2.2), we have then

1
Vief(((%,0),-)) (v ya+1) = Cullf(<x7y>)(1 Htae) (11, 1)d1gar = f((x.3)),

so that Eq. (7.2.11) becomes, under such specifications,

1
o<
a)d §d—1

f((x,y>)Y,f'(y)|yd+1|2“d6(y) = Aﬂ(f)erl(xvo)v (x,O) € Sd?lv

which implies, by Egs. (11.1.6) and (11.1.8), that Eq. (11.1.17) holds forx € BY. O

An application of the above theorem is the following formula for the Gegenbauer
polynomials:

Corollary 11.1.10. Let A = u+ L. Then for n, & € S,

au [, (s )G ()W )dx—%cmn ). AL



11.1 Orthogonal Structure on the Unit Ball 271

Proof. Setting y = n € S9! in Eq.(11.1.16) shows that C}({-,n)) € ¥ (Wy).
Setting f(t) = C*(t) and P, = C}((-,n)) in Eq. (11.1.17) proves Eq. (11.1.18). O

In the case of d =2 and 4 = 1/2, we have A = 1, and C,ll = U, is the Chebyshev
polynomial of the second kind, U,(x) = sin(n+ 1)8/sin8 with x = cos 6. In this
case, Eq. (11.1.18) leads to the following theorem.

Theorem 11.1.11. An orthonormal basis for ¥,*(W; /2), the space of orthogonal
polynomials with respect to the measure dx/m on B, is given by

k k
{U,, <xcosnf1+ysinnf1): ogkgn}. (11.1.19)

Proof. The zeros of the polynomial U, are cos ?, 1 <k <n,and Uy(l) =

(n+1). If & = (cos%,smﬁ—l) and 1 = (cos%,smﬁ—l) then U,({&,7))

Uy (cos (kHE ) = (n+1)d ;. Applying Eq.(11.1.18) with these £ and 1 gives the

stated result.

O

For #,4(W,,) in general, we do not have an orthonormal basis in such simplicity.
We can, however, say the following:

Theorem 11.1.12. Let A = p + 41 2 . The space ¥,%(Wy) has a basis consisting of
functions C}((x,&)) with & € S* Vand 1 <i < (”“’f 1).

Proof. We need to show that there exist & € Sl 1<i< rff = (”"f*l), such
that {C*((x,&)) : 1 <i<r?} is a set of linearly independent polynomials, that is, if
> ciCr((x,&)) = 0, then ¢; = 0 for all i. On setting x = &;, we see that it is sufficient

|
to show that the matrix A, := [C*((&;, §j>)]rf’_ is nonsingular. Treating &;.,..., &4

i,j=1
as variables, it follows that the determinant of A, is a polynomial in these variables,
so that it is nonzero for almost all choices of &, ..., &,4. This completes the proof.
O

Using Eq. (11.1.16) and the fact that P,(Wy;; x,y) = X Pi(x)Pi(y) for an orthonor-
mal basis {P} of #,4(W,), it is easy to see that the matrix A in the proof is always
nonnegative definite. Thus, if A, is positive definite, then C} ((x,&;)) consists of a

basis for #,¢(W,,). For d = 2 and y > 1/2, we can choose & = (cos m,sm n+1)

using the fact that C,’} can be written as a sum of C}} with positive coefficients. For
d > 2, it is not clear how the points &; should be chosen.

We end this section with another connection between orthogonal polynomials for
W, on the ball and those on the sphere. Let ad = dim 2.

Proposition 11.1.13. Forne€N,0< j<n/2, and 1 <k < a‘ define

n—2j

u— 2j+452
" () = P )2 1y (),
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where Y ,_»j are harmonic polynomials such that {Yi, o;:1 <k < azfzj} is
a mutually orthogonal basis of j‘fjizr Then {P}; : 0<j<n/2,1<k< a’rffzj}
is a mutually orthogonal basis of the space 7, (Wy,).

Proof. This basis comes from spherical-polar coordinates. Indeed, using the fact
that ¥; ,_»; is a homogeneous polynomial of degree n — 2, we obtain

(= 3m=2j +452)

o d=2
N—2j+% >(2r2—1)Pj, (2,,2_1)

(PP )y =a ! plut
e P, = au |

) 2y [ Y0 (E) S 2 (E)d(E).
e ,

Since the Y} ,_»; are mutually orthogonal, changing variables 272 — 1 =t shows that

the orthogonality of Pj’f « and Pﬁ ¢ Tollows from that of the Jacobi polynomials. O

11.2 Convolution and Orthogonal Expansions

We denote by || - || the norm of the space L” (W, BY),

I/p
e = (ax [ VPWeas) . 1<p<en

and as usual, consider C(B?) with || f||w, e = || /]| for p = o.
The operator VE can be used to define a convolution structure *, g. Recall that

w (1) = (1 —12)*~1/2 and A = || + L.

Definition 11.2.1. For f € L'(W,,BY) and g € L' (w;_,[—1,1]),

(F #xmg)(x) i=a [

B4

where xz1 = /1 —||x]|?> and yz1 = /1 — ||y

By Egs.(11.1.12) and (11.1.14), the projection operator proj,(Wy;f) is a
convolution

£O) (VE 8 troxan))]) Oyan ) Wel)dy, (112.1)

proj,(Wis f) = f x5 ZY, Z5(t) = ”I’l"cﬁw(t), (11.2.2)
K

which is an analogue of Eq. (7.4.4). In fact, this convolution structure is related to
the convolution structure * on the sphere S¢.
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Theorem 11.2.2. Let F be defined by F (x,x441) := f(x). Then

(f*xpg) (¥) = (F *xg) (x,i\/l - |x||2). (11.2.3)

In particular, for f € LP (W, B), 1 < p < oo, or f € C(BY), p = oo,

1 *xm8llwep = [1F*xgllcp, 1< p<eo (11.2.4)

Proof. From Eqgs. (11.1.13) and (11.1.6) it follows that

(f*cB8) () = : FOWVielg (s (i xa))) | ()R (9)do (9),

- Oy /s
where $ = (y,v4, 1), which proves Eq. (11.2.3) with x| = /1 — ||x||2. Since

Vielg ((-, (6, Xa 1)) s =va+1) = Vielg ((-, (6, =xa 1)) 0y va 1),

a change of variable y;,; — —y4y in the last integral proves Eq.(11.2.3) with
Xg11 = —+/1—||x]|%. Equation (11.2.4) follows from Egs. (11.2.3) and (11.1.6).
O

As a consequence of the relation (11.2.3), Young’s inequality holds for the
convolution #,p: for p,g,r > 1 and p~! =r' +¢ 1 =1, f € LI(W,,B?), and
g€ Lr(wlx; [_17 1])’

1f *xm 8llwep < 11 Iweqllgllne.r (11.2.5)

Furthermore, an analogue of Theorem 7.4.3 holds, further justifying the definition
of x, p as a convolution. By Egs. (11.2.2) and (11.2.3), we immediately deduce that

projn(WK;f,x)=pr0j,’§F<x,i\/1—|x||2), F(x,xg41) = f(x). (11.2.6)

The Fourier orthogonal series with respect to Wy on the ball B¢ are defined in
terms of #,4(Wy). For f € L*(W,B),

flx) = i proj, (Wi f,x), (11.2.7)

n=0

and an analogue of Eq.(2.2.2) follows from the usual Hilbert space theory. For
convergence of the series (11.2.7) beyond the L? setting, we again consider
summability methods. We denote by S (W, f) the Cesaro (C,8) means of the
series (11.2.7),
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SS (Wi f) : ZA” ip10j; (Wi f) = e K2 (Wic) (11.2.8)

where K9 (W:1) = k¢ (w;LK; 1,t) ,just as in Eq. (7.4.8). Then we deduce immediately
from Theorems 11.2.2 and 7.4.4 the following result.

Theorem 11.2.3. The Cesaro means of the orthogonal expansions with respect to
Wi on BY satisfy the following conditions:

1. If § > 22y + 1, then S%(Wy) is a nonnegative operator.
2. If § > Ay, then SE(Wi; f) converges to f in LP(Wi;BY) for 1 < p < ce.

We can also define a translation operator Ty (Wi f).

Definition 11.2.4. For 0 < 6 < 7, the translation operator Ty (W) is defined by

CM(cos0)

roj,(Wi; f), n=0,1,.... (11.2.9)
C,%K(l) p Jn( K )

proj, (Wie; T (Wi f)) =

This operator is closely related to the translation operator T, f.

Proposition 11.2.5. The translation operator Tg(Wy) is well defined for all f €
L' (Wi, BY), and it has the following properties:

(i) Let F(x,x4:1) = f(x). Then Tog(Wy; f) = T F (x, /1 — ||x[|?).
(ii) For f € L*(We,BY) and g € L' (wy,.,[-1,1]),

(f*cB&)(X) =ca, /0” To(Wie: f,x)g(cos 6)(sin 6)**<d6. (11.2.10)

(iii) Ty(Wy; f) preserves positivity, i.e., Tg(Wi; f) > 0 if f > 0.
(iv) For f € LP(Wi,BY), 1 < p < oo, or f € C(B?),

1o (W, llwe.p < 1fllwcp - and — lim |[To(We, f) = fllw.p =0
(11.2.11)

Proof. The first item follows form the definition and Eq.(11.2.6). Using (i)
and Eq. (11.2.6), all other properties follow from the corresponding ones in Propo-
sition 7.4.7. g

In the case of the classical weight function W, the translation operator Tg(W,,)
can be expressed as an integral operator. Let I denote the identity matrix and

Ax) == (1= ||x|)+x"x, x=(x,...,x5) € B

Theorem 11.2.6. For W, on B9, the generalized translation operator is given by
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To Wi ) = b1 [af?)5" [ 7 (cosr-+siner /1 = o]
x (1= uA(x)u” )" du, (11.2.12)

where Q is the ellipsoid Q = {u: uA(x)u” < 1} in RY and by, is the normalization
constant of Wy,.

Proof. Let Ty f denote the right-hand side of Eq. (11.2.12). By Eq. (11.2.9), we need
to show that 7 f = f for all f € #,4(W,). By Theorem 11.1.12, it is sufficient to
show that with A = p + 41

C*(cos @)

A d
) Cr((x,y)), yeSst. (11.2.13)

T5Ch ((x.y)) =
The matrix A(x) has two distinguished eigenvalues; one is r = 1 with an eigen-
vector x, and the other is r = /1 — ||x||, repeated d — 1 times, with eigenspace

{y: {x,y) =0}. Let U(x) denote the unitary matrix determined by its first column
x/||x||. Then

AW =UWAWUT, A =diag {1/t [alPreocoy/1= .
Changing variables u — v = uU (x), the quadratic form becomes
uA(@)u" = vA VT = i1 = X203+ 4 vg),
which suggests one more change of variables vi— s = \/1—7||)c|\2 vD~!(x), in which

D(x)_diag{ 1—||x|2,1,...1},

so that the quadratic form becomes uA (x)u”

1 becomes B in variables s. Since U (x) is unitary, du = dv = ds/ (1 — ||x|?)(¢~
Consequently, we obtain

=ssT = ||x|| and the domain uA( ) <
/2,

TiCh () =ax [, G (c0s0(x.) +5in015, 30 (D)) (1~ 5],

where we have used (sD(x)U(x)7,y) = (s,yU(x)D(x)). Since the first column of
U (x) is x/||x|| and U is unitary, the norm of the vector yU (x)D(x) is

U ()D)|? = yU (x)D*(x)U" (x)y" = yy" —yU(I=D(x))UTY" =1~ (x,y)?,

since ||y|| = 1 and I — D? = diag{||x||?,0,...,0}. Hence, using the formula (A.5.2),
we conclude that
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G = [ G (cos0luy) +siney 1= ) ) (1o

The product formula (B.2.9) for the Gegenbauer polynomials then establishes
Eq. (11.2.13) and completes the proof. a

11.3 Maximal Functions and a Multiplier Theorem

In analogy to the Definition 7.5.1, we define a maximal function on the unit ball.

Definition 11.3.1. For f € L'(W,,B?), the maximal function .2 f is defined by

0 . : 2Ak
i _ jo T¢(WK, |f],x)(sing) d(f)'
<) Oiggn 12 (sin¢)?Axdo

(11.3.1)

Since Ty (Wy; f) is related to TXF, the maximal function .Z2 f is related to .y f
defined in Definition 7.5.1 with d replaced by d + 1.

Proposition 11.3.2. For f € L' (W, B), define F(x,x411) = f(x). Then

MEf(x) = MF <x,,/1—||x|2>. (11.3.2)

Furthermore, define

e(x,0):= {(%)’d+1) DoY) /1= [x]12yar1 > cosO,  yay1 > 0}-

Then an alternative formula for ML f is

o Jot FOIVE [Ketwon] (35 v/T= V) W)y
«J(x) = sup .
0028 [54VE [Kewo)) (3 v/T— D7) W(y)dy

Proof. The first equation is a direct consequence of (i) in Proposition 11.2.5
and the definitions of the two maximal functions. To prove the second equation,
by Egs. (11.3.2) and (7.5.3), it suffices to show that

(11.3.3)

L IF@WVs [tuixo)] (i wdo =2 [ 1F0IVE [ewo] (W)

where X = (x,+/1 —[|x]|?) and ¥ = (y,4/1 —[|y]|?). By Eqgs. (11.1.13) and (11.1.6),

it suffices to show that
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V2 o] (y, Jio ||y|2) —2VE [foo)] (y, Jio ||y|2) .

Lete (x,0) = {(»Yas1: (,—yar1) € e(x,0)}. By the definition of V2, it is easy
to see that

Ve [Xe (vo)] 00¥as1) = Vi [Xero)] 00 —Yar1)-

Since b(X,0) = e(x,0) Ue_(x,0) and e(x,0) Ne_(x,0) has measure zero, the
desired equation follows from the fact that .. f(x,x41) is an even function in
Xd+1- O

As we will show later in this section, .ZZ f is closely related to a weighted
Hardy-Littlewood maximal function. The following result shows that this maximal
function is handy for dealing with the convolution operators on the ball.

Theorem 11.3.3. Assume that g € L'([—1,1],w;,) and |g(cos )| < k(8) for all 6,
where k(0) is a continuous, nonnegative, and decreasing function on [0, x|. Then
for f € L' (W, BY),

|(f*eB8) @) < ct(If) (), xeB,

where ¢ = [[k(6)(sin 0)**<d#.

Proof. Because of Egs.(11.2.3) and (11.3.2), this is a consequence of Theo-
rem 7.5.6. O

The maximal function is of weak type (1, 1), for which we need to define
Br._ d
meas, E 1= / Wi (x)dx, E CB“.
E
Theorem 11.3.4. If f € L'(Wi;BY), then .4 satisfies
meas% {x cB: ///Ef(x) > oc} < CW%, Yo > 0.

Furthermore, if f € LP(Wi;BY) for 1 < p < oo, then ||///,QBf||WK,P <l fllwe,p-
Proof. Since AL f(x) = M F(x,/1— ||x]]2), it follows from Eq. (11.1.6) that
st {1 <B4 02102 2} = [ 1ty 0
= Jo KlttcF ()2a) (y)hz(y)do ().

d

Enlarging the domain of the last integral to all of S? shows that
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meas% {x eB?: //l,lff(x) > a} < measg {y est: M F(y) > a} .

Consequently, by Theorem 7.5.3, we obtain

F
meas® {xe B A2 f(x) > oc} < c” (LLK’I,

from which the weak (1,1) inequality follows from ||F|| .1 = || f|lw,.1- Since .Z2 f
is evidently of strong type (o, ) by Eq. (11.3.3), this completes the proof. a

The connection (11.2.6) also allows us to deduce a multiplier theorem for
orthogonal expansions with respect to Wy from Theorem 7.5.10.

Theorem 11.3.5. Let { ,uj}jf’:() be a sequence of real numbers that satisfies

1. sup; || < ¢ <o

2. sup; 2j(k71)212:r21j |A*u| < ¢ < oo,

where k is the least integer greater than or equal to A+ 1, and A = % + ZEH
Then {u;} defines an LP (We;BY), 1 < p < oo, multiplier; that is,

1
—1 Kj-

S C||fHWK'3[77 1 < 14 < &,

w;proj; f
=0 Wi,p

J

where c is independent of {l1;} and f.

We state the above results for Wy defined in Eq.(11.1.2). The proof shows,
however, that they remain valid for the more general weight functions (11.1.3)
associated with any finite reflection group.

In the case of W, in Eq.(11.1.2), we can also define a weighted Hardy—
Littlewood maximal function. For this, we need to consider an appropriate distance
on B9, which should take into consideration the distinction between interior points
and boundary points of the ball. The distance is defined by

dB('xvy) = arccos ((x,y> + \/1 - ”tz\/l - |y||2) , KL,Y € Bda

which is the projection of the geodesic distance of Si on B. Thus, one can define
the weighted Hardy-Littlewood maximal function as

Wi (y)d
Mff(x) -~ sup .fdm(x,y)ge |f () [Wie(y) )’7 e B
0<0<r  Jag(ey)<o We(¥)dy

To handle the denominator of this maximal function, we need the following result,
which shows, in particular, that Wy (y) is a doubling weight on B.
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Lemma 11.3.6. If 7= (11,...,Ts+1) > —41, then for everyx € BY and 0 < 6 <,
d+1
[ wedy~ 0/ (1l + 0%,
dp(yx)<0 =1

where X441 = \/1—||x[|2 and Wy (y) is defined as in Eq. (11.1.2), but with ; > — 1.
Proof. Let X = (x,x4,1). Recall that ¢(X,0) = {y € S? : d(X,y) < 8}. Set

ci(X,0) :={(y1,---»Ya+1) €c(X,0): yg11 >0}.

From Eq. (11.1.6), it follows that

/ W (y)dy = / h(z)do(z), (11.3.4)
dp(yx)<6 c+(X,0)

)

which, together with Eq. (5.1.9), implies the desired upper estimate

d+1

W. d</ hi(z)do(z) <c6? 14929
/d]]g(%x)ge w(v)dy < <(X.0) z(z)do(z) <c¢ H(|x1| )

: j=1

To prove the lower estimate, we choose a point z = (zy,...,z411) € c(X, g) with
Zde1 > > €0, where € > 0 is a sufficiently small constant depending only on d. Clearly,
c(z, %) C c1(X,0). Hence, by Eq. (11.3.4), we obtain

W.(y)d >/
/dm»x)ge )y 2 o(z,8g

12

d+1
)h%(y)dc(y) ~ 07T (Iz1 +6)*7,
j=1

on using Eq. (5.1.9). Using the fact that z € c(X, 0), the last expression is easily seen
to be ~ 8¢ ]'[d+l (]xj| + 6)*%, which proves the desired lower estimate. O

We are in a position to prove an analogue of Theorem 7.6.4.

Theorem 11.3.7. Let f € L' (W; BY). Then for every x € B,

)<c Y MEf(xe). (11.3.5)

eczd

Proof. As shown in the proof of Proposition 11.3.2,

1
/Bd Ve Xe(0)) (V) Wi (y) dy = 3 Ja VilXo(x.0)] () (v)dy

0
~ / (sin¢)**dg ~ 24T,
JO
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The proof of Eq.(11.3.5) follows almost exactly the proof of Theorem 7.6.4. The
main effort lies in the proof of the following inequality:

B d+1 92Kj
Vi [Xe(x,e)](y) <c H Wx{)’EB‘IIdB(f7 y—)gg}(y), (11.3.6)
J

where xz41 = /1 —|[x[[2and 2= (|z1],. .., |z4]) for z= (z1,...,24) € BY. However,
using the explicit formula of Vi and the fact that y,, 1 = /1 — ||y||?, we have

(VK[Xe(x 9)] (yvyd+1) + VK[%E(X,G)] (ya _yd+1))

d
/{H 1+1)(1—17) "F‘}(l—t a1ty

j=1

l\)l>—‘

Ve Koo (Y) =

where the domain D is given by

d+1

D= {(tl,...,td,l‘dJrl) € [—l,l]d X [0, 1] : 2 1jx;jyj > COSQ}.
j=1

This last integral can be estimated exactly as in the proof of Lemma 7.6.3, which
yields the desired inequality (11.3.6). O

As a consequence of the above theorem, we have the following analogues of
Theorems 7.6.5 and 7.6.7.

Corollary 11.3.8. If -5 <t < Kk and f € L'(W;BY), then /. f satisfies

meas- {x: . #Lf(x) > a} < c”fu%, Yo > 0.

Furthermore, if 1 < p < oo, —% <T< pK+ p741 and f € LP(Wy;BY), then
|22, <elfllwey
We,p

Corollary 11.3.9. Let | < p <, —3 < 1T < pk+ 2511, and let {f;}7_, be a

sequence of functions. Then
oo 1/2
2
|(Z1e)
i=1

H(i(///ffj)zy/z

Jj=1

We,p Wz.p
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11.4 Projection Operators and Cesaro Means on the Ball

The Cesaro (C,8) mean S8 (Wy; f) of the orthogonal expansions with respect to Wi
on B is again an integral operator,

S2Wrif ) = ax [ FOIKE (W) Wi (5)dy:

The kernel K®(Wy;-,-) is closely related to the kernel K9 (h2;-,-) associated with
h2. Indeed, by Eq. (11.1.14),

1
K2 (Wisx, ) =3 {Kf(hi;X, (v, yar1)) + K2 (h2: X, (v, _)’d+1))} ; (11.4.1)

where X = (x,x411), Xq11 = /1 — ||x]|2, and y4, 1 = v/ 1 — ||y||%. Most of the results
on S (Wi f) can be deduced from this relation. Recall that

d—1 . .
Ox = —— +|K| — Kmin With  Kpin = min k.
2 1<i<d+1

Theorem 11.4.1. Let Wy be defined as in Eq. (11.1.2) and let 6 > —1. For p =1
or o,

1, 0 > Oy,

9]
||Sn (WK)”W]“]) ~ logna 0= O,

notox 1< §< oy
In particular, S (Wy: f) converges in LP(Wy;BY) for all 1 < p < oo if and only if
8 > Oy. Furthermore,

(| proj, (W) llw,.p ~ n°~,

unless minj<j<q11K; = Kg+1 and n is odd, in which case the norm has an upper
bound of ¢n°*.

Proof. For p =1 and oo, the operator norm of S%(W,) is given by

1295 - = 1S3 Wi s = sup e [

xcBd

K2 (Wi x,y) ’ Wi (y)dy.

For the estimate from above, we use Eqs. (11.4.1) and (11.1.6) to deduce that

a

K? (hi;x,y)‘ he(y)do (y),

1
' .
K (WK,x,y)‘ Wic(y)dy < 207 /Sd
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from which the upper estimate follows readily from Theorem 8.1.1. For the estimate
from below, we need to consider two cases. In the first case, Kpin = &;, 1 <k <d,
we may assume that j = 1 and choose x = e;. Then K2 (Wi e1,y) = kS (Vo x5 1,71)
as in Eq.(8.4.5), so that the proof follows from that of Theorem 8.1.1. In the
second case, Kmin = Kz1, we choose x = (0,...,0). By Egs. (11.1.15) and (B.3.5),
it follows that

Pn(WK;Ouy) :C%’AKiu(O)C#JLKi”(”yH)v u = kmin, (11.4.2)

where C}; * stands for the orthonormal generalized Gegenbauer polynomial, which
implies that K& (Wy:;0,y) = k® (Vi ae—13 0, [[¥]]), so that

IS2W) e > e [
B4

1
= C/
0

where T, (v, 6,;0) is defined in Eq.(8.5.1), from which the lower estimate for
6 > —1 follows from Proposition 8.5.1. For the projection operator, we
use Eq. (B.3.1) to obtain that

K2 (Wi 0,9) | Wi (y)dy

kr(? (VKlao-K‘;O’ }") Vki,0x (r)dr = CTn6 (VKI!O-K;O)7

”2n—|—/1k (lk)n PrEK'aH,]*%,GKf%)(z”yHZ_ 1)

PZ”(WK‘;Ovy) = (_1) e (Kd+1 n l)
2 n

Using polar coordinates and then changing variables 27> — 1 ¢, it follows that

[ 1P (Wi, 0)| W)

sl
~ nGK+§ /
-1

where the last step follows by Eq. (B.1.8). This completes the proof. a

By Egs. (11.4.2) and (B.3.5), Ps,,11(W;0,y) = 0, so that the above method fails
when Kpyin = K41 and z is odd.
We can also state an analogue of Theorem 8.1.3, for which we define

(K 7l36 7l)
P,, d+172,0%k— 72 (t) K‘Hl—%,akf%(t)dtm’nm{’

d
BY, =B\ [ J{xeB’: x; = 0}.
i=1

Theorem 11.4.2. Let Wy be as in Eq. (11.1.2). Let f be continuous on BY. If § >

%, then S,‘? (Wy; f) converge to f for ever{’jy X € Iﬂ%ﬁu, and the convergence is uniform

over each compact set contained inside B .
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This theorem follows directly from Eq. (11.4.1) and the proof of Theorem 8.1.3,
which relies only on an upper estimate of the kernel.

Using the relations Eqs. (11.1.14) and (11.4.1), we can also deduce the bound-
edness of the projection operators and Cesaro means on B¢ from the corresponding
results in Chap. 9. We state the results below.

Theorem 11.4.3. Letd > 2 and n € N. Then

(i) for 1 < p < 22D,

1proi, (Wics £)lw, 2 < en® P fllwyps
(ii) for =25= Gk“ <p<2,

. 1_1
proj, (Wit £l 2 < en™ 5™ || fllw, -

Furthermore, the estimate in (i) is sharp.
This theorem is an analogue of, and deduced from, Theorem 9.1.1.

Theorem 11.4.4. Suppose that f € LP (W; BY), 1

T 21 = 20042

and

1
0 > 6c(p) ::max{(ZGK—i-l) ’—— —‘ ——,O}.
p
Then S3(Wy; f) converges to f in LP(Wy; BY) and
sup|[S3 (Wic: ) llwy.p < cllfllwy.p-
neN
Theorem 11.4.5. Assume 1 < p < oo and 0 < 6 < &¢(p). Then there exists a

function f € LP(Wy;BY) such that S3(Wy; f) diverges in LP (Wy; BY).

These two theorems are analogues of, and deduced from, Theorems 9.2.1
and 9.2.2.

11.5 Near-Best-Approximation Operators and Highly
Localized Kernels

In analogy to Definition 2.6.2, we define near-best-approximation operators on
the ball.

Definition 11.5.1. Let 1] be a C*-function on [0, ) such that () =1 for0 <7 <1
and n(¢) = 0 for t > 2. Define

Ly(Wi; f,x) := f#xp La(x —a,c/ FO) Ly (Wi, )Wy (y)dy (11.5.1)
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forxe B andn=0,1,2,..., where
L,(We;x,y) : Zn< )Pk Wies X, y). (11.5.2)

For f € LP(Wi,BY) if 1 < p < oo and f € C(B?) if p = oo, the error of best
approximation to f by polynomials of degree at most n is defined by

En(fwp= inf |f~glwep,  1<p<en (115.3)

The following theorem is an analogue of Theorem 2.6.3 with essentially the same
proof.

Theorem 11.5.2. Let f € LP (Wy;BY) if 1 < p < eoand f € C(B?) if p = oo. Then

(1) Ly(Wy; f) € II$,_, and L, f = f for f € ITZ.
(2) ForneN, [[Ly(Wi; f)llwe:p < cl| fllwg:p-
(3) ForneN,

1 = LaWis M)l wisp < (14 )EalIwisp-

In the case of spherical harmonics, the kernel L, ({x,y)) is highly localized, as
shown in Theorem 2.6.5. For Wy in Eq. (11.1.2), however, the kernel L, (Wi, x,y)
is not localized at a given point x but at all congruent points of X = (|x1],..., |x4|).
However, for the classical weight function Wy, in Eq. (11.1.1), the kernel K, (Wu;x, y)
is highly localized in the sense that it is highly localized around the main diagonal
x=yin B¢ x B

Theorem 11.5.3. Let u > 0 and let ¢ be a positive integer. There exists a constant
c¢ depending only on ¢, d, U, and 1 such that
L (W) i
Ly(Wyusx,y)| < ¢ (11.5.4)
Vu(mix) /W (n:y) (1 + ndg(x,y))!

forx,y € BY, where

2p
Wy (nx) = (,/1 - ||x|2+n1> . (11.5.5)

Proof. We give the proof for ut > 0; the case pt = 0 is easier. Applying the closed
formula for P,,(W,l ;x,y) in Eq. (11.1.16), we see that

i) =co [ Lo (o) + 1= Iy T= IR ) (1= 2 e

where the kernel function is defined by
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- k+ A d—1
L,,(t):zZn(n) J;L cl (), A=p+=——, te[-L1. (156
k=0

Fort =cos6,0 < 6 < 1, we have 6 /2 ~sin6 /2 ~ /T —1. Since C () is a constant

_la_1
multiple of the Jacobi polynomial P,f}L 24=2) (t), the estimate (2.6.8) with j =0
implies that
p2A+1
|Ln(1)] < cpee—e—rnr, —1<1<1.

(14+ny/T=1)t" -

Consequently, introducing the notation

£ ysae) = (o) + a1 [lxl2 /1= ]2 (115.7)

we see that the kernel is bounded by

L (Wyix y)}<Cﬁ”2)L+1/1 (1—u?)*du .
oA X = oL ~1 (1 +ny/T—1(x,y;u))

Thus, the desired estimate (11.5.4) will follow once the following claim is estab-
lished: for £ > 3u + 1 and x,y € BY,

/1 (l—uz)“’ldu <o n—2H
1 (1+ny/1—1(x,y;u) VI (n,x)\/H (n,y) (1 + ndp(x,y)) 341

(11.5.8)

where ¢ > 0 depends only on u, ¢, and d.
Set 7 := t(x,y;u) for short, and define A(x,y) := /1 — [|x||2y/1 — ||y||> Then we
canwrite 1 —r=1— (x,y) —A(x,y) + (1 —u)A (x ), which implies

1—t>1—(xy)—A(x,y)

d
=1 —cosdg(x,y) = 2sin’ 5(%,5)

2
> PdB(x,y)z (11.5.9)
and
11> Zas(ey) + (- wA() > (1 - wA (). (115.10)

The estimate (11.5.9) leads immediately to

t(Q —uz)”fldu ¢

Inequality (11.5.8) will follow from this and the estimate
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/1 (1 —u?)*~du cn2H
Jor (M +nyT=10)! = A(x,y)H (14 ndg(x,y)) 21

To establish this last estimate, we split the integral over [—1,1] into two integrals:
one over [—1,0] and the other over [0,1]. For the integral over [—1,0], we write
the factor (1 +n+/T—1)" as the product of (1 +ny/T—1)*"2# and (14 ny/1—1)?*.
Then we apply inequalities (11.5.9) and (11.5.10) to the first and the second terms,
respectively. This gives

(11.5.12)

0 c 0 (1 _MZ)Mfl
/71 e < (i +nd]B(x,y))Z’2“ /71 [nzA(x,y)(l —u)]ll du
cn2H
= A(x,y)* (1 + ndp(x,y)) 20"

We now estimate the integral over [0,1]. Using Eq.(11.5.10) and applying the
substitution u +— s = A(x,y)n*(1 — u), we obtain

/l < C/l (1 —u2)[1—1 du
Jo Jo (1+ny/dp(x,y)2 +A(x,y)(1 —u))’

c A(x,y)n? n—1
< —2/ ds
(A(x,y)n?)" Jo (1+ +/n2dg(x,y) + )¢

< cn~2# / sH1ds
AR +ndp(x,) T2 o (14 y/nPdp(x,y)? + 5)2HF1
< cn~2H

= A y)H(1+ndp(x,y))

Putting these estimates together gives Eq. (11.5.12).
To complete the proof of Eq. (11.5.8), we need the following simple inequality:

(a+n Yb+n)<3(ab+n?)(1+nla—b|), a,b>0,n>1. (11.5.13)

To prove this, we assume that b > a and define ¥ > 1 from b = ya. Assume first
y > 3. Then Eq. (11.5.13) will follow if we show that (a +b)n~! < 3n"2n|a — b|,
which is equivalent to Y+ 1 < 3(y— 1). But this holds because y > 3. Let now
1 < y < 3. Then it suffices to show that (a4 b)n~' < 2(ab+n~2). In turn, this
inequality holds if 4an~! < 2(a®> +n~?), which is clearly true. Thus Eq. (11.5.13) is
established. Inequalities (A.1.4) and (11.5.13) yield

<m+nl) <m+nl)

<3 (\/1 - ||)6||2\/1 = ||y||2+n2> (1+ndg(x,y)),

which along with Egs. (11.5.11) and (11.5.12) implies Eq. (11.5.8). O
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11.6 Cubature Formulas on the Unit Ball

As in the case of cubature formulas on the sphere in Chap. 6, for a weight function W
defined on a region £ C R, a cubature formula of degree n is a finite sum such that

. N
[ W= ¥ A7) = Qulh). VS e 11y, (116.1)
. P>

For a region £, we shall always assume that it has a positive measure in R, and
our main concern is £ = B¢. We again assume that W is nonnegative. We usually
consider positive cubature formulas for which all A; are greater than 0 and require
that all x; belong to Q.

Theorem 11.6.1. If a cubature formula on a region Q C R? is of degree n, then its
number of nodes N satisfies

—— H . (11.6.2)

—1
NZdimHL;J—<m+d )7
m

This theorem is classical and can be proved exactly like Theorem 6.1.2. The
lower bound in Eq. (11.6.2) is not sharp in general, especially not for Q = B“.

Let G be a finite group. If both W (x) and €2 are invariant under G and so is O, (f),
then Sobolev’s theorem on invariant cubature holds.

Theorem 11.6.2. Assume that W defined on €2 is invariant under a finite group G.
If the cubature formula Q,(f) is invariant under G, then Q,(f) is of degree n if and
only if Eq. (11.6.1) holds for all polynomials in I1, that are invariant under G.

This is an analogue of Theorem 6.1.7 and follows from the same proof.

11.6.1 Cubature Formulas on the Ball and on the Sphere

Our main concern below is the structure of cubature formulas on B¢, which are
closely related to cubature formulas on the sphere S¢.

We need to make a distinction between weight functions on the sphere and on
the ball. Let H be a weight function defined on S?. With respect to H, we define

WH()C)' H(x7V 1_Hx||) xEBd.

VI=[a?
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Theorem 11.6.3. Let H defined on S¢ be symmetric with respect to xg.1.

(i) If there is a cubature formula of degree n for Wy on BY,

ZA,g x), gelld, (11.6.3)

with all nodes in BY, then there is a cubature formula of degree n on S,

N

[ O )A00) = X[y 1= ) + £ /1= )]
i=1
l (11.6.4)
forall f € IT,(S471).
(ii) If there is a cubature formula of degree n for H with all nodes on S¢,
< d
L SOHEAO () = 3 Aif (i) f € T(SY), (11.6.5)
i=1
then there is a cubature formula of degree n for Wy on B¢,
dx 1Y 4
/]Bdg(X)WH(.X)l_—”xz—zz lg x, EHn, (1166)

where x; € BY are the first d components of y;. Moreover; if Eq. (11.6.4) exists,
then it implies Eq. (11.6.3).

Proof. (i) With Eq.(11.6.3) given, to prove Eq.(11.6.4) it suffices to prove,
by Eq.(11.1.6), that

Jolr (V1= ) 1 (s 1)t
= i&' [f (xi,\/1—|xi|2> +f(xi, 1= x| 2)} Vfemd. (11.6.7)

i=1

By Eq. (11.1.5), IT,(S4™ ") = ¥ + x4 11 . If f(x,X441) = X41+18(x), then both
sides of Eq. (11.6.7) are zero, so that equality holds. If f(x,x;41) = g(x), then it is
evident that Eq. (11.6.7) reduces to Eq. (11.6.3).
(i) By Eq. (11.1.6), the cubature formula (11.6.5) is equivalent to

dx N
.
VIR 57
forall f € IT,(S). Since IT, (S~ 1) = 19 +x,1 11, itholds for f(x,x441) = g(x),
Vg € I1¢, which gives Eq. (11.6.7). O

L [ 1= ) 0= 1 ) W )
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Note that the cubature formulas for the surface measure do on S¢ correspond
to the cubature formulas for dx/+/1 — ||x||> on B¢. And the cubature formulas for
dx on B correspond to the cubature formulas for |x;,|do(x) on S%. In general,
cubature formulas for the weight function Wy in Eq.(11.1.2) on B“ correspond to
cubature formulas for 42 (x) = [T} x| on 9.

11.6.2 Positive Cubature Formulas and the MZ Inequality

The correspondence in Theorem 11.6.3 allows us to deduce the existence of positive
cubature formulas for a maximal separated set of nodes. First we need a definition.

Definition 11.6.4. Let &€ > 0. A subset A of B? is called e-separated if dg(x,y) > €
for any two distinct points x,y € A. An e-separated subset A of B is called maximal
if BY = Uyea cB (), €), where

cp(y,€) = {x eB!:dp(x,y) < 8}.

A subset A of B is said to be extended maximal e-separated if

1< Y Xegne)®) <ca Vx e BY.
TIEA

Theorem 11.6.5. Given an extended maximal g-separated subset A C B with § €
(0,80) for some small & > 0, there exist positive numbers Ay, y € A such that A, ~
meas. (c(y, %)) forally € A and

/f Wi(x)dx= Y 4, f(y), fell (11.6.8)

YEA

Proof. Under the projection S¢ := {y € S¢ : y;,1 > 0} — B9, the spherical cap
c((x,x4+1),0) C S¢ becomes cp(x,€), x € BY. For a given A C BY, we define

A=A UA;  with Af:_{<y,:|: 1—||y|2>:y€A}.

It follows readily that A, is an extended maximal %-separated subset of S?. Since
h2(x) =TT} |x;|?% is a doubling weight on S¢, by Eq. (6.3.3), there is a cubature
formula

O = Y A S+ Y Apf(n7), Ve ML (sY).

teAls —€A;
e me (11.6.9)
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Furthermore, since h2do is invariant and A becomes AF under the mapping
(x,Xg41) = (x, =x411), we can assume that A,+ = A,- when n* = (n’,n4;1) and
Nt = (n',—Nay1), since otherwise, we can add the formula Eq.(11.6.9) and the
same formula applied to f(y', —y4.1). Thus, the cubature formula (11.6.9) is of the

form Eq. (11.6.4), which implies by Theorem 11.6.3 that Eq. (11.6.8) exists and that

Ay ~ meast cp(y, €), since meast c(y,€) = w(c((y,ya11),€)) with w = h2. O

In this regard, we can also state the Marcinkiewicz—Zygmund inequality for Wy

on the unit ball. Let
o
W, w,— :/ Wie(x)dx.
K<CB< n)) cm(w,g) K(X)

Theorem 11.6.6. Let A be a g-separated subset of BY and § € (0,1].

(i) Forall0 < p < coand f € I1¢ withm > n,

3 max )If(X)I”)WK (ca (52) ) enn (%) "Il 1610

Vo e

where sy := d + 2|k| —2mink and c., depends on p when p is close to 0.
(ii) If, in addition, A is maximal and & € (0, 6,), 6, > 0 for some r € (0,1), then for
fE T || fllo ~ maxyen |[f ()], and for r < p <,

F) /p
£ llwe,p ~ ( Y Wi <CB (y,;)) min |f(x)|”> (11.6.11)

YEA xeep (.,

N(ZWK(CB (y%)) max |f(x)|p>1/p, (116.12)

yEA XECp (y, %)

where the constants of equivalence depend on r when r is close to 0.

Proof. Foragiven A C BY, we define A, as in the proof of the previous theorem. We
then apply Theorem 5.3.6 with d replaced by d + 1 to the function F (x,x4.1) = f(x)
over A, for the weight function w = hZ, and project the resulting inequalities on S¢
to B, which gives the stated result, since Wi (cg (y, %)) =w(c((»yar1), %)) with
w = hy and ||F||u7(h2k,§d) = [ fllwe.p- =

It is worth mentioning that the two theorems in this subsection can be stated for
doubling weight functions on the ball if we define the doubling weight on B¢ as
those projected down from S¢.
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11.6.3 Product-Type Cubature Formulas

In spherical coordinates, the product-type cubature formulas for 22 on S? can be
constructed exactly as in Theorem 6.2.3, from which we can derive product-type
cubature formulas for Wy on B?. We shall give product type cubature formulas
on B¢ only with respect to the classical weight function Wy (x) = (1 — [|x||?)*~1/2
in Eq.(11.1.1), and we shall not deduce them from those on S¢ for |x;[**do(x)
but give an alternative derivation from polar coordinates instead.

We need the Gaussian quadrature for the Jacobi weight function u, g(t) =
tB(1—1)% on [0, 1], which is related to the ordinary Jacobi weight Wo g by ug g(t) =
2B W g (2t — 1). The nodes of the Gaussian quadrature formula of degree 2n — 1

with respect to uy, g are zeros of the polynomial P,SO“B ) (2t — 1), which we denote by

0< %P < (=B < 0B < (11.6.13)

Proposition 11.6.7. Let o, 3 > —1 and ty,, = t,E(Z’ﬁ). For each n € N, the Gaussian

quadrature of degree 2n — 1 for uq g is given by
1 n
/0 Ftugpt)dr =Y vi%P (r,ﬁi‘,ﬁ)) . Vel (11.6.14)
k=1

where the quadrature weights VIE(Z’[}) > 0 are given by, with Q(t) = P,Sa’ﬁ)(t),

(@p)  T'n+o+1)In+p+1) 1
el T Tt arpr) (- G o

This is again classical and can be found in [162]. We now construct product-type
cubature formulas for W, on B“. First we consider d = 2.

Theorem1168 Forn €N, let ¢, = mwk/n, O<k<2n—1 Let m = | 5| and let

tim= t(l'l 30 be defined as in Eq. (11.6.13) and v; , = v(” 20 . Then the cubature
formula

/Bzf(x)wu =2£ z ;vj,mf(,/tj,mcosq)k’,,,,/tjmsinq)k’,,) (11.6.16)

is of degree 2n — 1, that is, Eq. (11.6.16) holds for all f € szn—l'

Proof. In polar coordinates x = (rcos 8,7sin ), we work with the basis of ¥%2(W,)
in Proposition 11.1.13, which consists of, for d = 2,

Fialx) = (N 3 k= 21)( rz—l)rk72j5k72j(6)v
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where S;_»(0) = cos(k—2)0 or sin(k—2)0, for 0 < 2j < k. Thus, we need to
verify Eq. (11.6.16) for f = f; ; for 0 < j < k < 2n— 1. In polar coordinates,

/ F)Wy (x)dx = /lr(l — )1 Mf(rcos 0,rsin 0)d6dr,
JB2 JO JO

from which follows that if f = f;; and k —2j > 0, then both sides of Eq. (11.6.16)
are zero. In the remaining case of k =2, Eq. (11.6.16) becomes

! 1.0)/r,2 2yp—1 I & (u—3%.0)
/P(“*W(zr —Dr(l=A)* 2dr= 2 Y vimP" 2 (21— 1)
0 2[:1 s J )

for 0<2j<2n—1o0r0< j<n—1, which, however, follows from Eq. (11.6.14)
on changing variables ¢ = 27> — 1. This completes the proof. O

It is evident how to extend the above cubature formula to d > 2. In spherical—
polar coordinates (1.5.1), let

g(ruelu"'aedfl)
= f(rsin6y_;...sinB,8in Oy,rsin6;_; ...sinBcosOy,...,rcosO;_1).
Theorem 11.6.9. For n € N, let ¢ ,, 07, and ”z(n) be as in the cubature formula

d—
on S in Eq.(6.2.6). Let m = LEJ and let ty,, = tf(ﬁln 3490 be defined as in

d-2
Eq.(11.6.13)and vy, = vlgﬁ; 5459 . Then the cubature formula

B4

W, i 2

l d=2
% (VB s 0,01, (116.17)

is of degree 2n — 1, that is, Eq. (11.6.17) holds for all f € Iy, .
Proof. Working with the basis of #¢(W,) in Proposition 11.1.13 and using

[rewaac= [ a2t [ peeotearn

the proof follows along the same lines as in the case d = 2 after the cubature formula
Eq. (6.2.6) on the sphere is used. g

The number of points of the product cubature formula of degree 2n — 1 is n¢ when
n is even and n? — n?~! when n is odd. Despite the problem of high concentration
of nodes at the center of the ball, its simplicity makes it valuable.
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11.7 Orthogonal Structure on Spheres and on Balls

The correspondence of orthogonal structure on B¢ and on S¢ in the first section can
be extended further, which will be needed in the next chapter. The extension is based
on, instead of Lemma 11.1.3, the following lemma, proved in Lemma A.5.4.

Lemma 11.7.1. Let d and m be positive integers. Then for every f € L(S+m~1),

Lo F0)0m = [ (1= [1P) [/Smlf<x, 1—|x||2§)dom(§)}dx.

Lemma 11.7.2. Let W be defined as in Eq. (11.1.2) with Kz, = '”T’I on B and
let Py € 7,4 (Wy),

= n be mutually orthogonal. Then the functions
Yo () = [Ixl"Pa(x), x=r(.x") €R™™, r=|xl|, x'€B,

are homogeneous polynomials in x, and the Y}, are mutually orthogonal with respect
to H(x)d0ym = h2(¥X') on STM=1, where hZ(x') = [T |x:|*".

Proof. Since Pl has the same parity as n, we can write Pl(x’) as a linear
combination of monomials of the form x'?, |B| = n—2k, 0 < k < n. However, if
y=(,y") € RI*T™ with y/ € RY, then y’ = ||y||x’ with x' € BY. Hence, it follows
that Y, is a sum of the terms cg llyl|%yB, |B| = n — 2k, and as a consequence, the
polynomial Y*(y) is homogeneous of degree n in y € R, We first prove that Y is
orthogonal to polynomials of lower degrees with respect to H(x)do,.,,, for which
we show that Y is orthogonal to gg(x) = yP for B € N? and |B| < n— 1. From
Lemma 11.7.1,

./sd+m—1 Yo (X)gﬁ (x)H (x)d0O g4 m

= [ 2| [ (v 1= W18 ) a0 )| Wi,

If gg is odd in at least one of its variables x4 1,...,Xg1+m, then the integral inside
the square brackets is zero. Hence, Yy, is orthogonal to g in this case. If gg is even
in every one of these variables, then the function inside the square brackets will
be a polynomial in x; of degree at most n — 1, from which we conclude that Y/ is
orthogonal to gg by the orthogonality of Py with respect to Wi on B“. Moreover,
we also have

L TV @H G = an [ PAGBAE W),

so that {V}} is a mutually orthogonal set of polynomials. O
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Theorem 11.7.3. Let Wi be defined as in Eq. (11.1.2) with K;,.1 = mT*I on BA.
Let ZX(-,-) be the reproducing kernel of " (hZ) for hi(x,x") = h2(x') =
T4 x2S, (¢, 2") € STm=1 with x' € BY. Then the reproducing kernel P,(Wy;-,-)
satisfies, form > 1,

! 1 K / /
P,(Wi;x' y) = a)_m/smfl z! (x, (y A/ 1=y |2§)) don, (&), (11.7.1)

wherey = (y,y") € ST with y' € BY and y" = ||y"||E € B" with & € S™ !, and
it satisfies, form =1,

Pu(Wis',y) = % [Z’,’C (x’ (y,’ m)) t <x’ (yl’_m»] '

Proof. We give the proof for the case m > 1; the case m = 1 is similar. Let
the right-hand side of Eq.(11.7.1) be denoted, temporarily, by Q,(x,y). Let Py €
%,¢(Wy). Using the integral relation in Lemma 11.7.1, which implies o}, =
@/ ax on setting f(x) = h2(x'), we obtain

ax [, 0ol 3 Puly Wiy

e [z (e (T 1P ) sttty
1

2
- a);+m /Sd+m—l Z”f(x’y)P‘X (y/)hx(y/)deer(y)'

Since ZF is the reproducing kernel of Z%(h%) on S*™, the last expression
becomes, by Lemma 11.7.2,

ax [, 0a.3 Pl Wiy )y’ = Puls), ¥ € B,

which shows that Q,(x’,y') is a reproducing kernel of 7,¢(Wy.). O

Using the explicit formula of Zf(-,-) in Corollary 7.2.10, we can derive
from Eq. (11.7.1) an explicit formula for P,(Wi;x,y), which gives, by Eq. (A.5.1),
exactly the expression (11.1.15). Note, however, that this alternative proof

m—1

of Eq. (11.1.15) works only when x| = "5 is a half-integer.

11.8 Notes and Further Results

The connection between orthogonal structure on the ball and the sphere was studied
in [178, 184] and used for studying orthogonal expansions in [188, 190]. The closed
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formula for the reproducing kernel in Eq. (11.1.16) was first established in [181] by
summing over a specific orthonormal basis by repeatedly using the addition formula
of the Gegenbauer polynomials, and the formula (11.1.15) was later established in
[185]. The Funk—Hecke formula and its implication in the first section were studied
in [183]. The basis Eq. (11.1.19) appeared early in [110], and it has applications in
computerized tomography.

The weight function Wy is integrable if all k; are greater than —1/2. The reason
that we assume k; > 0 can be seen from the closed formulas for the reproducing
kernel Eq. (11.1.15), which is undefined if k; < 0. In the case of Wy, a closed formula
is given by performing an integration by parts in Eq. (11.1.16) in [186].

Convolution on the ball was introduced in [188], as was the maximal function
in Eq.(11.3.1). The integral formula (11.2.12) for the translation operator was
proved in [189]. It is not clear, however, whether such a formula holds for W, on BA.
The main results on the maximal function in Sect. 11.3 were established in [47].

The boundedness of projection operators and the Cesaro means in Sect. 11.4 were
proved in [48, 49, 108]. For d = 1, the results on the (C,0) means are classical
for Wy, the Gegenbauer polynomials, but are new for Wy, , of the generalized
Gegenbauer polynomials. It was proved in [161] that the uniform norm of every
projection operator C(B¢) onto H,’f is > cn“T" . The lower bound is attained by the
operator proj, (Wy; f) for —1/2 < u <0, as shown in [186].

The proof of the highly localized kernel was given in [139]. The rate of decay
can be improved to subexponential as in Eq. (2.7.1) under an additional assumption
on the cutoff function [91]. The kernel also satisfies the following relation: For 0 <
p =,

d

n 1-1
L,(x,- ~ (—) " B,
I Moo~ () x€

The upper estimate was established in [139], and the lower estimate was proved in
[104]. This estimate plays an essential role in the theory of needlets on the ball.

The lower bound (11.6.2) for the cubature formulas is not sharp in general when
n is odd. In fact, this bound is attained if and only if the nodes of the cubature
formulas are common zeros of all orthogonal polynomials of degree », and it cannot
be attained if W is centrally symmetric, that is, x €  implies that —x € 2 and
W(x) = W(—x) [67, 126]. Furthermore, in the case that d = 2 and W is centrally
symmetric, it is known [123] that for a cubature rule of degree 2n — 1 to exist, it is
necessary that

N> dim2 | + SJ - "(n;l) n EJ . (11.8.1)

For W, on B?, however, even the above bound is far from sharp when n is
large. Indeed, as shown in [187], a cubature formula of degree s for Wy requires
N > 0.13622s> + O/(s), which is larger than N > 0.125s> + &(s) in Eq.(11.6.2)
or Eq. (11.8.1).
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The relation between cubature formulas on the sphere and on the ball was
established in [178].

The product cubature formulas in Eq.(11.6.16) are classical. Despite their
drawback of nodes concentrated at zeros, they remain one of few viable choices
on the unit ball for moderate or large n. By parameterizing the ball in Cartesian
coordinates, one can derive other product-type cubature formulas on the ball that
have essentially the same number of points. These are essentially products of
quadrature formulas of one dimension. There are few genuine multidimensional
cubature formulas that possess a high degree of precision and have reasonably few
nodes.



Chapter 12
Polynomial Approximation on the Unit Ball

We study the problem of characterizing the best approximation by polynomials
on the unit ball in terms of the smoothness of the function being approximated,
similar to what we did on the unit sphere in Chap. 4. There is, however, an essential
difference between approximations on the unit ball and those on the unit sphere,
which arises from the simple fact that the ball is a domain with boundary, whereas
the sphere has no boundary. In the case of d = 1, it is well known that the best
approximation by algebraic polynomials on a finite interval, say [—1, 1], displays
better convergence behavior at points close to the end of the interval than at inside
points, which renders the usual modulus of smoothness inadequate for describing
the convergence behavior accurately and makes the characterization problem much
more challenging for the interval. The same phenomenon appears for the unit ball,
and satisfactory solutions for the characterization problem on the ball have emerged
only recently.

This chapter contains three pairs of moduli of smoothness and equivalent K-
functionals on the unit ball, each of which can be used to establish direct and weak
inverse theorems for the best approximation. Each pair has its own advantages and
has its root in the setting of one variable. In the first section, we provide a short
overview of algebraic polynomial approximation on intervals, in which we discuss
the background and those results that are relevant to our work on the unit ball. The
first pair of modulus of smoothness and K-functional is introduced and studied in

the second section; these are inherited from those on the sphere SY*"~! and are
m=2

defined with respect to the weight function (1 — ||x||?) "= on B?. Most of the results
for this pair can be deduced from the corresponding results on the sphere established
in Chap. 4; in particular, the modulus of smoothness is reasonably easy to compute.
The second pair, developed in the third section, is in analogy with the Ditzian—Totik
modulus of smoothness and K-functional on the interval, which differs from the first
pair by a single term that takes into account the boundary behavior. The third pair
is defined in the fourth section in terms of the generalized translation operator of
the orthogonal expansions on the unit ball, which is a complete analogue of the pair

defined for the unit sphere in Chap. 10 and works for 42 (x)(1 — ||| 2)*~2, where /i,

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 297
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is the product weight function invariant under Zg. The three moduli of smoothness
on B¢ are comparable, and what is known about the comparison is presented in the
fifth section.

12.1 Algebraic Polynomial Approximation on an Interval

We denote by I1, the space of algebraic polynomials of degree at most n on R.
Throughout this section, we assume f € C[0,1] when f € LP[—1,1] with p = oo
We consider the problem of characterizing the quantity

Eu(f)pi= jnf |If =Pl 11,

the best approximation by polynomials on [—1, 1], in terms of the smoothness of the
function f. Taking a cue from approximation on the circle, we define the ordinary
rth-order modulus of smoothness of a function f € L”[—1, 1] on the interval by

%
o"(f,1)p = sup | A4 fller-1,1)s (12.1.1)

|| <t

_>
where A} is the forward difference as in Eq.(4.1.1), and we assume, in addition,

that ZZf(x) =0ifx+rh ¢ [—1,1]. We shall write o(f,t), in place of ®'(f,1).

This modulus of smoothness is completely analogous to the modulus of smooth-
ness @, (f,1), for 2m-periodic functions on the circle S', defined in Definition 4.1.1.
Recall that for trigonometric polynomial approximation on the unit circle, @,(f,t),
can be used to establish both the direct Jackson theorem (4.1.3) and the weak inverse
inequality (4.1.4), which, in turn, can be applied to characterize function spaces with
prescribed rate of best trigonometric polynomial approximation. It is, moreover,
computable.

The circle has no endpoints, whereas the interval [—1, 1] has two endpoints. This
simple geometric difference is the underlying reason for the difference between
trigonometric approximation on the circle and algebraic polynomial approximation
on the interval. Indeed, in the latter case, while one still has the direct Jackson
estimate (see [111, Chap. 5])

E,,(f)cha)’(f,nfl)p, n=rr+1,...,

the weak inverse inequality

o (fin )y <en" Y (k+ 1) E(f),
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no longer holds, as shown by Nikolskii [131], who pointed out that the quality
of approximation by algebraic polynomials increases toward the endpoints of the
interval and that for a given o € (0, 1), there exists a continuous function f on [—1, 1]
for which sup,cnyn®En(f)e < oo and sup,c(o 1)t *@(f,t)w = . A quantitative
result was later given by Timan [164], who obtained the following pointwise
estimates (see also [167, p. 262]):

Theorem 12.1.1. For each function f € C[—1,1], there is a sequence of polynomi-
als P, € I, such that for every x € [—1,1],

(12.1.2)
n

10~ no) <o fp+ Y

where the constant is independent of f, x, and n.

The inequality (12.1.2) shows that there is a substantial increase of approxima-
tion order toward the endpoints of the interval [—1,1]. As a result, the ordinary
moduli of smoothness in Eq.(12.1.1) do not give a satisfactory characterization of
the class of functions on [—1,1] that satisfy the condition sup,.yn®*E,(f), < e
for a given o > 0. A different modulus of smoothness is then called for, which
should capture the smoothness of a function, be relatively easy to compute, and give
both the direct and inverse theorems for best algebraic polynomial approximation
on the interval. Many authors contributed to this problem, and several candidates
were identified. We describe two of them below.

The most successful and widely accepted modulus of smoothness on the interval
is the one introduced by Ditzian and Totik in [61], which is satisfactory in almost
all accounts for algebraic polynomial approximation on the interval. For r € N and
h >0, let Az denote the central difference of increment 4, defined by

Ap=Sp2—S4p and Ap=A;'A r=23,.., (12.1.3)
where S, f(x) = f(x+ k), which can be written explicitly as
r
AT _ 1)k r i_
Ahf(x)_kgb( 1) <k>f(x+(2 K)h).

The Ditzian—Totik modulus, as it is now known in the literature, is defined in terms
of the central difference with the insight of replacing the increment & by h@(x),

where @(x) ;= V1 —x2.

Definition 12.1.2. Letr € Nand 1 < p < oo, The Ditzian—Totik moduli of smooth-
ness are defined by

Arof|

Wy (fit)p = sup (12.1.4)

b
0<h<t Lr[-1,1]

where A7 f(x) = 0if x£rho(x)/2 & [-1,1].



300 12 Polynomial Approximation on the Unit Ball

The Ditzian—Totik modulus of smoothness is computable and enjoys most of
the usual properties of moduli of smoothness. Despite its simplicity of definition,
however, its properties and its application in characterizing the best approximation
by polynomials require substantial work, which we cannot incorporate in a short
section. We collect some of the most relevant properties and results and give precise
references for their proofs.

Proposition 12.1.3. Let r € N and f € LP[—1,1] for 1 < p < . There exists a
constant t, € (0,1) depending only on r such that for 0 <t <t, and 1 < p < oo,

(1) g™ (f,0)p < cap(fi0)p < cllf
(2) For >0, wy(f,et), <c(l+1) 0p(f,1)p
(3) For every integer m > r,

, [P op(fiu) ,
@) (f:1)p < Cm (r /t (puTlpdu—i—tHﬂp). (12.1.5)
4) For1<p<es,
1
r L AT 4
oyt~ (3 [ 155urlpan) (12.1.6)

where when p = o, the right-hand side is replaced by %j(; HAZ(prw dh.

The first two properties in the proposition are given in [61, p. 38], and the
third one, the Marchaud inequality (12.1.5), is given in [61, p. 43]. The equiva-
lence (12.1.6) can be deduced from [61, (2.1.4), (2.2.5)].

The Dizian—Totik moduli of smoothness can also be defined in the weighted
case. The definition, however, is more complicated (see [61, (8.2.10)]) because of
the endpoints. An equivalent K-functional, on the other hand, is defined in a unified
way with or without weights. Recall that w; (x) := (1 —x2)*~1/2 for A > —1/2 and
that || - ||, » denotes the L” norm of L” (w; ;[—1,1]).

Definition 12.1.4. Let 1 < p < oo, r € N, and u > 0. The weighted Ditzian—Totik
K-functional of f € LP(wy;[—1,1]) is defined by

Kio(ft)pu = geCi’I[lfl,l] {”f—g”p,u+tr||(Prg(r)Hp,/.t}a t€(0,1).  (12.1.7)

Since wy/»(t) = 1, the case it = 1/2 corresponds to the unweighted case, for
which we write K. (f,t), instead of K;.o(f,t),,1/2- In this case, the modulus of
smoothness @y, (f,t), is equivalent to the K-functional.

Theorem 12.1.5. Let 1 < p < oo andr € N. Then the following statements hold:

(i) There exists a constant T, € (0,1) depending only on r such that

Kw(f,t),,ww(;(f,t),,, 1<p<e, 0<t<T,. (12.1.8)
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(i) Both the direct inequality
Ei(f)p < cKpp(fn )y, n=rr+1,..., (12.1.9)

and the inverse inequality

n

Kep(fin )y <en™ Y (k+ 1) "Ec(f),, (12.1.10)
k=0

hold for f € LP[—1,1]if 1 < p < oo, and f € C[—1,1] if p = co.

These results are stated and proved in [61, Theorem 2.1.1],[61, Chap. 7], and [61,
Theorem 7.2.4], respectively.

We now turn to another modulus of smoothness that works for algebraic ap-
proximation on the interval, which is defined in terms of the generalized translation
operators of the Gegenbauer polynomial expansions. It is closely related to, and
in fact a forerunner of, the modulus of smoothness on the sphere defined in
Definition 10.1.1. To emphasize the similarity, let us recall that the orthogonal
Fourier coefficients of f € L!(wy;[—1,1]) are defined by

rme [ 0RO 2P

where R}(t) denotes the normalized Gegenbauer polynomial C}'/||C2||,, and
the orthogonal expansion of f in the Gegenbauer polynomials is given by, for
fe Lz(wl; [_17 1])’

=

f= Y proj} f with proj} f = IR (12.1.11)
n=0

The polynomial C,’} is an eigenfunction of the second-order differential operator

1 d d
Dy, = S @ [wa (x)(1 —x%)] o (12.1.12)

with the eigenvalue n(n + 2A). Recall that C*((x,-)) is a zonal spherical harmonic
when A = 42 For x € S~!, the spherical harmonic expansion of f((x,-)) on S~
reduces to the Gegenbauer expansion (12.1.11), and the operator &, for A = % is
the restriction of the Laplace—Beltrami operator on the zonal functions.

In this regard, it is evident how to define the modulus of smoothness and related
K-functional for L? (wy ; [—1,1]) for A # 0. For r > 0, we define the fractional power

of the differential operator 7" in a distributional sense by

proji [Qf‘f] = (n(n+2?t))“projﬁf, n=0,1,2,...,
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and use it to define the K-functional for f € LP(w,;[—1,1]), 1 < p < e, by

. r r/2
Ke(fit)p = inf {1 =8llpa+1175 8l }

where the infimum is taken over all algebraic polynomials g on [—1, 1]. The modulus
of smoothness is defined in terms of the generalized translation operator Te’l f of the
Gegenbauer expansions, defined as follows.

Definition 12.1.6. For A >0, 6 € (0,7), and f € L' (wy;[—1,1]), the generalized
translation operator TgL is defined for 4 > 0 by

T} f(x) :=c; /llf(xcose—l—y\/ 1 —xzsine) (1—y)*1dy

and taking the limit A — 0" of Te)L f, defined for A = 0 by
0 1 > 5
Tof(x) = > {f (xcos@—i— Vi—x sm@) +f(xcos@— V1—x sm@” .

This is evidently a positive operator, and the product formula (B.2.9) of the
Gegenbauer polynomials implies that

which agrees with Eq.(10.1.1). As a simple consequence of the definition, the
operator T is a contraction on L?(wy;[—1,1]) for 1 < p < oo, that s, || T3 f]| ,1 <

£l p.a-

For r > 0, we can then define a modulus of smoothness ;(f,?),  for f €
LP(wy;[—1,1]), 1 < p < oo, in terms of the generalized translation operator in
exactly the same way as in Definition 10.1.1, that is,

@ (f,0)pa = sup 18G A s with A, f = (1=T3)F,
<t

for f € LP(wy;[—1,1]) if 1 < p < o, and f € C[—1,1] if p = oo. Furthermore,
following the proof of Theorem 10.4.1 and Corollary 10.3.3, but using the result
for the Cesaro means of the Gegenbauer polynomial expansions, we can deduce the
following characterization of the best approximation.

Theorem 12.1.7. Let f € LP(wy;[—1,1])if Ll <p<es,and f € C[—1,1]if p =co.
() Ift € (0,1) and r > 0, then
wr*(fut)p,l ~ Kr(fut)p,l'
If; in addition, A > 0, then

wr*(fvt)p,l ~ ”Atr,/lf”p,k'
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(ii)) We have both the direct Jackson inequality
Eﬂ(f)p,k = gienl'fl Hf_ng,)l < Cw:(fanil)p,ku n=12,...,

and the inverse inequality

n

o (fon ) pa Sen " Y (k+ 1) E(f) pa-
k=0

We conclude this section with a comparison of the two moduli of smoothness,
o (f,t)p and @] (f,t), . For A = 1/2, we write @/ (f,t), as @] (f,t),. The
Ditzian-Totik moduli of smoothness @y, (f.1), are relatively easier to compute,
whereas the computation of w;(f,t), is difficult, if possible at all. On the other
hand, the definition of @y, (f,1)p in the weighted case is more complicated, while
the weighted modulus @/ (f,?),  is easily defined for all » > 0 and p > 0 and
is intimately connected to the multiplier operators of the Gegenbauer polynomial
expansions, which allows access to powerful tools in harmonic analysis. Despite
their differences, we have the following theorem of equivalence:

Theorem 12.1.8. IfreN, 1 < p <oo, u >0, andt € (0,1), then

Kr(fvt)li,/-l ~ Kr,(p(fat)[?,l.l +trEr*l(f)Pal-l' (12113)

This theorem was proved in [41, Corollary 7.2], where examples were also given
[41, Remark 7.9] to show that the equivalence (12.1.13) fails when p = 1 and p = co.

12.2 The First Modulus of Smoothness and K-Functional

For our first pair of moduli of smoothness and K-functionals, we use the connection
between the ball B¢ and the sphere S?*~! discussed in Sect. 11.7, which allows
us to project the unweighted modulus and K-functional defined in Eqgs. (4.2.4)
and (4.5.2) on the sphere S¥*"~! (o those on the ball B? with weight W, (x) for
p="nst

Throughout this section, we denote by || - |4 the norm of LF(W,;B?) for 1 <
p < oo, while for p = oo, we write || f]jeoy := || f||- for £ € C(BY). When we need to
emphasize that the norm is taken over BY, we write || |, (w,:8¢) instead of Nl

12.2.1 Projection from Sphere to Ball

Given a function f on B?, we will frequently need to regard it as a projection onto
B of a function F defined on S~ ! by

F(x,x') = f(x), (x,X)estml xeB!, ¥ eB™ (12.2.1)
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Under such an extension of f, the equation in Lemma 11.7.1 becomes, for example,
m-2
[ FOdow) =on [ f@(1- A e (222
Jsd+m—1 Bd

where o,, denotes the surface area of S" ! for m > 2 and o; = 2. Thus, the space
LP(Wy;B9) can be identified with a subspace of LP(S?*~1) under Eq.(12.2.1).
This is the starting point of our study in this section.

The mapping f — F from LP(W,;BY) to LP(S**™~1) in Eq.(12.2.1) preserves
the convolution structures of the two spaces. Let g € L?(wj;[—1,1]) and A = 422,
For F € L! (S‘”m’l), the convolution F x g is defined, in Definition 2.1.1, by

(Frg)w) = —— [ FOs({)dcsn().

WOd-m

On the other hand, for f € L'(W,;;BY) with u = mT*I, the convolution f *, p g is
defined, as in Definition 11.2.1, by

(Frupg)) =au [ FOIV [8(C (rxar))] (02 ya1)Wa (v)dy,

B4

where xg41 = /1 —[[x[|? and y441 = /1 — [[y||%. Using the explicit formula of V,?
in Eq. (11.1.13), together with Eq. (7.2.2), it follows that

Vi [8 (¢ (6 xae )] (Y1) = cu ./711g(<x,y> +xgp1yasit) (1= de

for i > 0, and the formula holds under the limit 4 — 0.
Lemma 12.2.1. [f f € L'(Wy;B?) and F € L' (S*~1"™) is defined by Eq. (12.2.1),
then for x € B¢, and (x,x') € ST+m-1,

m—1

(Fxg)(ox) = (frupe)®),  p=="5— (12.2.3)

Proof. If F(y,y') = f(y) as in Eq. (12.2.1), then by Lemma 11.7.1 and Eq. (A.5.1),

(Fre)d) = —— [ f0) [/S () +yd+1<x',é>)do<é>} W (y)dy

WOm

= C/Bdf(y) |:./11g(<)€,y> +yd+1xd+1l)(l _tz)mzzdt] Wu()’)dy,

where ¢ = @1/ @4, and x40 = /1 —||xX'||?, which gives the stated iden-
tity (12.2.3), since the constant can be verified either directly or using the fact that
both convolutions become 1 if f(x) =1 and g(¢) = 1. O



12.2  The First Modulus of Smoothness and K-Functional 305

In particular, for the operator L, on S+~ defined via the cutoff function
as in Eq.(2.6.2) and the operator L on B? defined via the same cutoff function
in Eq. (11.5.1) with respect to the weight function W),, we have

(L, F)(x,X) = (LY f)(x), n=1,2,..., (12.2.4)

for all x € BY and (x,x) € S¥~!, which will be useful below.

12.2.2 Modulus of Smoothness

Recall that for 1 <i,j < d and 8 € R, we use Q; ; ¢ to denote the rotation through
the angle 0 in the (x;,x;)-plane as in Eq. (4.2.1); for example,

Q12,0x = (x1c0s0 +x28in0, —x;sinO +xpc080,x3,...,%7), XE RY.

Furthermore, we define the difference operators Al’ .0 in Eq.(4.2.2) by

iie=U-T(Qije)), 1<i#j<d,

where T(Q; j.0)f(x) = f(Qi jex). These difference operators are used to define a
modulus of smoothness @, (f,) p on the sphere S-! in Definition 4.2.1, which,
when defined on the sphere S4+tm=1_can be used to define a modulus of smoothness
on the unit ball.

With a slight abuse of notation, we write W, (x) := (1 — Hx||2)“’% for either
the weight function on B¢ or that on BY*!, and write A ; o for either the difference
operator on R? or that on R?*!. This should not cause any confusion, since
which is meant should be clear from context. We denote by f the extension of f
in Eq. (12.2.1) in the case of m = 1; that is,

Flx,xq11) = f(%), (x,x411) € B! xeB9. (12.2.5)

Definition 12.2.2. Let u = ’”T’l and m € N. Let f € LP(W,;;B9) if 1 < p < oo and
feCB)if p=co. Forrc Nandt > 0,

o r r rd
S bpu = Seugz{lgfjxsﬂAi7j’9f||”(Bd7W“)’gfgxd||Ai’d+1’9f||”(Bd+l’Wu1/2)}7

(12.2.6)

where form = 1, ||A;’dJrl’ef:HLp(]BdJrl’Wuil/z) is replaced by ||A£d+1’6‘f~||l‘p(gd>.

The second term in Eq.(12.2.6) can be written more explicitly as, recall-
ing Eq. (4.2.3),

A£d+1’9‘f~(.x,)(:d+1) =Apf (X1, xim1,xic08(-) — Xgp1 Sin(:), Xiv 1, X)),
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with the difference on the right-hand side being evaluated at 0. We can also write
o(f,1), in an equivalent but more compact form, as the next lemma shows.

Lemma 12.2.3. With the above notation, we have

— r fF
o (f,1)p.p = ‘Zl‘lglgiglj%dﬂ ”Ai,j,efHLl’(]Bd“,Wu,l/z)' (12.2.7)

Proof. 1If 1 <i < j <d, then by definition,
A7 of(x,xg01) = O] o f(x), x€B. (12.2.8)

On the other hand, we observe that for a generic function g : B? >Rand A > —1,

1—|1xl2
3(y)(1— |y *dy = 2 2vA
[ B0 Ity = [ e [ -
= C/Bdg(">(1 = [lx[[)* /2, (12.2.9)

where ¢ = fil (1— t2)7L dz, which, together with Eq. (12.2.8), implies that, for 1 <
i<j<d,

||Af,LefNHLP(BdH,WH,I/z) = C||Af,j79f||Lp(]Bd,Wu)-

The equivalence of Eq. (12.2.6) with Eq. (12.2.7) then follows. O

Our next lemma reveals the idea behind the definition of this modulus of
smoothness on B?. In fact, each function f € L? (W”;IB%") can be identified with
a function F € LP(S™+¢~1) under the mapping Eq.(12.2.1), so that the modulus
of smoothness wr(F,t)Lp(Smﬁ»dfl) defined as in Eq.(4.2.4) induces a modulus of
smoothness for f, which is, as our lemma shows, exactly the modulus of smoothness
in Eq. (12.2.6).

Lemma 12.2.4. Let u = '"771 and m € N. Assume that f € LP (W;;BY) if 1 <p < oo
and f € C(B?) if p = oo. Let F be defined as in Eq. (12.2.1). Then

w’(f7t)LP(Wu;B‘1) ~ wr(Fut)L17(§d+m—l),

where o, (F, t)Lp(Sderfl) is the modulus of smoothness defined in Eq. (4.2.4).

Proof: If 1 <i < j<d,then A}, oF (x,x) = A7 of(x) by Eq. (4.2.1), and hence

using Egs. (12.2.2) and (12.2.9),

m—2
2

Ly 1805 0F OIPA0() = 0 [ 1AL 0 £ ()17 (1= ) a
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On the other hand, if 1 <i<dandd+ 1 < j <d+m, then it follows from Eq. (4.2.3)
that A7 o F (x,x') = A{!Hl!ef(x,xj), where x € B, so that for m > 2,

~ m=3
Lo AL FOIPAO0) = 0t [ 1AL 6T (1 = )T

on account of Eq.(12.2.2), whereas there is nothing to prove for m = 1 by the
modification in the definition of @, (f,?) L (w,:Bd) In that case. Putting these together,
we deduce the desired equation. a

12.2.3 Weighted K-Functional and Equivalence

Our first K-functional on the ball is defined, like the one on the sphere, in terms of
the differentials D; ; defined in Eq. (1.8.5).

Definition 12.2.5. Let y > 0 and let f € LP(W,;;B¢) if 1 < p < e and f € C(B9)
if p=oco. For r € Nand ¢ > 0, define

Py 1 r r
Ke(fst)pu = geéI}(de){Hf—gHLP(W”;JBd)'H lgljjxgd”Di,ngLP(Wy;]Bd)

r r ~
+t llgflg)(d |‘Di7d+1g||LP(W‘u71/2;Bd+l) }7 (12210)

where if gt = 0, then ||D£d+1g|‘Lp(W”71/2;]Bd+l) is replaced by [|D} 4, 18| »(se)-

In the case of 4 > 0, we can also define the K-functional in the equivalent but
more compact form

. B , r s
Kl F- 1) _geé?&d){Hf 8llorow,me) 1 1§igljas§1+1”D”ngL"(Wn—l/ﬁBd“)}'

The equivalence of the two definitions follows from Eq.(12.2.9). Although
8(x,x441) = g(x) is a constant in the variable x;, so that dy;18(x,x441) = 0,
we cannot replace Dj ;.| by (x;9;)", since the operator D; 441 = Xi04+1 — X4+10;
involves xg.1, and D; , ., & is indeed a function of (x,x441) in B!, The following
lemma gives an explicit formula for this term.

Lemma 12.2.6. Let f € Cf(Bd)_ Assume that (y,yq+1) = s(x,x441) € BA+1 ywith
s =||(»,yas1)|, x € B¢ and (x,x441) €S.

(1) The function D{d+1f~(x,Xd+1) is even in x4 if r is even, and odd in x4 1 if r is
odd.

(2) Ifxap1 = @(x) := /1 —||x]|2 then
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OuaDirasn) = (~ot o) [r60]. 1<i<a

Proof. The proof uses induction. For r = 1, we have
Digi1f(v,yas1) = idas1 — Yar10)f (V) = —yar 10 ().

Using the fact that aix [f(sx)] = s(dif ) (sx), we have

(Digr1f)(sx,5%441) = —sxq11(9if ) (sx),

which is clearly odd in x4 1, and it is equal to —(p(x)% [f(sx)] when s = @(x).

For r > 1, let F(x,x441) = D£d+1f(.x,Xd+1). Assume that the result has been
established for . Then F,(sx,s@(x)) = (—@d;)"[f (sx)]. By definition,

Frp1(sx,5%041) = (Dj ar1Fr)(sx,8%q41) (12.2.11)
= 5x; (g1 Fr) (sx,5%411) — sxXg11(9iFy) (sx, x4 1).

The parity of F; in x4 follows from induction by Eq. (12.2.11). On the other hand,
taking the derivative by the chain rule shows that

r+1
(~ots) 0= (~ot5 ) (lsnsoto)
= ) U 53:59(2) 550 1) 55,5000,

which is the same as the right-hand side of Eq. (12.2.11) with x4, 1 = @(x). O
Proposition 12.2.7. Let g€ C'(BY), u >0, and 1 < p < oo,
(i) Ifu=0and 1 < p < oo, then

||D£d+1§”LP(Sd) = ||(‘Pai)rg|\LP(Bd,WO)' (12.2.12)
(ii) If u >0and 1 < p < oo, then

r 51P
||Di7d+1g||l}7(Bd+l,Wy,l/z) (12213)

dx

1
=au [ 0= [0 (o) =

(iii) If p=-ocoand it > 0, then

max |D!, & = max
yewﬂl fa+1800)] X

(o0 ) leton)|-
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Proof. For the proof of (i), we need only consider S% = {x € S? : x,,1 > 0}, by (1)
of Lemma 12.2.6, when dealing with D£d+1g~. By (2) of Lemma 12.2.6 with s = 1,
we then obtain
D58 P do (e =2 [ 1(9()2) 8017 do(x 1)
+
dx

V=TI

which is what we needed to prove. The proof of (ii) and (iii) are simple consequences
of Lemma 12.2.6. O

= | [(e(x)d)"g(x)|”
B

Just as in the case of the modulus of smoothness, the K-functional K (f,t), . =
K (f, t)Lp(W” ;pa) is related to the K-functional K, (F, 1) = K (F.1) p(ga+m-1) defined
by Eq. (4.5.2) on the sphere.

Lemma 12.2.8. Lerpu = ’"T’l andm € N. Assume that f € LP(W;;B?) if | <p < oo
and f € C(B?) if p = oo. Let F be defined as in Eq. (12.2.1). Then

Kr(fvt)Ll’(Wu;Bd) ~ Kr(Fat)Lp(ngrmfl).

Proof. The estimate K, (F,1) p(ga+n-1) < cK:(f,1) 1w, ) Tollows directly from the
definition and the fact that for every g € C"(B?),

||D£jg~|‘LP(Wu,l/2;B‘l“) = C”Dl".’jGHLp(Sderfl), 1 S l < ] S d+ 17
where G(x,x') = g(x) for x € B? and (x,x’) € S¢tm-1.

To prove the inverse inequality, we observe that on account of Lemma 12.2.1
and Eq (1229), ||f_ Li’lf”l}’(w‘u;ﬁd) = C”F - LnF”Lﬂ(Sd*m*l)’ and

|\D,{,L#ﬂ\L,,(Wufl/z;ﬁdﬂ) = c| D} LuF || pp(sasm-1y, 1<i<j<d+1.

The inverse inequality K, (f,) Lr(wyd) < cKr (Ft)p(sa+m-1y then follows by choos-
ing g =L} f withn ~ % in Definition 12.2.5 and using Corollary 4.5.4. a

12.2.4 Main Theorems

The modulus of smoothness that we just defined can be used to characterize the best
approximation by polynomials. Recall that IT¢ denotes the space of real algebraic
polynomials on B? of total degree at most 7.
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Definition 12.2.9. Let f € L”(W,;;B?) if 1 < p <ecand f € C(B?) if p = . Define

En(f)pu = glel}]féle_gHLp(Wﬂ;Bd)v n=0,1,....

Theorem 12.2.10. Let t = " and m € N. Assume that f € LP(Wy;BY) if 1 <
p<ooand f € C(BY) if p=oo. Then forall 1 < p < oo,

Ei(f)pu <co(fin pu, n=1,2,..., (12.2.14)

and .
o (fon ) pu <en " Y KT E(f) - (12.2.15)

k=1

Proof. Let F be defined as in Eq.(12.2.1). By Lemma 12.2.1, (Lyf)(x) =
(L,F)(x,x"), so that by Eq. (12.2.2) and the Jackson estimate for F in Eq. (4.4.1),

L= Fllp = [ I 7 = £ Wy ()

—c [ ILFG) - FO)Pdo()
§d+m—1
<cop(Fn ) psionty < cor(fn Dy,
which proves Eq. (12.2.14). The inverse theorem follows likewise from
En(F)Lp(Sd+m—1) <c HL[%jF — FHLp(SaHm—l)
=ty £~ Fllpw < E3)(Npa

and the inverse theorem for F in Eq. (4.4.2). a
As a direct consequence of Theorem 12.2.10, we have the following corollary.
Corollary 12.2.11. Ler u = ’”T’l and m € N. Assume that f € LP(W;;B?) if 1 <
p<ocoand f € C(BY) if p=-co. Ifr € Nandr > o0 > 0, then

supn®E,(f)p,a < oo ifand onlyif sup t~“@.(f,t)pu < °.
neN te(0,1)

By Lemmas 12.2.4 and 12.2.8 and the equivalence in Theorem 4.5.3, we further
arrive at the following.

Theorem 12.2.12. Let r € N and let f € LP(W;;B?) if 1 < p < o and f € C(B?)
if p=oo. Then for 0 <t <1,

O (fs1) pou ~ Kr(f51) p s 1 <p<oo
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Corollary 12.2.13. Ifr € Nand f € C"(B?), then

Ey(f)w <cn” D! f|w.
n(f)e <cn 123’;1” il

For f € C"(B?), we could choose g in the definition of the K-functional as f,
so that the corollary follows from the direct theorem. There are also L? versions of
such a result.

12.2.5 The Moduli of Smoothness on [—1,1]

When d = 1, the ball becomes the interval B! = [~1,1], and our modulus of
smoothness in Eq. (12.2.6) becomes, written out explicitly,

1/p
(1) = sup (e [ 1800105 +asin )17y (1))
(12.2.16)

for 1 < p < oo with the usual modification for p = eo, where c;l = W, ! (x)dx.

Using polar coordinates, the integral over B can be written as a double integral
against 6 and r, and it follows that the difference A} in Eq.(12.2.16) can be
evaluated at any fixed point 7y € [0,27]. More precisely, for any fixed 7y € [0,27],
Ay f(xicos(-) +xzsin(-)) = Apgx, x, (f0), Where gy, x,(0) = f(x1cos +x;5in0).
This definition makes sense for all real u such that y > 0, whereas for u = 0, the
integral is taken over S'.

This modulus of smoothness on [—1, 1] is new in the sense that it was not known
before the result in B¢ was developed. Let us compare it with the Ditzian-Totik
modulus of smoothness.

Theorem 12.2.14. Let 1 =", m e N, and r € N. Let f € LP (wy;[—1,1]) if 1 <
p <o, and f € C[—1,1] if p = eo. Assume further that r is odd if p = oo. Then
O (f 1) pu < cKro(fot)pu+ct||fllpu, 0<t<t, (12.2.17)

where the term t"|| f|| p,u can be dropped when r = 1.

Proof. By Theorem 12.2.12 and the equivalence (12.1.8), it suffices to prove the
inequality for the corresponding K-functionals:

Ko (f,)pu < Ko (fs)pu +ct || fllpu, 1< p<oeo,

with the additional assumption that r is odd when p = ce. This inequality, together
with the equivalence K (f,7)p.u ~ Ki,o(f,1)pu, is given in Theorem 12.3.2 of the
next section.
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In the case of u = 1/2, thatis, m = 2, K. ¢ (f,t), is equivalent to the Ditzian—
Totik modulus of smoothness wg, (f,1)p, so that Eq. (12.2.18) implies that

w,(f,t)p,l/z < cw;(f,t),, +et'||fllpu, 0<t<t, (12.2.18)

which shows that the new modulus of smoothness in Eq.(12.2.16) is at least no
worse than that of the Ditzian—Totik modulus of smoothness.

It is worthwhile to point out that Eqs. (12.1.6) and (12.2.18) imply that in the
unweighted case of m = 2,

[ 185 fxr cos()+aasin( ) — 122

2 2
1 —xi—x3

L
Sc;/o [ A flIpdh + et f]5, (12.2.19)

with the usual modification when p = co. This inequality is in fact highly nontrivial,
and it will play a crucial role in Sect. 12.3.3.

12.2.6 Computational Examples

One main advantage of the modulus of smoothness defined in this section over two
others defined in later sections is that it is reasonably easy to compute. We give
several examples below to demonstrate this computability. For simplicity, we will
present only the results in the unweighted case.

Example 12.2.15. For o # 0, define fy : B¢ — R by fa( )= (1 —|]x|* +[]x —
yol|?)%, where yq is a fixed point on BY. If o # 1 — <EL then

2(o—1)+

O (forst) pp(may ~ 1 *[lyoll (2 41— lyoll) o +f2|\)’0|\

where the constants of equivalence are independent of yy and 7. Moreover, if o =
1— d“ , then

1
2 |yoll < @2(fast) ppmay < cat®[lyoll[log(t + 1= [lyol)] 7,
where ¢, is independent of ¢ and yy.

Example 12.2.16. For o # 0, let fo(x) = (1 —||x||*)* for x € BY. Then

2 .
2O, il a4,
1 .
O (fo,t)p (B4) t*|logt|?, 1fa:1—11—7,

: 1
12, ifor>1--.
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Example 12.2.17. Let fo(x) =x* forx € B? and o = (01,...,047) 0. If0 < 05 < 1
forall 1 <i<d,thenforl < p <o,

1
O‘)Z(faat)Lp([B;d)Nl‘éJr;, 0:= min{al,...,ad}.

oc,-;éO

Example 12.2.18. Let o0 #0,d > 2 and let f, : BY — R be given by fy(x) = [|x—
eo||?*, where ey = (1,0,...,0) € BY. Then

20+4 d d
t 1,1 —p <a<l—o5

O (fo, ) po(may ~  Pllogt[?, o=1—45 p#ee, (12.2.20)
2, o>1-4

The verification of the asymptotic results stated in the above examples uses
essentially straightforward, though tedious, computations. The interested reader can
find the details in [50].

The above computational examples and Theorem 12.2.10 immediately lead to
examples for the asymptotic order of E,(f) () We give two examples. One
corresponds to Example 12.2.15, and the other corresponds to Example 12.2.18.

Example 12.2.19. For ot # 0, let fo (x) = (1 ||x]*)*. Then for —& < a <11,

En(fo)r ) ~ n 2

Example 12.2.20. For o0 #0,d > 2, let fo (x) = ||x —eo]|**, where ey = (1,0, ...,0).
For—zd—p<a< 1—%,
_d

En(fa) oy ~n 277, (12.2.21)

Although our moduli of smoothness on the ball are not rotationally invariant,
the best approximation E,(f);p(ga) is; that is, En(f),p@e) = En(f(P{}))1r(me)
for p € O(d). This implies, since every point xo on SY~! can be rotated to e,
that Eq. (12.2.21) holds for fy x, (x) := [lx —x0/|**. In particular, Theorem 12.2.10
shows then that

2a+%

d d
O (fag:)ppay ~ 1 7, Ty, Sas<log (12.2.22)

12.3 The Second Modulus of Smoothness and K-Functional

In this section, we introduce our second pair of modulus of smoothness and K-
functional on the unit ball, which are analogues of those defined by Ditzian and
Totik on [—1, 1], and we use them to characterize best approximation on the unit ball.
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Throughout this section, we let ¢(x \/ 1 — ||x[|? for x € B. With a slight abuse
of notation, we also use ¢ to denote v 1 2 on the interval [—1,1].

12.3.1 Analogue of the Ditzian—Totik K-Functional

Recall that the Ditzian-Totik K-functional Ko (f,t)pu on [—1,1] is defined
in Eq.(12.1.7). We now define its higher-dimensional analogue on the ball B.

Definition 12.3.1. Let f € LP(BY, W) if 1 < p < o and f € C(B?) if p = . For
re Nandt > 0, define

Kol tpu = _int {IF =gllput" max D,

Part of our development in this section will rely on a connection between
K. (f,1)p,u and the K-functional K,.(f,1), , defined in Eq. (12.2.5) of the previous
section, which we prove first. In fact, the following theorem has already been called
for in the proof of Theorem 12.2.14 of the previous section.

Theorem 12.3.2. Let 4 = ’”T’l andm € N. Let f € LP(Wy;;BY) if 1 < p < o, and
f € C(BY) if p= oo. We further assume that r is odd when p = eo. Then

Kio(f,)pu ~ Ki(f,0) puss (12.3.1)
and for r > 1, there is t, > 0 such that

K (fs1)pu < cKro(fst)pu+ct'||fllpu, 0<t<t. (12.3.2)

The proof of Theorem 12.3.2 relies on several lemmas. Our main tool is the
following Hardy inequality.

Lemma 12.3.3. For1 < p <ooandf§ >0,

(/Om </:, If(y)ldy))pxﬁldx) . < % </Ow |yf(y)|"yﬁ1dy) I/P. (12.3.3)

Proof. The inequality (12.3.3) for p = 1 follows directly from Fubini’s theorem.

Assume now that 1 < p < e and p—i-p, =1.Leto:= p ﬁ % with & € (0,B) to
be chosen later. Using Holder’s inequality, for every x > O

([ 1ron) < ([Cuorbre) ([ es) o

p/r o
= <p/(ﬁp_ 3)) xiaﬁpil/x |f(y)|pyapd)’-
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Integrating both sides of this last inequality with respect to x#~! dx, and applying
Fubini’s theorem, we obtain

/O‘” (/: |f()’)|dy)>Pxﬁldx

< (myw/: LF) [Py (/()yxo‘””lxﬁldx) dy

- (ﬁ)w 5 [ hrent e

The desired inequality (12.3.3) then follows by choosing § = 3/p. O

The second lemma contains two Landau-type inequalities.

Lemma 12.34. Let 1 > —% and r € N. Assume that f € C'[—1,1] and
I<p<ee

(i) f1<p<eand1 <i<Forp=candl <i< 3z, then
"2 Fr )y < ctll@F o+ 2l 9" Fllp- (12.3.4)

(ii) Ifris even, set 6, := 0 and assume 1 <i < 5, 1 < p <o Ifris odd, set &, := 1
and assume 1 <i < % 1 < p <o Then

% F Dy < ctll @ f N pu+ 2l 9" fllpu- (12.3.5)
Proof. We claim that for j € N, £ € N, and f € C/+![—1,1],
. 4 27/
195D I < il g™t cs [ 17(01ax (123.6)

whenever {1 —l—é +%>0and 1 < p<eoora>0and p=-ee. Since ¢(x) ~ 1 for
x € [—277,277], Egs. (12.3.4) and (12.3.5) will follow from Eq.(12.3.6) by setting
j=r—i,a=r—2i,and { =i, and by setting j =i, a = &,, and £ = r — i, respectively.

Iterating if necessary, we see that it suffices to prove the claim (12.3.6) for £ = 1
and an arbitrary j € N. For 1 < p < o, by the fundamental theorem of calculus, we
obtain that for x € [0, 1],

PO [ @l min (0]
—2-J ye[-2-7,0]

Recall that the jth-order difference operator A;; with step & < O satisfies the
property that A] f(x) = (=1)/h/fU) (&) for some & € [x + jh,x]. Thus, setting
hj=-277"1/j, we have
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min |[fD)<e; min|A]F()]
ye[—277,0] xe[—2-7-10]

0 0
< max/ |f(x+kh)|dx§cj/727j|f(x)|dx.

0<k<jJ-2-i-1

Together, the above two displayed equations imply that for x € [0, 1],

. X 0
V)] < /27], AU ()|d;+cj/2 PG, (12.3.7)

On the other hand, using Hardy’s inequality (12.3.3), we observe that
1 X . p
[ ol dr] 0 ()
Jo [J-2-i

p
<ol [[rraaa o ta
3/2 . ap 1 :
< c/ |f(/+1)(1 _x)|Px7+P+11*§ dx < C|‘(pa+2f<1+l)||[1;#,
Jo

Thus, combining this inequality and Eq. (12.3.7), we obtain

. 0
/ 100" D () Pwy (x) dx < cl|o 2 FU DB, +c [ L oldy

Similarly, using symmetry, we also have

. 27
[ 1000 @) ax < ellge 27 e [0l

Combining these two inequalities proves Eq. (12.3.6) for { =1 and 1 < p < e. To
prove Eq. (12.3.6) for the case in which £ = 1 and p = oo, we set [;(x) := [-27/,x]
for x € [0,1], and I;(x) := [x,27/] for x € [—1,0]. Then, using Eq.(12.3.7) and
symmetry, we obtain

. . 277
FIlew <ot [ U wake [ 170y

j X

) a 27/
<lg* 2V gl [ (=) arre [ 170l

o Ij )C)
. 27
<2 ke [ 17l

provided that a > 0. This completes the proof of Eq. (12.3.6). O
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Lemma 12.3.5. Let f be defined as in Eq. (12.2.5). Then
r .
DY g1 f(xxain) = X, pir(xt,xa41)0 f(x), x€BY, (x,x441) €BIH,
=1

where py(x1,Xq41) = X, and

pjar(x1,Xq41) = 2 a(vz‘;)x{*zvxﬁil, (12.3.8)
max{0,j—r}<v<j/2
Pioar1(x1,%041) = D a(v%gfl)xfflfz"xi‘ﬁl (12.3.9)

max{0,j—r}<v<(j-1)/2
for1 < j<2r—1landl < j<2r—2, respectively, and as,r)j are absolute constants.

Proof. Recall that f(x,xg,1) = f(x), so that dy 1 f(x, x4, 1) = 0. We use induction.
Starting from

r .
Dﬁilf(xl,xdﬂ) = (xq4101 = X10a51) Y, Pjr(x1,X411)0] f(x),
j=1

a simple computation shows that p; , satisfies the recurrence relation

Pjrtl =Xgp1Pj—1,+ (Xap101 = x10441)pjr, 1< j <, (12.3.10)

where we define pg, := 0, and p,41,41 = Xg4+1DPrr- SINCE P11 = Xg41, WE SEE
that p,, = xj;, by induction. The general case also follows by induction: assuming
that p;, takes the stated form, we apply Eq.(12.3.10) twice to get p;,.» and
verify that p;,, and p; >, are of the forms (12.3.8) and (12.3.9). O

We will also need the following integral formula, which is a simple consequence
of a change of variables.

Lemma 12.3.6. For1 <m<d-—1,

Bdf(x)dx:/wm [/mf<,/1— ||v|2u,v) du} (1=[v») . (123.11)

We are now in a position to prove Theorem 12.3.2.

Proof of Theorem 12.3.2. We give the proof for the case m > 2 only. The proof
for the case m = 1 follows along the same lines. The only difference in this case
is that we need to replace the integral over BY*! by one over S¢ according to
Definition 12.2.5 and use Eq. (A.5.4) instead of Eq. (12.3.11).
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By definition, we need to compare ||D£d+1g|‘Lp(Wuil/z;Bd+l> with ||@" 07 gl s
where || -{|p.u = | - [l Lo(w,:5¢)- More precisely, we need to show that
D118l i) ~ |03l 1 <6<, (123.12)

and for r > 2,

1D:a18llrqw, , pmarty < cll@™0]gllpu+cllglpu, 1<i<d (12.3.13)

If r =1, then by Eq.(4.2.3), D17d+1g~(x,xd+1) = xd+1(91g(x). Hence
by Eq. (12.3.11),

||Di,d+lgHZp(Wu pa+1) = /]Bd+1 g +1018() [P (1 = [lxl|* = x3 )*~ ey 44

—1/25

= c [, 19x)a1)17(1 = 6] dx = cllgdngl

p
Dl

where ¢ = [!,[s|P(1 — s*)"~'ds. The above argument with slight modification
works equally well for p = . This proves Eq. (12.3.12).

Next, we prove Eq. (12.3.13) for r > 2. By symmetry, we need to consider only
the case i = 1. We start with the case of even r = 2/ with ¢ € N. In this case, 1 <
p < oo, and by Eq. (12.3.8), we have

20

|D%€d+1§(%xd+1)| <c)y m

J=2v_2v 5j
ax xi x5k 0 g(x)].
,_1max{o,jf}<v<j/2‘ 1 gl

This implies

‘ 2
DY, g md+y <€ max Ij,+c max [; 12.3.14
1Dt 181w, - pimer) < j:zlogvgj/z o j:%'rlj%gvéj/z e € )

with
(1= x> =gy )" d(x, xa 1)

‘ p

- =2V 2v 9]
Ljy = ./]Bd“ ‘x{ 44191 8(%)

:C/
B4

where the last equation follows by Eq.(12.3.11). Let x = (x,x') € B9,
Using Eq. (12.3.11) again, and setting g,/ (t) = g(r@(x'),x'), we see that

‘ p

P ()9 g(x)| (1= x|,

"= a1 Py e

1, ) .
Be=c [ [ oo 0dfs(ol ). )
Bd-1J-1
1

= C/]Bd—l |:/1 |(p2v(t)gi{)(t)|P(1 —[2)“1/2dt:| (1 _ Hx/Hz)“dx/,

where the inequality results from [¢/=2V| < 1.
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If1<j<{=35andv >0, then ¢*(t) < 1, so that we can apply Eq. (12.3.5) in
Lemma 12.3.4 to conclude that

1
livs C./JBH [/1

1
o [ e[ (1= a1 — ) ay

dZﬂ 14

(PZE(I)W

(), x")]

(1 —rzwl/zdr] (1= ) av

I3 _
=c [ o @R et (1= P Pt el

If{+1<j<20andv>j—/, then ¢*'(t) < @>~2(¢), so that we can apply
Eq.(12.3.4)in Lemma 12.3.4 with i = 2¢ — j and r = 2/ to the integral over z, which
leads, exactly as in the previous case, to I,y < c||[@*93g||} , +c|lg||h u-

Putting these together, and using Eq. (12.3.14), we have established the desired

result for the case of even r = 2¢. The proof for the case of odd r follows along the
same lines. This completes the proof. O

12.3.2 Direct and Inverse Theorems Using the K-Functional

Using the K-functional in Definition 12.3.1, we establish both the direct and the
inverse inequalities.

Theorem 12.3.7. Let it = ’”T’l meNandreN. Let f € LP(Wy;;BY) if 1 < p < oo,
and f € C(BY) if p = oo. Then

Ei(f)pu < cKrop(fin Dpu+en ™| fllpu (12.3.15)
and n
Kp(fin Dpu <en™ Y K E(f)pu (12.3.16)
k=1

Furthermore, the additional term n™"|| f|| ,. . on the right-hand side of Eq. (12.3.15)
can be dropped when r = 1.

Proof. When 1 < p < e and r € N or p = e and r is odd, the Jackson-type
estimate (12.3.15) follows immediately from Eq.(12.2.14) and Theorem 12.3.2.
Thus, it remains to prove Eq. (12.3.15) for even r = 2¢ and p = . Since we have
already proved Eq. (12.3.15) for K»¢41 ¢ (f,7), it suffices to prove the inequality

K2£+17(P(f7t)°° S CKZZ,(P(fut)W'

For d = 1, this inequality has already been proved in [61, p. 38], whereas in the case
of d > 2, it is a consequence of the following inequalities:

ID7} gl < clDf jglle and |9 107 gl < @79 gl
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which can be deduced directly from the corresponding results for functions of one
variable; see, for example, Eq. (12.3.6).

The inverse estimate Eq. (12.3.16) follows as usual from the Bernstein inequali-
ties: For 1 < p <coand P € I1¢,

\max 1] Pl < '[Pl and - max 970 Pl < e’ [P
(12.3.17)

We shall prove only the first inequality in Eq. (12.3.17), since the second inequality
follows along the same lines. Without loss of generality, we may assume (i, j) =
(1,2). We then have, for 1 < p < oo,

1D5,

/d 2 {/ 12 xu‘P(“)xzaMﬂp(l—X%—x%)”5dx1dX2]
x (1= [[ul )42 du
. 1T r2rm
= / [ rarewp coso.pwpsing.pao)
JBd-2Jo |Jo ’
— M 2pdp(1— [|ul)H 2 du

(1
2 (r) p 2/,17l 2/.L+l
—/B/ [T d0] (1 -0 L pap(1 — ul)

. 1 2
<o [ [ s 0)ras] (- p2tpap(r - 2 au
JB4-2J0 0 '
= |2

where f,,(0) = f(@(u)pcos@,p(u)psin@,u), and the inequality step uses the
usual Bernstein inequality for trigonometric polynomials. Using Eq.(4.5.1), the
same argument works for p = oo. This completes the proof of the inverse estimate.

O

Remark 12.3.8. Since the Bernstein inequality (12.3.17) is proved for all 4 > —5,
the inverse estimate (12.3.16) holds for all u > —% as well.

12.3.3 Analogue of the Ditzian-Totik Modulus
of Smoothness on B¢

We define an analogue of the Ditzian—Totik modulus of smoothness, defined in
Eq. (12.1.4), on the unit ball BY. Since the definition for the weighted version has
an additional complication, we consider only the unweighted case, that is, the case
W, /2(x)dx = dx, in this section. Let ¢; be the ith coordinate vector of R and let AA,: o
be the rth central difference in the direction of e;, more precisely,
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Ar, fx) = 2 (—1)f @f (x—|— (% - k) hei).

k=0

As in the case of [—1,1], we assume that AAgei is zero if either of the points
x:l:r%e,- does not belong to BY. We write L”(B?), ||f||,, and K,.o(f,t), for
LP(W1/2;IB§4), ||fHW1/2;Lp(Bd), and Ky ¢(f,t)p,1/2 respectively. The modulus of

smoothness a)g,(f,t),, in Eq.(12.1.4) for the case d = 1 suggests the following
definition.

Definition 12.3.9. Let f € LP(B?)if 1 < p < eoand f € C(B?) if p = o. Forr € N
andz > 0,

O (f)p = sup { max 187, max |Ah<pe,f|p} (123.18)

0<‘h‘§[ 1<i<j<d
Many of the properties of the modulus of smoothness @, (f,t)p follow from the

corresponding properties of the moduli of smoothness on the sphere and on [—1,1].
For example, we have the following lemma.

Lemma 12.3.10. Let f € L (BY) for 1 < p < o and f € C(BY) for p = oo.

(1) For0 <t <ty, 0y (f,1)p < cwp(f,1),.
(2) For & >0, ag(f,At)p < c(A+1) 0p(f,1)p
3) For0<t< % and every m > r,

gty <en (v [ L arsrigl ).

(4) For0 <t <to, @y(f:t)p <c|fllp-

Proof. For 1 < p < oo and the Af} 0 f part, we use the integral formula

I1A7 ,9f||P_/ - l/Sd A7 ef(sx) |”do(x')ds

and apply Lemma A.5.4. For the A’e(peif part, we use Eq.(12.3.11) with m = 1 and
the fact that if x = (@ (u)s,u), then @(x) = @(s)@(u), to conclude that

19 B 1= [, |00 B0, /)

o[l

= [, oty [ /

p
’ dx

pdS(p(u)du

Are(p( Yowye S (@(u)s,u)
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where f,(s) = f(@(u)s,u), and then apply the result for one variable in [61, pp. 38,
43] to the inner integral and use the equivalence Eq. (12.1.6). O

Next we establish the direct and the inverse theorems in @ (f,?),, two of the
central results in this section.

Theorem 12.3.11. Let f € LP(B?) if 1 < p < o0, and f € C(B?) if p = oo. Then for

reN,
En(f)p <cap(fin)p+n"|Ifll (12.3.19)
and .
wh(fon )y <en Y KTE(S))- (12.3.20)
k=1

Furthermore, the additional term n™"||f||, on the right-hand side of Eq. (12.3.19)
can be dropped when r = 1.

Proof. We start with the proof of the Jackson-type inequality (12.3.19).
By Eq.(12.2.14), it suffices to show that for the modulus ®,(f,r), given in
Definition 12.2.2,

o (f,n )y <cap(fn )y +en||flp- (12.3.21)

However, using Definitions 12.2.2 and 12.3.9, this amounts to showing that for 1 <
i<d,

sup 1A a11.0F | o wymerty < cwp(f,)p +ct[|f] s (12.3.22)
<t

where f(x,x4.1) = f(x) for x € BY and (x,x4, ) € B¢*!. By symmetry, we need to
consider only i = 1. Set

H(s)=fle()s,v), veBT !, se[-11],
where @(v) = /1 — ||v||?. We can then write, by Eq. (12.3.11),

||Ai7d+179f|‘€1:(W0;Bd+l)

— . P dx
= 1 Agf(xl COS(')+Xd+1 s1n(-),x2,...,xd)‘ 1—||H2
d —||X

”’ dxydxg1

%
o Bd-1 B2

N fo(x1cos(-) 4 xq41sin(-))

o(v)dv.

22
l—xl—de

Applying Eq.(12.2.19) to the inner integral, we see that the last expression is
bounded by, for || <,



12.3  The Second Modulus of Smoothness and K-Functional 323

1 t 1
h Lol
tJo JBd-1 | /-1
1 t 1
Ty
tJo JBd-1.J-1
1 t
~if
t 0 JBd

For r = 1, the additional term ¢'?|| f||}, can be dropped, because of Theorem 12.2.14.
Obviously, the above argument with slight modification works equally well for the
case p = oo. This proves the Jackson inequality (12.3.22).

Finally, the inverse estimate (12.3.20) follows by Eq. (12.3.16) and the inequality
@6 (f,)pu < cKyp(f,1)pu, which will be given in Theorem 12.3.12 in the next
subsection. a

pds} (P(V)dvdh+tr”/]Bd71/ll [fo(s)|P ds@(v)dv

Ajpis) F5)

A p
Dho(pmse S (@W)s,v) ’ dso(v)dvdh+ct'?| £}

~ p
A;l(p(x)elf(x)‘ dxdh+ct"|| flI;; < c oy (f0)p+ ™| f1I5-

12.3.4 Equivalence of ,(f,t), and K; o(f,t),

As a consequence of Theorem 12.3.11, we can now establish the equivalence of the
modulus of smoothness @y, (f,t), and the K-functional K;. o (f,1)p.

Theorem 12.3.12. Let f € LP(B?) if 1 < p < oo, and f € C(B?) if p = oo. Then for
reNand0 <t <t,

cop(f.1)p < Kep(fi1)p < cap(fit)p+ct”|| fllp.

Furthermore, the term t"|| f||, on the right-hand side can be dropped when r = 1.
For the proof of Theorem 12.3.12, we need the following lemma.

Lemma 12.3.13. For 1 < p < and f € IT¢, we have

n DS lpu~ sup [[A7efllpu, 1<i<j<d, (12.3.23)
|o|<n—!
and
-1
n ~
w QO I~ [ gl 1< i<, (12324)
0

with the usual change when p = oo,

Proof. The relation (12.3.23) follows directly from the inequality at the end of
the proof of Theorem 12.3.7 and the corresponding trigonometric inequality in
Lemma 4.1.4. The relation (12.3.24) can be proved similarly. In fact, setting i = 1

and f,(s) = f(@(u)s,u), we have
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1
wrleaisl=n [, ]
! 1 Ay p

N”/Wf1 /0 ‘/71’Ah(p(s)fu(s)

-1
n
=0 [ 1Bjge I

o' (5) £ ()| ds

] o(u)du

dsdh] o(u)du

where we have used the equivalence relation of one variable in [89, p. 191]
and Eq. (12.1.6). O

Proof of Theorem 12.3.12. We start with the proof of the inequality
o (fit)p < cKpo(fit)p, 0<t <t (12.3.25)

Let g, € C"(B?) be chosen such that

Hf_ngPSZK"-,(P(fvt)Pv trl<rn<ax< ||DtjngP<2Kr(P(f7 ) P

and
" max [ 9°9; g llp < 2Krp(f:1),

From the definition of a)(f, (f.1)p and (4) of Lemma 12.3.10, it follows that

w(:)(fvt)Pgw(’(;(f_gh ) +0) (glu ) SCKr7(p(f7t)p+d)(:)(glut)p'

Consequently, for the proof of the inequality of Eq. (12.3.25), it suffices to show that
for g € C"(BY),

127 .08llp < 871D jgllp and  [|A54e8lly < cO'l9" gl (123.26)

First we consider Ag pe; f, for which we will need the corresponding result for
[—1,1]. By Egs. (12.1.7) and (12.1.8), there exists ¢, € (0, 1) such that for 0 < i < ¢,

1A o8l 10y < ch 1078 o117 (12.3.27)

For p = oo, the proof of Eq.(12.3.26) follows from the usual relation between
forward differences and derivatives. For 1 < p < oo, we need to consider only the
case i = 1. Using Eq. (12.3.11) with d replaced by d — 1, we obtain by Eq. (12.3.27)

that
- L[]

p
6(pelg G(p(y sel ((P( )S y) dS(p(y)dy
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Lo [ e
<c/ 9”’/
Bd-1

=69”’/Bd 9" (x)d{g(x)|" dx = c 67| @"0f 8|},

" ds @(y)dy

p

g(e(y)s,y)]| dso(y)dy

ds’

where g,(s) = g(@(y)s,y). This proves the second inequality of Eq. (12.3.26).
Next, we consider A/ ; 768> for which we will need the corresponding result for
trigonometric functions. Let hbe a 2r-periodic function in LP[0,27] and let ||A||, :=

1/p
( llIC )|”d6) in the rest of this proof. Then using Lemma 4.1.4,

IZ5hl], < ch A, (12.3.28)
We consider only the case (i, j) = (1,2). By Eq. (4.2.3),

185208l = [, 187208 (0n00)0] 90 2dvetu

“fushe A

Setting gp 4 (t) = g (p cost,psint,p(p)u), we deduce from Eq. (12.3.28) that

p _
08 (pcost,psint, (p(p)u)‘ dro(p)?~2dp du.

r p —
,u(t)\ drp(p)*dpdu

[A12,6f1l) <O o [l
12,6/ 1lp = -2 . P 8p

—com [ \Dug dr =6},

which proves the first inequality of Eq. (12.3.26). Consequently, we have proved the
inequality (12.3.25).
We now prove the reverse inequality

Kr,(p(f,t),,Sca)(?,(f,t)p—l—cterH,,. (12.3.29)
Setting n = |1 |, we have
Kugsp < I =LA+ max [DELA S+ max 9722
The first term is bounded by c wg, (f,1), +cn™"|| f|| , by Eq. (12.3.19). For the second
term, we use Eq. (12.3.23) to obtain

" max_||Dj ;LA fll, < cop(Lifn ), <cop(Lhf—fon )+ cap(fn"),

1<i<j<d

<cllf =L fllp + el (fin)p < caf(£i)p+et” || £ -
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The third term can be treated similarly, using Lemma 12.3.13. This completes the
proof of Eq. (12.3.29). O

12.4 The Third Modulus of Smoothness and K-Functional

The results we obtained in the previous two sections have been established for W,
and in most cases, under the restriction y = ’”Tfl and m € N. Our third pair of
modulus of smoothness and K-functional can be defined in the more general setting
of L” (B, W), where Wy is defined in Eq. (11.1.2), which is

d
(0) = [Thal (1 = [le»* 12, =0, u>0.

The analysis in LP (Wy;B?) is the subject of the previous chapter. The third modulus
of smoothness is defined in terms of the generalized translation operator, and our
development is parallel to that of Chap. 10.

For 6 € R, let Ty (W) be the generalized translation operator in Definition 11.2.4
defined with respect to the weight Wy. Properties of this operator are stated in
Proposition 11.2.5. In the special case of Wy, an explicit integral representation
of Tp(W,,) is given in Eq. (11.2.12). Our third modulus of smoothness on the ball is
defined, following the approach in Sect. 10.1, in terms of the operator Ty (Wy). For
r > 0, we define the difference operator A’G’K by

b = (1= TalW) s = 314 () (W)
k=0

Definition 12.4.1. Let f € LP(Wy;BY) if 1 < p < o0, and f € C(B?) if p = . The
rth-order modulus of smoothness of f is defined by

@ (ft)p = sup [ A fllpx,  1€(0,1). (12.4.1)

0] <t

This modulus of smoothness is closely related to the one defined in Def-
inition 10.1.1 for LP(h3;S), where h(x) = TT19X] [x;|*/, which is denoted by
) (f,t )Lp(hz s4)- Using the relation (11.2.6), it is easy to see that

w;k(f,t)PJ( = w’(F7t)U’(h,2<;Sd)7 F(.x,.Xd+1) = f(.x). (12.4.2)

The K-functional that is equivalent to @;(f,t)p.« is defined in terms of the
fractional powers of the differential-difference operator

D =My — (6, V) = (2| +d —1){x,V), (12.4.3)
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defined in Eq. (11.1.11), where Ay, is the Dunkl Laplacian, defined in Eq. (7.1.2), for
h2(x) = T1%_, |xi|". As shown in Theorem 11.1.5, the orthogonal polynomials with
respect to Wy on B¢ are eigenfunctions of Py B- More precisely, by Eq. (11.1.10),

DenP = —n(n+2|x|+d—1)P, VP ¥ (W),

where “//nd (Wy) is the space of orthogonal polynomials of degree n with respect
to the weight function Wy, on B“. Recall that proj, (Wy; f) denotes the projection
operator from L?(Wy, BY) to #,%(Wy) as in Eq. (11.1.12). In analogy to Eq. (10.2.1),
for r > 0, we define the fractional power of (—%, )" in the sense of distributions by

projn (WK’ (_‘@K,B)rf) = (n(n+2|K| +d— 1))rpr0jn(WK';f)a n= 07 1727 ceey

which is used to define our third K-functional as follows.

Definition 12.4.2. Let f € LP(W;BY) if 1 < p < oo, and f € C(B?) if p = . For
r > 0, define a K-functional by

K (f,t)pxc = inf ){If—gl prtt” H (—%,B)r/ngp K} : (12.4.4)

geC=(B4
For f € LP(Wy;BY) if 1 < p < oo, or f € C(BY) if p = oo, define

En(f)pﬂ( = gienlgy, If— g”pnc'

Theorem 12.4.3. Let f € LP (Wy;BY) if 1 < p < oo, and f € C(B?) if p = o.
() Ift €(0,1)and r >0, then

w:(fvt)P,K ~ K;k(fat)[’-,lf'
(ii)) We have the direct inequality

Eﬂ(f)[’-,K' = gienlg ||f_g||[7K' S Cw:(fvnil)[’,lfa n= 1727' LR}

and the weak inverse inequality

n

o7 (fin™pxe Sen” Y (k+ 1) E(f) pox.
k=0

Proof. LetK,(F,t),, (2:5¢) denote the K-functional defined, in Eq. (10.3.6), in terms

of the spherical h-Laplacian A, associated with hy(x) = [T J;rll |xj|% on S. For

the proof of (i), we need only show, by Eq. (12.4.2) and the equivalent relation in
Theorem 10.4.1, that

K;F(fat)[’-,'f = Kf(th)LP(h,z(;Sd)a F(X,Xd+1) = f(x) (1245)
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By the proof of Theorem 11.1.5, the operator Z, i is deduced from Ay, so that
we obtain from Eq. (11.1.6) that || (— Zx5)"/?|x.p = | (_Ah,O)r/zFHLp(hZK;Sd)a which
implies, by Eq. (11.1.6) and the definition of the K-functional,

K: (fvt)p,K = HGlf{”F - G”Lp(th;Sd) +tr”(—Ah,o)r/zGHLp(h%;gd)} )

where the infimum is over all G € C*(S?) such that G is even in x4 . It follows, in
particular, that K (f,1)p.x = Kr(F,t);,(2.50)- On the other hand, for G € C=(S9),
we define G, (x,x44+1) = [G(x,X441) + G(x,—Xx+1)] /2. Then G, is even in x4, and
it is easy to see that H(—Ahp)’/zGeHL,,(th;Sd) < H(—Ah7o)’/2G||U,(th;Sd) and ||F —
Gellppgzsty < IF = Gl o254, Which allows us to conclude that K(f,1)p,x <
K, (F, t)Lp(th;Sd). Thus, we have proved Eq. (12.4.5) and hence (i). The above idea of
taking G, of G can also be used to show that

En(f)xp = En(F)Lp(th;Sd>, F(x,xg41) = f(x),

where E,(F) Lr(2:54) denotes the quantity of best approximation by polynomials

with respect to 42 on S¢, as defined in Definition 10.1.5. Consequently, both (ii) and
(iii) follow from (i) and the corresponding result in Corollary 10.3.3. a

12.5 Comparisons of Three Moduli of Smoothness

Among the three pairs of moduli of smoothness and K-functionals that we intro-
duced, the first pair is defined for W, (x) with u = %, the second pair for dx,
although the K-functional is defined for W, and the third part, most generally, for
Wi (x). In each case, we have the equivalence of modulus of smoothness and the K-
functional in the same pair, and the direct and the inverse theorems for the algebraic
polynomial approximation on B?. The first pair is essentially the projections of
those on the sphere S?*"~! studied in Chap. 4, and as such, the modulus can be
relatively easily computed, as demonstrated by the examples. The second pair gives
complete analogues of the Ditzian—Totik pair on the interval [—1, 1], which captures
the boundary behavior most visibly. The third pair is the most general, defined not
only for all Wy but also for all » > 0. It is, however, also the most complicated pair
in structure, which allows access to tools in harmonic analysis, such as multiplier
theorems, as shown in Chap. 10, but the modulus is essentially incomputable.
Beyond these apparent differences, we can also look for other points of compar-
ison between them. The fact that each pair can be used to characterize the best
approximation shows that they must have similar behavior. However, since the
inverse theorem is of weak type, there may be subtle differences among the three.
Below are several comparison theorems between the three pairs, which reflect what
is known at the time of writing. In these comparisons, we restrict W to W, and
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write the third modulus as @;(f,t), ., and we further write @, (f,7).u as @.(f,1),
when u = 0.

Theorem 12.5.1. Let f € LP(B?) if 1 < p < oo, and f € C(B?) if p = . We further
assume that r is odd when p = o. Then

1
w(p(f7t)17 ~ wl(fat)pa
and for r > 1, there is a t, > 0 such that

o (f,1)p < cwp(f,t)p+ct|| fllp, 0<t<t,.

Furthermore, the above estimates hold if w,(f,t), is replaced by K,(f,t)p u, and
g (f,1)p is replaced by K, (f,1).

Theorem 12.5.1 is a direct consequence of Theorems 12.2.12, 12.3.2, and
12.3.12. Note that we state the estimates only for unweighted moduli of smoothness,
since we did not define their weighted counterparts.

Theorem 12.5.2. Let 1t > 0. Then for f € LP(W“;]B"), I <p<eo,and0 <t <1,

c1Ka o (fit)pu KK (fs1) pp < 2Kao(f5)po +C2t2||f|‘p+l-

Theorem 12.5.3. Let u = m771 and m € N. Then for f € L? (Wy;;BY), 1 < p < o,
reN,and0 <t <1,
wr(f,t)p,/.l < CO‘): (fvt)Pa/'"

Theorems 12.5.2 and 12.5.3 are partial results, and their proofs are quite involved.
We omit the proofs and give references in the next section.

12.6 Notes and Further Results

The main reference for the Ditzian—Totik modulus of smoothness is [61]. The idea
of using generalized translation operators to introduce moduli of smoothness on
intervals can be traced back to Butzer and his collaborators. In the case that the
weight w(x) is given by wy (x) = (1 — xz)“’%, their moduli are defined by

o (f,)pu = sup [[Dg p-- Do ufl
|6;]<t
1<j<r

Dt

where Ag,f = f — T} f. Properties of (f,t)p, and their relation to best
weighted algebraic polynomial approximation were described in [27], which is
a survey of the authors’ work that also includes further results. Potapov further
explored relations between the rate of approximation by algebraic polynomials and
generalized translations (see [140] and the references therein).
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Besides the two moduli on the interval discussed in the first section, there are
several other alternative moduli of smoothness on the interval. The most notable one
is due to Ivanov (see [90] and the references therein), who introduced the following
averaged moduli for 1 < p, g < oo and used them to study polynomial approximation
on [—1,1]: Let w(t,x) := 1> + /1 —x2 for x € [ 1, 1]. Define

1 y(tx) q
= (g [ 1Bl

i) ) , 1€(0,1),

p

where the L? norm is taken with respect to dx on [—1, 1] and the L7-average on the
right is replaced by supj, <y ) |27/ (x)| in the case of g = . Among other things,
he proved

Tr(fvt)p,pNKr,(p(fat)pv I1<p<e, reN

For further results on moduli of smoothness and algebraic polynomial approxi-
mation, we refer to the comprehensive survey [58] by Ditzian.

For the unit ball B?, an early result in [141] gave a direct theorem in terms of
supy < | f(x+h) — f(x)|, which, however, does not take into account the boundary

of BY. In fact, using this modulus of smoothness and its higher-order analogue, it is
possible to establish a direct estimate for continuous functions on any compact set,
and one can do so simultaneously for the derivatives of the functions as well [10].
However, the direct estimate given in terms of such moduli of smoothness is weaker
for many functions. For example, for those functions in Examples 12.2.15, 12.2.16,
and 12.2.18, such moduli of smoothness give an estimate of order n~% for E, (),
in contrast to the accurate order n~2%. In particular, no matching inverse theorems
can be given for these moduli of smoothness.

Most of the results in Sects. 12.2 and 12.3 were proved in [50]; see also [51].
The weighted moduli of smoothness ®;(f,),  and the weighted K-functionals
K.(f,t)p in Sect.12.4 were introduced and discussed in [190]. Although we
believe that the results for the first pair of modulus of smoothness and K-functional,
o (f,1)p,u and K.(f,1)p u, hold for all u > 0 instead of u = m74 of half-integers,
our approach does not seem to allow such extensions, and this appears to be a
difficult problem.

Like the results in Chap. 5, many weighted polynomial inequalities, including the
second inequality in Eq.(12.3.17), the Nikolskii inequality, and the Remeze-type
inequality, can be established under doubling or a slightly stronger A..-condition on
the weights on B<; see [38, Sect. 8].

Theorem 12.5.2 was stated in [50, Theorem 7.5]. Its proof relies on the
decomposition of the differential operator &, in [50, Proposition 7.1],

d
Du=Y U+ Y, Di

i=1 1<i<j<d
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where D; j = xd; — x;d; for i # j, and
Ui 7= Wu ()]0 [(1 = [[P)Wu ()] 9, 1<i<d,

and the following result of [50, Theorem 7.3]: for every g € C?(B9),

d
| Dugllpu~ Y, ||Di,jg||p7u+2||Ui,ug|p,uv 1 <p <eo,
-1

1<i<j<d i=

which holds for all ¢ > 0 and follows from a corresponding result of [45, Remark
1.2] for the simplex. Theorem 12.5.3 is a consequence of Theorem 8.2 of [44].

Using the first modulus of smoothness, @,(f,t)u p in Eq.(12.2.6), a Lipschitz
space can be defined in complete analogy with the one that we defined on the sphere
in Sect. 4.8, in which E,,(f) p,u has ordern™"~* for r € Ng and o € (0, 1). For precise
statements and proofs, see [S1].



Chapter 13
Harmonic Analysis on the Simplex

The simplex in R? is another compact domain with boundary. We consider the
setting of the standard simplex equipped with Jacobi-type weight functions that
have singularities at the boundary. Analysis on this domain, as it turns out, is closely
related to analysis on the unit ball. In fact, the simpleminded map from the simplex
to the positive quadrant of the unit ball is an isomorphism between orthogonal
polynomials on the simplex and those orthogonal polynomials on the unit ball that
are even in every variable. A large portion of the harmonic analysis on the simplex
can be deduced from the corresponding part on the unit ball.

The orthogonal structures on the simplex and its connection on the unit ball
are studied in the first section, which allows us to define a convolution structure
and use it to study orthogonal expansions on the simplex in the second section.
The connection to the unit ball allows us to deduce several essential results on the
simplex, including maximal functions and a multiplier theorem in the third section,
and boundedness of projection operators and Cesaro means in the fourth section.
The list, however, does not include the near-best-approximation operator and highly
localized kernel, which can nevertheless be deduced using a similar approach, as
shown in the fifth section. Using again the connection to the unit ball, weighted best
approximation is deduced in the sixth section, and cubature formulas in the seventh
section.

13.1 Orthogonal Structure on the Simplex

The simplex T¢ of R is defined by, with [x| = x; + -+ + x4,
Td = {XERd:-xl ZO,...,XdZOa|x| < 1}

We will be working with orthogonal structures with respect to the weight function
on the simplex

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 333
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4_13,
© Springer Science+Business Media New York 2013
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d
Ue(e) =TIl 2 (1 = )73, x>0, xeT9, (13.1.1)
i=1

which is the analogue of the Jacobi weight function on [0, 1]. The reason that the
parameters are chosen to be of the form x; — 1/2 instead of k; lies in the connection
of Uy with the weight function Wy in (11.1.2) on the unit ball. As in the case of Wy
on B9, we set A := ||+ 4.

Definition 13.1.1. For n € N, let #,¢(Uy) denote the space of orthogonal polyno-
mials of degree exactly n with respect to the inner product

(.8, 1= ax [ (80 Uelx)d,

where ay is the normalization constant of Uy, ax := 1/ f3a Ux(x)dx.

From the Gram—Schmidt process applied to the monomials, it follows that

n+d—1
n

dim“//,,d(UK)=< > n=0,1,2,....

The orthogonal structure on the simplex is closely related to the corresponding
structure on the unit ball. We start with a simple relation on polynomials over these
two domains.

Let B4 denote the positive quadrant of the ball B?, defined more precisely as
+ p q p y
B :={xeB?:x; >0,...,x; > 0}. Then

(X1, %) €EBY = (x1,...,x5) € T (13.1.2)

A polynomial P of the form P(x) = p(x?,...,x3) is invariant under sign changes of
its coordinates; that is, it is invariant under the group G = Z’zj . Let y denote the map

Vi(xg,.xg) EBY = (.. x5) € T (13.1.3)

The domain B{jF can be considered a fundamental domain for the polynomials
invariant under Z’zj . Let us define

GIlY, := {P € I1{, : P invariant under Z4}.

The relation (13.1.2) leads to a correspondence between polynomial spaces.

Lemma 13.1.2. The map y introduces a one-to-one correspondence between IT¢
and Gszn; more precisely, p € TT¢ corresponds to po y € Gszn.

Proof. If P € GHﬁ’n, then P is even in each of its variables. Hence, it is easy to
see that P(x) = p(x3,...,x3) = (po y)(x) for some p € I1¢. The correspondence
between P and p is evidently one-to-one. O
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Using (13.1.2) as a change of variables leads immediately to the relation

dx
Bdf(x%,...,xf,)dx:/Tdf(xl,...,xd)—. (13.1.4)

Under the mapping (13.1.2), Uy on T¢ is related to Wy on B¢ via
Wi(x) = (Uxo y(x)px-xql, x € B,

which shows, by (13.1.4), that the normalization constants for Uy on T<¢ and W, on
B¢ are identical. Moreover, the inner product (-,-)y, on the simplex is related to the
inner product (-, -}y, on the unit ball by

(f:8)ue = (fow,goy)w,, (13.1.5)

from which a relation between the spaces of orthogonal polynomials %;(Uy, T%)
and "//n(WK,IB%d) follows immediately, where here and in the following, we include
the T and B? in the notation of “I/nd to emphasize the domain whenever necessary.

Let us define G73,(Wi,BY) := 73,(W,,BY) N GII{, on B?, which contains
polynomials in %5, (W, B?) that are invariant under Z4.

Proposition 13.1.3. The mapping (13.1.3) induces a one-to-one correspondence
between R € ¥,(Uy, T¢) and R o y € G¥5,(Wy,BY).

Using the above proposition and the mapping y, we can deduce from (11.1.10)
that the elements in %, (U, are the eigenfunctions of a differential operator.

Theorem 13.1.4. Let . 1 be the second-order differential operator

DT —Zx, (1—x;)d7 =2 2 Xix;0;0; —1—2(( ) l,(x,>8,.

1<i<j<d
(13.1.6)
The orthogonal polynomials in ¥, (Uy) are eigenfunctions of D1
d d—1
D ru = —n(n+ 20 )u, ue ¥ (Ug), A= |K|+T. (13.1.7)
Proof. Using (13.1.2) as a change of variables, it is easy to verify that
HDnf)ow=Zcp(foy), (13.1.8)

and Eq. (11.1.10) becomes (13.1.7) for polynomials in G#5, (Wi, IB%d), where we use
the fact that for functions that are even in each of its variables, A, for & invariant
under thi in (11.1.10) becomes the differential operator A. We leave the details to
the interested reader. a
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From Proposition 13.1.3, orthogonal bases of %, (U) can be deduced from those
for G4 (Wi, BY). We shall not need an explicit basis but will need a formula for
the reproducing kernel. Let P(Uy;-,-) denote the reproducing kernel of %, (Uy). It
is uniquely determined by the fact that P,(Uy;x,-) € ¥4 (Uy) for every x € T¢ and
the reproducing property

(Pu(Uxix,"),q)y, =4q(x), Vg€V (Uyx), xeT?

Let proj, (Uy; f) denote the projection operator from L2 (U, T¢) to %, (Uy). Then

proj, (U f,x) = ax / lf(y)Pn(UK;x,y)UK(y)dy. (13.1.9)

Ta

Proposition 13.1.5. Forn=0,1,2,... and x,y € T,

Py(Uix,y) =270 Y, Po(Wiiv/x,€1/9), (13.1.10)

eczd
where \/x = (\/X1,...,\/Xq) and eu = (€yu1,...,€uq). Furthermore,

proj, (Us: f,x) o = projs,(Wi; fo w,/x), x €T (13.1.11)

Proof. This follows from (13.1.4) and Proposition 13.1.3. Indeed, denote temporar-
ily the right-hand side of (13.1.10) by Q,(x,y) and let R € #,¢(Uy); then by (13.1.4)
and the invariance of W, under Z¢,

(0 )Ry, =20 S, ax [ PoaWii /5. 29)ROIWi () dy

eczd
= ax [ P (Wi V53 (R0 W) () Wal3)dy
— Roy(Vx) = R(),

which shows that Q,, is the reproducing kernel of #,%(Uy). The proof of (13.1.11)
follows easily by the same reasoning. O

Corollary 13.1.6. Let p,(fx’ﬁ ) denote the orthonormal Jacobi polynomial of degree
n with respect to the normalized weight function in (B.1.1). Then

Py(Uysx,y) = pi /2712 1) (13.1.12)

d+1

X cK/ p B (v = 1) T (1 —e3)5
[-1,1]¢+1 i=1

where z(x,y,t) 1= \/X1\/Y1t1 + -+ /Xas 1/ Vat1ta+1 Withxg =1 —|x[ and y, 4.1 =
1=yl
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Proof. Using the quadratic transform (B.2.4), it is easy to verify that

2n+A A—1/2,— A—1/2,—
7 Ch=p PP P e ),

The stated result then follows from (13.1.10) and (11.1.15), in which the factor
I1¢, (1 +1;) drops out because of the summation over & € Z4. O

The relation between the orthogonal structures allows us to work with more
general weight functions on the simplex. For example, what we have done in
this section, except Corollary 13.1.6, works for weight functions of the form
h2.(/x)(1 — |x|)*~1/2 whenever hy is even in each of its variables.

13.2 Convolution and Orthogonal Expansions

We denote by | - ||v,.» the norm of the space LP (Uy; T?),

. 1/p
licni= (s [ 1IP0I L 1< p <

and as usual, consider C(T%) with || f]|y,.c = | ]| for p = oo.
The relations (13.1.10) and (13.1.12) between the reproducing kernels suggest
the following definition.

Definition 13.2.1. Let VE denote the operator defined in (11.1.13). Define an
operator VE acting on functions on R?*! by

VeF(x,xq01) =274 Y VEF(ex,x411). (13.2.1)

eczd
In terms of this operator, we can write, for example,
=33 Ax—%,—% 2
Pt =D WE [l (20,09 1) | (),
where VX =: (y/x,4/1—[x]) and V¥ := (/5, /1 —[y]). The operator VI can be

used to define a convolution structure . .

Definition 13.2.2. For f € L' (Uy;T¢) and g € L' (Wt 13 [=11]),

(f*xr8)(x) == “K/Td oA [g (2<\/)_(, N 1)} (VY)Uc(y)dy.  (13.2.2)

This convolution is closely related to the convolution f*, p on B<. In fact, we
have the following result.
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Proposition 13.2.3. For f € L'(U;T?) and g € L'(w, 1 _13[—1,1]),

2 7

I\)

((frer8)ow) (®) = ((fow) #epg2{}>— 1)) (x). (13.2.3)

Proof. From the identity (13.1.4), it is easy to see that f € L' (Uy;T¢) implies f o
v € L' (W;B4), and furthermore, it follows that

(Frremg)(xt o 0xg) = a»c/d(fow)(y)VE [8 (20X,)* = 1)] (V)W ()dy
— oy / zd 3 VE[g(2(X.)2 — 1)] (eY)Wi(y)dy,

€€z

where €Y = (g1y1,...€4y4,1 — |y|). Since Wi (y) is even in each of its variables,
changing variables y; — &;y; shows that the summation can be removed from the
above formula. a

The relation (13.2.3) establishes the close connection between the convolutions
on the simplex and on the ball. To see how it is applied, we prove Young’s inequality.
Recall that wy (1) = (1 —2)*~1/2 and wep(t) = (1—1)%(1 +1)P with respective
normalization constants ¢, and cq g. '

Lemma 13.2.4. For p,q,r>1and p~' =r ' +q ' =1, f € L1 (U;T?) and g €
Lr(lei%’i%; [—1, 1]),

I #xrellyp < I locallgeron, (v (13.2.4)
Proof. By (13.1.4) and Young’s inequality (11.2.5) on the unit ball,

Hf*K,’]l‘gHUKP = H(f*K,’]l‘g)O‘VHWKP = H((fol[/)*K’Bg(Z{-}z— 1))HWK,p

<N1f o Wl p 18243 = Dllar = 1 fllowgllgloree, IRl
where in the last step we have used ||g(2{-}*— 1), = HgHU(W/1 | 1:[-1,1])» Which
can be easily verified. o O

We can also define a translation operator 7' (Uy; f) on the simplex.

Definition 13.2.5. For 0 < 6 < r, the translation operator Ty (Uy) of the orthogonal
expansion (13.2.7) is defined by

11
P,S}LK 2 2)(00529)

proj, (Ux; To(Uxs f)) = T D
PEII

proj,(Us; f), n=0,1,.... (13.2.5)

This operator is closely related to the translation operator Ty (Wi; f) on the ball
and to the convolution operator * . .
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Proposition 13.2.6. The translation operator Ty(Uy) is well defined for all f €
L' (Uyg,T%), and it satisfies the following properties:

(i) To(Uxsf)ow =To(Wysfoy).
(ii) For f € L*(Ux;T%) and g € L! (wkki%ﬁ%,[—l, 1)),

(f *x18)(x) =ca, /O " To(Us; f,x)g(cos20)(sin 6)***d@. (13.2.6)

(iii) Ty(Uy; f) preserves positivity, i.e., Tg(Ug; f) > 0if f > 0.
(iv) For f € LP(U;T?), 1 < p < oo, or f € C(TY),

176 Ui ey < I flluep  and  Im [ ToU: f) = fllvep =0

Proof. Statement (i) follows form the definitions of (13.2.5) and (11.2.9) and
the quadratic transform (B.2.4) between the Gegenbauer polynomials and the
Jacobi polynomials. Assertion (ii) follows from (13.2.3) and the elementary re-
lation g(cos26) = g(2x> — 1) if x = cos 6. The other two properties follow from
(i), (13.1.4), and the corresponding properties in Proposition 11.2.5. a

The Fourier orthogonal series with respect to Uy on the simplex T¢ are defined
in terms of 7,¢(Uy). For f € L*(Uy;T?),

= i proj, (Ux: f,x). (13.2.7)

For convergence of the series (13.2.7) beyond the L’ setting, we consider the
summability method. Because of (13.1.10), however, the summability on the sim-
plex does not follow directly from that on the sphere. In fact, as shown by (13.1.12),
the kernel for the summability on the simplex is expanded into the Jacobi series,
whereas the kernel for the summability on the ball is in the Gegenbauer series. The

quadratic transformation between P,g)L 21) (26> — 1) and C},(¢) does not preserve
the summability. On the other hand, many of the tools that we developed on the
ball, such as convolution operators and maximal functions, can be extended to the
simplex, and these allow us to study the summability on the simplex analogously to
that on the ball.

Let us consider the Cesaro (C, §) means of the series (13.2.7), defined by

SO (Ugs f) = ZA,, p10j; (Ui f). (13.2.8)
By (13.1.12) and the definition of *, T, we can write
Sy (Ui f) = foer K (Uc)  with KD (Ust) ==k (wy, 1 _1:L1),  (13.2.9)

where k¢ (We.p5,-) denotes the (C, &) kernel of the Jacobi series. The following is
an analogue, although not a consequence, of Theorem 11.2.3.
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Theorem 13.2.7. The Cesaro means of the orthogonal expansions with respect to
Uy on T¢ satisfy the following:

1. If § > 24+ 1, then S8(Uy) is a nonnegative operator.
2. If 8 > Ay, then SO (Uy: f) converges to f in LP(Uy; T¢) for 1 < p < oo,

Proof. Statement (i) is a consequence of the positivity of the kernel k,‘? (Wo.p3)
for the Jacobi series; see [75]. To prove (ii), we use Young’s inequality (13.2.4) with
g =p and r = 1 to reduce the proof to the boundedness of k% (W/lr IPE 1,¢) in

L (wy_1,—13[=1,1]), which is classical [162]. O

We can also consider the Poisson summation defined by
P (Ux f,x) := Y, 7' proj, (U f,x) = (e PrUxi {}) (x), x€ T,
n=0

(13.2.10)

where the kernel P,(Uy;t) is the Poisson kernel of the Jacobi series
d 11 11
R(Uit) = X Ppl 1 D )p .
n=0

The kernel has an explicit representation in terms of the hypergeometric function
([8, p. 102, Ex. 19] and use [71, Vol. 1, p. 64, 2.1.4(23)])

(1—r)(14r) F A Aol 2r(141)
(1= 27t + P2 Aot 127 54?2 )

P.(Ugt) = (13.2.11)

It is known that this kernel is positive, that is, P,(Uy;t) > 0 for —1 <t < 1 and
0<r<119]

Theorem 13.2.8. For f € L”(UK;'I['d), 1<p<e,orfe C(']Td), p = oo, we have
lim, 1 [|P(Uk; f) — fllue.p = 0.

Proof. The formula (13.2.11) implies that the kernel is bounded by

(1)

0 < P.(Ug;cos0) < .
< B (Ux )_C(l—Zrcose—l-rz)’lK+1

Using this inequality and (13.2.6), the proof follows almost exactly that of Theo-
rem 7.4.10. a

13.3 Maximal Functions and a Multiplier Theorem

In analogy to Definition 11.3.1, we define a maximal function on the simplex.
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Definition 13.3.1. For f € L' (Uy;T%), the maximal function ., f is defined by

-0 . : 22
T _ Jo To(Ux:|f|,x)(sind)“**d¢
e f2) = ogsggn 1 (sin )22 d ¢ '

Since Ty (Uy; f) is related to Ty (Wy; f), the maximal function ML f is related to
M2 f defined in Definition 11.3.1.
Proposition 13.3.2. For f € L' (Uy;T?),

(AEf)ow=aE(Fow). (13.3.1)

Proof. This is a simple consequence of (i) in Proposition 13.2.6. O

With this relation to ./Z, Es f, we can also give an alternative definition of .Z, E in
terms of V, in analogy to (11.3.3). Despite the connection (13.3.1), the following
theorem does not follow as a consequence of its counterpart Theorem 11.3.3 on the
ball. This can be seen, at a technical level, from the fact that g(2)c2 — 1) appears on
the right-hand side of (13.2.3) instead of g(x), and it reflects, in fact, a characteristic
difference between the structures on the ball and on the simplex.

Theorem 13.3.3. Assume that g € L! (WAK%‘?% ;[—1,1]) and |g(cos 0)| < k(0) for

all 6, where k(0) is a continuous, nonnegative, and decreasing function on [0, 7].
Then for f € L' (Uy;TY),

(f#x18) ()| < ety (If])(x), xe€T?,

where ¢ = [J k(0)(sin £)?*<d@.

Proof. First we note that changing variables 6 — 7 — 0 in (13.2.5) shows that
Tr_9(Ug; f,x) = Ty (Ug; f,x). (13.3.2)

Consequently, by (13.2.6), we can write

(Frxz)0) = [ To(Usi fox)g(cos29)(sin ) g

2m 2Ax
:cl%/o Ty 2(Uxs f,x)g(cos @) (sin%) d¢.

We split the integral over [0,27] into two integrals, one over [0, 7z] and the other over
[,27]. Changing variables ¢ — 27 — ¢ in the second integral and using (13.3.2)
shows that the integral over [,27] is equal to the one over [0, 7). Consequently,

n ¢ 2k
(F+xr8)0) = ca | Top(Usif 0)g(cosd) <Si“§> a0
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Let us define
0 q) 2
A(6,x) = /O Ty (U |f1,%) (sina) do.
On changing variables ¢ — ¢ /2, it follows from the definition of ., f(x) that
0 (P 2
A(B,x) < ///Ef(x)/ (sin5> d¢.
0

We can now follow the proof of Theorem 2.3.6, using an integration by parts to

finish the proof. O

To show that the maximal function .2, is of weak type (1,1), we define
Tr._ d
meas, E 1= / Uy (x)dx, E C T
E
Theorem 13.3.4. [f f € L' (Uy; T¢), then #F satisfies
meas - {xe T 4L f(x) > oc} < CHJC”%, Yo > 0.

Furthermore, if f € LP(Uy; T¢) for 1 < p < oo, then ||//l,2rf|\UK,,, < || fllve,p-
Proof. Using the relation (13.3.1) and (13.1.4), we obtain

/Td Xprerar? x>y (VU ()dx = /Bd X{xeBe 2 (foy) (v >ay ) Wi (x)dx.

Hence, by Theorem 11.3.4, we conclude that

)

meas? {x € BY s 2o p)() 2 a} < LWt _ (Wl

where the last step follows again from (13.1.4). O

Next we relate to the maximal function ./, f to the Hardy—Littlewood maximal
function defined with respect to an appropriate distance dy on T¢. This distance
function needs to take into consideration the boundary,

dT(xay):aICCOS (<\/;7\/§>+ V 1_|x|\/ 1_|y|)7 xvyera
where \/x = (\/X1,...,/Xq) forx € T¢. Directly from the definition, we have

d]B(xvy) :dT(W(x)le(y))' (13.3.3)
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Using the distance on the simplex, we define the weighted Hardy-Littlewood
maximal function as

Jon o0 FO)Ux () ,

Mfo ‘= sup
S 0<6<rt  Jap(ey)<o Ux(¥)dy

It turns out that the maximal function .#, E f is dominated by ME f.
Theorem 13.3.5. Let f € L' (Uy; T¢). Then for every x € T¢,

MEf(x) < cMEf(x). (13.3.4)
Proof. Using (13.1.4), it follows readily from the definitions of ME f and ME f
that (ML f) oy = ME(f o ). Hence, using the fact that if g is invariant under

sign changes, then M2 g(xe) = MEg(x) by a simple change of variables, it follows
from (13.3.1) and Theorem 11.3.4 that

(Mg f)ow(x) = (foy)(x) <c Y, My (foy)(xe)

eczd
=M (fow)(x) = (Mcf)ow(x)

for x € BY, from which the stated result follows immediately. O

As a consequence of Theorem 13.3.5, we have the following analogues of
Corollaries 11.3.8 and 11.3.9 on the maximal function .2, f.

Corollary 13.3.6. If —3 <t <k and f € L'(Ur;T?), then M .f satisfies
T T /1]
measg {x: . f(x) > o} < =0 Yo > 0.
Furthermore, if 1 < p < oo, —% <T< pK+ %41 and f € LP(Ur; T¢), then
|22r| <ellflves.
Uz.p

Corollary 13.3.7. Let 1 < p <o, —3 < T < pk+ pr11, and let {f;}7_, be a
sequence of functions. Then

(g}%gﬁ}z)l/z <e @lf;ﬁ)

U‘L'7p UT7p

1/2

As a related result, we also have the following analogue of Theorem 7.5.8.
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Corollary 13.3.8. For 6 > A, 1 < p < oo, and any sequence {n;} of positive

integers,

Proof. From Lemma B.1.2, we can derive an estimate for the kernel k% (Wg.p) in the

1/2

1/2
2 (=5
53 (U 1))| ) <c (z W) . (133.5)
j=0

UK';P UK!P

form |k¢ (Waps1,c080)| < k(8), which allows us to apply Theorem 13.3.3 to show,
by (13.2.9), that

sup SO (U f,x)| < etlE(x),  if &> Ag.

Consequently, the inequality (13.3.5) follows from Corollary 13.3.7. a

Like its analogue (7.5.13) for the weighted sphere, the inequality (13.3.5) is
an essential ingredient in the proof of the multiplier theorem. Using the Poisson
operators P,(Uy;f) on the simplex, defined in (13.2.10), we can again define a
semigroup by setting T f := P,(Uy; f) with r = ¢”'. Thus, the corresponding
Littlewood—Paley function, defined as in (3.2.1), is bounded in L? (UK;’I['d ) for
1 < p < . Hence, all the essential ingredients of the proof of the multiplier
theorem in Theorem 3.3.1 hold for the orthogonal expansion with respect to Uk.
As a consequence, we have the following multiplier theorem.

Theorem 13.3.9. Let {u j};ozo be a sequence of complex numbers that satisfies

1. sup; |uj| < e <es,

. +1
2. suijJ(k’l)ZlZ:y |ARuy| < ¢ < oo,

where k is the smallest integer greater than or equal to A+ 1. Then {1} defines
an LP(U; T), 1 < p < oo, multiplier; that is,

> ujproj;(Us; f)
=0

S c”fHU)ﬁP? 1< p < oo,

Uk,p

where c is independent of f and |;.

We leave the details of the proof to the interested reader.

13.4 Projection Operator and Cesaro Means

Since the projection operator proj,,(Uy; f) can be expressed, as in (13.1.11), in terms
of the projection operator on the unit ball, its properties can be deduced from those
of proj,, (Wy; f). As an example, recall that
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d—1 . .
Ox = —— +|K| — Kmin = Ax — Kmin  With  Kpin = min K.
2 1<i<d+1

We can then deduce from Theorem 11.4.3 the following theorem.
Theorem 13.4.1. Letd > 2 and n € N. Then

. 2(op+1
(i) For1<p< (Gak"rz),

1proj, (U ll .o < en® |l p:

(ii) For G"H) <p<2,

. (11
Iproj, (Us )y 2 < en™ 72|l -
Furthermore, the estimate in (i) is sharp.
Proof. 1f || proj,(Wi; f) lw,.p < Anl| fllwi:p, then by (13.1.11) and (13.1.4),
| proj, (Uic; ) lue:p = I1proj,, (U £) © Yllwy:p = || Proja, (Wics f o W) [ wicsp

<Aullfovllwep = Al fllvgp,

from which the results follow immediately from Theorem 11.4.3. a

We can also state a localized result for the projection operator, for which we need
to define an analogue of the spherical cap on T, For0 < 6 < 1, let

CT(xv 9) = {y € Td : dT(-xvy) < 9}

Theorem 13.4.2. Suppose 1 < p < 2%’252 and f is supported on the set ct(x,0)
with 0 € (n~', xt] and x € T¢. Then

1 _1

17
lproj, (Us; f)lly, 2 < en®(PIgox (Pt |:/c UK(y)dy] £ lug.p-

’]1‘()(,9)

Proof. By (11.2.6) and (13.1.11), we can relate proj,(Uy;f) to the projection

operator projX : L2(h2;S%) — 4+ (k) with h2(x) = [T} x|, Indeed, let
F(x,x4+1) = (f o y)(x); then
proj, (Ux; f,x) = proj5, F (vx,\/1—|x]), xe . (13.4.1)

Since the distance d(x,y) on T¢ is related to the geodesic distance on S¢ by

ax () w0) =), X = (/1= IalR), ¥ = (5y/1=bIE).
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from (11.1.6) and (13.1.4) it follows readily that

/cm,@) U(x)dx = ./c(x,e> he(y)do(y), X = <x7 m) .

Consequently, by (13.4.1), we can deduce from (11.1.6) and (13.1.4) that the stated
result follows from Theorem 9.1.3. a

Let K9 (Uy:x,y) be the kernel of the Cesaro means S?(Uy;f). Despite the
relation (13.1.11) between the projection operators on the simplex and on the ball,
there is no direct relation between the kernel K9 (Uy:-,-) on the simplex and the
kernel K2 (Wy:-,-) on the ball. As a result, most of the results for the (C,§) means
SE(UK; f) need to be proved directly. Fortunately, the proofs mostly follow along
the same lines as those we have encountered in the cases of the unit sphere and the
unit ball, so that we can afford to be brief.

We start with a pointwise estimate of the kernel function, for which we need to
introduce the following notation: for x = (x1,...,x4),y = (y1,.-.,y4) € T%, let

é:: (\/x_lv"'a\/ma\/derl)v C:: (\/y—lv"'a\/)}_dv\/yd+1)
with xz,1 := 1 — |x| and yz ;1 := 1 — |y|. Both of these are points in S, since |x| =
X1+ -+ x4 by definition.
Theorem 13.4.3. Let § > —1. For x,y € T¢,

I (Vs +n g =&l +n2) "

8 .
|Kn (UK’xuy)| <c 5 (d 1/2(H€_C|‘+n71)6+(d+1)/

M (VEy +IE—CIP+n2) 7"

(13.4.2)
n(||g =&l +n- 1)t
Furthermore, for the kernel of the projection operator,
d+l ~1 -2
VXjyj+n +n
|Pa(Ussx,y)| < ¢ ( / I~ ¢l ) " (13.4.3)

TDA(E =+ n

Proof. The estimate (13.4.3) follows from (8.3.2) using the relations (11.2.6)
and (13.1.11). For 6 > —1, by (13.1.12) and (13.2.9), we have

d+1
9 . i ) . 2_ _ 2 K','fl
K, (Ug;x,y) = CK,/[,LI]dH ky (w/lr%ﬁ%, 1,2z(x,y,1) 1) E(l ) de,
where z(x,y,t) 1= 2’]1;1 VXyti withxgp ) = /1 —|x| and yz41 = /1 — |y|. Setting
o =A— % and J = | +3/2], as in the proof of Theorem 8.3.2, we use
Lemma 8.3.1 to break the kernel K (Uy;x,y) into the sum
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7 (Uxixy) = é o, —1/2,8,1)Q;(x,y) + Qu(x,y),
=0
where
)= C"/[fl,w Y 1)ﬁ(1 ) s
and

+
Q. (x,y) = CK-/ G® (2z(x,y,1)* = 1) H 2)ki1dr,

[71!1](1

_1
Using the quadratic transform P,S/l’ 2)(21‘2 -1)= aan(j’M(t) with a, = O(1), we

can further write
+
- (a+6+j+1,a+6+j+1 —1
o =om [ P I ar

Since &,¢ € S¢, we have 1 —z(x,y,t) > ||€ — &||?/2. Hence, we can follow the
same procedure as in the proof of Theorem 8.3.2 and use the general estimate in
Theorem 8.2.5 to complete the proof. O

Theorem 13.4.4. Let 6 > —1. For p =1 or oo,

1, 0 > Oy,
H projn(UK)HUk,P ~n°  and ”SS(UK)HU/(;P ~ { logn, 0 = Ok,
n9tox 1< 8 <o

In particular, S8 (Uy; f) converges in LP(Uy;T¢) for all 1 < p < oo if and only
if 8§ > ox.

Proof. The order of | proj,(Ux)l||y,,, follows from the relation (13.1.11) and
Theorem 11.4.1. Since proj,(Uy) is related to proj,,(Wy), the lower estimate in
the equivalence works for all n for proj, (Uy). For 6 > —1, the upper estimate of
S8 (Uy) ||t p is based on the estimate (13.4.2), which can be worked out as in the
proof of Theorem 8.1.1 or, in fact, can be converted, using (13.1.4), into the estimate
there.

For the lower bound estimate, we need the following identities:

KO (Ugix,ej) =k (W,Lﬂ,fl ,7%;1,2x1~—1), 1<j<d, (13.4.4)

20K

K® (Ueix,0) = kS 1,1 —2|x|) , (13.4.5)

1
( Wi~ Ki+1—73:Kd+1— 73
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where e; is the jth coordinate vector, whose jth component is 1 and all other
components are zero. To prove (13.4.4), we set x = e; to get

1
Kf(UK;ej,y)ZcKj/ kS (W)L C1 11,2yt _1)(1 lz)x,thj
—1 K

2,2

1;1,s) is the (C,0) mean of the Jacobi polynomials

~3)

By definition, k7 (w; 1 _

1 1
PR gl

=

(s), so that (13.4.4) follows from (B.1.6). Simi-
larly, setting x = 0, we have

1
KE(UK;O’y):CKd+l[1kS (W)LK—% (l—IyI)t —1) (1— Z)Kdﬂ 1dl

2

from which (13.4.5) follows again from (B.1.6). Now assume that K1 = Kpy;n, for
example. Then by (13.4.4), changing variables y; = (1 — y;)u; for 2 < i < d, we
obtain

f

which is bounded if and only if 6 > A, — k; by the classical result on Jacobi series
[162, Theorem 9.1.4]. Similarly, if K;4| = Kmnin, Wwe make a change of variables
y =sy with |y’| =1 to obtain

1
K2 (Uger,y)| Ug(y)dy = C/1

)
kn (Wl;cﬂq*%,lq 1,1,1‘)‘W)L k- 27’(1 %(l‘)dt,

1
Ky(?(UK,O,y)‘ UK'(y)dy = C/ S)kaKdJrl
0

1,1,1—2s)

|
( Wi~ Ki+1— 73 Kd+1—

x (1 —s)Kd“*%ds

1
:C/
-1

which is bounded if and only if § > oy by the same result on the Jacobi series. O

) .
k, (chf%,Kdﬂf%’l’t)‘WGKf%def%(t)dt’

We can also state an analogue of Theorem 11.4.2.

Theorem 13.4.5. Let f be continuous on T¢. If § > (d — 1)/2, then S®(Uy:f)
converges to f for every x in the interior of T, and the convergence is uniform
over each compact set contained inside T

Proof. The proof relies on the estimate (13.4.2) and can be carried out as in the
proof of Theorem 8.1.3. In fact, setting x> = (x7,...,x3) for x € R, the upper bound
for K5 (Ug;x%,y%) derived from (13.4.2) is the same as that of the upper bound of
K5 (h2 x,y) in the proof of Theorem 8.1.3, so that the proof can be carried over

using (11.1.6) and (13.1.4). O
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Further results on the L? convergence of the (C, d) means with respect to Uy on
the simplex can also be deduced, although they again do not follow directly from
the corresponding results on the ball.

Theorem 1346. Supposehat £ € (U ), 1< p <on |1~ 1> o1y and
1 1 1
8> 6c(p) :_max{(20K+1)’;——‘__ 0}.

Then S8 (Uy; f) converges to f in LP (Uy; T?) and

sup
neN

2|, <ellfllve

KKP

Proof. We follow the decomposition in Sect. 9.2.1.1 to define
55 Uk f) ZS”V J)proj;(Ux; f), v=1,2,...,|log,n| +2.

The same argument shows that it suffices to prove the analogue of (9.2.4),

wUeh| <2 lvep,  v=2llogan] +2. (1346)

K:P

Denote the kernel of SS’V(UK;f) by K,iv(UK;x,y). Then we have by (13.1.12) that

K3 (Uyix,y) = cx / DY (Ugi22(x, 3002 — 1) T (1 — )5 dr,

. [,171]d+1

where

ZS,?V 2j+ A (%)F(j‘i‘)bk)P(/lk*%!%)(t).

LUt :
FAc+DCG+5)

Consequently, defining analogues of a, ,; in Sect.9.2.1.2 by

aEvO() (2J+7Lk) ()

agv,[(j) o agv,[(j—i_ 1)
2420+l 2j+2Aetl+2

T .
Ap v i+1 (J) =

)

we can then write, again following the proof of Theorem 2.6.7,

D (Uit = ¢ 3 () AL T2 D44

LU T2 TE) 5l )
Pl TGt ) @)
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The analogue of the estimate (9.2.5) holds in exact form for aEM ;(J)- Thus, to follow
the proof of Lemma 9.2.3, we need to estimate

+
(tt=3,-3) K, 1
/Hl]d+l P; 2 (2z(x,y,1) ];[ dr. (13.4.7)
Using the quadratic transform to write Pﬁ“**l/ 2 (21> — 1) in terms of P(a ) , wWe can

estimate (13.4.7) again by (8.2.5). The result is
K2 (Ui, )| [U(0)] " < en2 1790 (14 nd (5,5) 44

which implies that the analogue of Corollary 9.2.4 holds; that is, for every y > 0,
there is an & > 0 such that

su U; %, y) Ui (y)dy < 27V,
8 Siartuspzatonn K B NIy <

In order to prove (13.4.6), we then define A to be a maximal separate subset of
T¢ exactly like the one we defined in Sect.9.2.1.3, except with d(@,®’) replaced
by dr(x,x’). Define

H(x) = fx)x .&)(X)[A(X)]flv ZXCT

ety
T 5 e

Then the same argument shows that it suffices to prove that

This last inequality can be established exactly as in (9.2.7), and there is no need to
introduce the additional set ¢* (@, 0). O

9 . -
St )|, <2 Al
K>

As an accompaniment to Theorem 13.4.6, we have an analogue of Theo-
rem 11.4.5.

Theorem 13.4.7. Assume 1 < p < oo and 0 < 6 < Oc(p). Then there exists a
function f € LP(Uy; T¢) such that S8 (Uy; f) diverges in LP (Uy; T4).

Proof. We first note that the analogue of the Nikolskii inequality (5.5.1) holds, with
a similar proof, and it gives, in particular, for 1 < p < oo,

1€}l := max [ Q)| < en GOtV 10|y,

for every polynomial Q of degree n on R?. Hence, following the proof of
Theorem 9.2.2, it is sufficient to prove that
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< en(2oxtl)/p 1 + 1_ 1,

)

é
Ug;x,-
n( K ) K.q p q

where y € T¢ is fixed, does not hold for p = p := 225 By considering x = ¢, and
x =0, we can follow the proof of Theorem 13.4. 4 to reduce the problem to that of
the Jacobi series, for which the desired result is known [30]. O

13.5 Near-Best-Approximation Operators and Highly
Localized Kernels

In analogy to Definition 11.5.1, we define near-best-approximation operators on the
simplex.

Definition 13.5.1. Let 1 be a C*-function on [0, ) such that () =1for0<r <1
and n(¢) = 0 for t > 2. Define

La(Us: f,3) = o La(x) = ax / FO)Ln(Ugsx,y)Us (y)dy

forxe T? andn=0,1,2,..., where

Ly(Ux:x,y) : Zn ( )Pk Uk:x,).

For f € LP(U;T¢) if 1 < p < o0 and f € C(T¢) if p = oo, the error of best
approximation to f by polynomials of degree at most # is defined by

En(f)ve.p = gienlil‘ 1S = gllve.p: I<p<e. (13.5.1)

The following theorem is an analogue of Theorem 11.5.2 but not its consequence,
despite (13.1.11). The proof of Theorem 2.6.3, on the other hand, applies with few
changes.

Theorem 13.5.2. Let f € L (U;T¢) if 1 < p < eoand f € C(T?) if p = oo. Then
(1) Ly(Uy;f) € g, | and Ly(Ux; f) = f for f € IT{.

2n—

Lo(U; Nllvep < el fllvgp-

3) FornGN,
If = Ln(Ux; )llve.p < (14 C)Ea(fue.p-

As in the case of the classical weight function Wy, on the unit ball, the kernel
K, (Uy,x,y) is highly localized around the main diagonal x =y in T¢ x T¢.
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Theorem 13.5.3. Let u > 0 and let ¢ be a positive integer. There exists a constant
¢y depending only on ¢, d, U, and 1 such that
La(Uix.)] s
Ly(Ug;x,y)| < cp (13.5.2)
o Vi) Uiy (1 -+ nde(x.y))

for x,y € T, where

1
Ue(nix) =[] (xi+n"2)%, x40 :=1—|x. (13.5.3)
1

U
+

i

Proof. We only prove the case x; > 0 for 1 <i < d+ 1; the case in which some «;
are zeros can be treated similarly and is in fact easier. By (13.1.12), we can express
the kernel L, (Uy;x,y) in terms of a univariate kernel L,,

d+1
Ly(Ux:x,y) = c(x,d) / Ly (2z(x,y,0)* = 1) [T(1 =) "de,

J[=1,1)d+1 i=1

where z(x,y,1) = \/X1\/y1t1 + -+ /Xy 1/Ya+1ta+1 and Ly is defined by

L(t):=¥ 1 (ﬁ) p BRI G e [-1,1) (13.5.4)
=0

Let 8 (x,y,¢) := arccos(2z(x,y,t)> — 1). We use the fact that

1 0 t
1 —z(x,y,t)2 = 5(1 —cosO(x,y,1)) = sin’ (x,zy, ) ~ 6(x,y,t)2

and apply the estimate (2.6.8) with j =0, o = A, — 1/2,and § = —1/2 to obtain
1 d+1

Ly(Ugix.y SC”ZAK+1/ 1 —2\&—1gs
| n( K )l [—1,1]d+1 (1+n 1—z(x,y,t)2)£ g( 1)

Since it is evident that

1—z(x,3,6)* > 1= |z(x,,0)| > 1= ayilt] = — /Aaryas ltas ],
using the symmetry of the integrand with respect to ¢ € [—1,1]4*!, we obtain
1 d+1

Ly(Ug;x,y Scnzxm/ 1 —17)% dr.
| Vl( K )l [0,1]d+1 (l+n 1—Z(x7)’7t)2)é 113( l)
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Let J denote the integral in the above inequality. Then the proof of (13.5.2) will
follow once the following claim is established: for £ > 3|k| +d + 1,

2Kl
S A ( sy
First, from the definition of z(x,y,7), we obtain the lower estimate
1 —z(x,y,1) > 1 — \/x1y1 — - — \/Xar1Ya+1 = 1 —cosdr(x,y)
= 2sin’ M > %dqr(x,y)z, (13.5.6)
which enables us to deduce the estimate
¢ (13.5.7)

J<——
= (14 ndp(x,y))"
Second, from the definition of z(x,y,?), we have
d+1 d+1
1—z(x,y,1) = 1 —cosdr(x,y) + D, vxyi(1—t;) > Y xi(1—1),
i—1 i=1

=

which, together with (13.5.6), implies that

J< c [ M (=)
= — — v
(1 gy ) 2D St (1[5 (1 -] )
where y := 2|k| +d + 1. Denote the integral on the right-hand side of the above

inequality by I;;1(y). In order to estimate this integral, we first establish the
following inequality forA > 0,B >0, y > 2x+ 1,and k > 0:

1 _ 2\k—1 —2K
/ ()™ dr cn (13.5.8)
0

(1+ny/B+A(T=0)7 ~ AX(1+nVB)" * "

Indeed, substituting s = n?A(1 —t), we see that

1 (1—r2)dr oK1 pAn o geelgg
<
/o (1+nyB+A(1-1))" ~ (Anz)"./o (1+Vn2B+s)Y

< 2Kkl /°° s 1ds < cn 2K
T (An)R(1+nvB)r 2 o (V)T g (14 ny/B)T N
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We now set B := 1+ nz,d:l vXiyiti and A 1= \/xz+1Y4+1, and apply inequality
(13.5.8) to the integral in I, 1(7) with respect to ;4 1, which leads to

cn” K I (1 —2)%1dr
I < / i=1 1
d+l(Y) = ( 0,1} (

X Kit1 | 1/2\ Y—2Kg41—1
VXdr1Vd+1) 1+n[2§1:1 xiyi(l_fi)] / )
CnfdeJrl

=Ly 2K411 - 1).

(VEdy1Yar1) s+

Iterating this process with respectto #4,;_1,...,t, we obtain then

Lot (7) cn 2] cn2lxl
d+1\Y < < )
I (xS~ T (Jai +n2)%

where the second inequality follows because we trivially have I;((y) < 1.
Consequently, we conclude that

—2|x|
cn
J<

= (1+ndp(x,y)) 2R @D TNy +nm2)s

Applying the elementary inequalities (11.5.13) and (A.1.5), we obtain

Ve Vs n 2 < (V) ()
<3(Vami+n ) (1+nlyx — i)
<3(yxyi+n %) (1+ndp(x,y)),

which implies further that

Cnfz‘K‘
J<

T (14 ndr(x,y)) 3D /U (nsx) /U (n3y)

This inequality, together with (13.5.7), proves (13.5.5) and completes the proof. 0O

13.6 Weighted Best Approximation on the Simplex

We can also define a modulus of smoothness on T¢ using the generalized translation
operator Ty (Uy; f), in analogy with the third modulus of smoothness defined on the
unit ball in Definition 12.4.1.

Definition 13.6.1. For r > 0, define
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(To(Ux) ~ 1)

@ (f31)uy,p == sup .
o<t Ux,p
This modulus of smoothness is closely related to the third modulus of smoothness
on B9, which we denote below by @, (f,)w, p := @7 (f,)p.«» as defined in (12.4.1).
In fact, let y : T — B? be the map defined in (13.1.3); then it follows from
Proposition 13.2.6 and (13.1.4) that

O (f31)Ue,p = O(f oW D)W p- (13.6.1)

By (12.4.2), this in turn shows that ®,(f;f)y, , can be expressed in terms of the
modulus of smoothness @) (f,#)1p (. sd) ON S, defined in Definition 10.1.1, for
LP(h%;S%), where hZ(x) = Hj’ill |xj]%.

There is also an equivalent K-functional. Recall the differential operator 2, r
defined in (13.1.6), which has “//nd(UK) as its eigenspaces. For r > 0, we define the
fractional power (—Zy )" of Z, T in a distributional sense by

proj, (Ux; (= %) f) = (n(n+24))" proj,(Ux: f), n=0,1,2,....

The K-functional is defined in terms of the fractional powers of Zj T as follows.

Definition 13.6.2. Let f € LP(Uy;T?) if 1 < p < o0, and f € C(T?) if p = . For
r > 0, define the K-functional K,.(f,7)u,.,» by

e R e

}. (13.6.2)
U,p

For f € LP(Uy; T) if 1 < p < eoand f € C(T?) if p = oo, define

d

E”l(f)UK-,P = gienlg ||f_g||UK!p'

Theorem 13.6.3. Let f € LP(U;T?) if 1 < p < oo, and f € C(T9) if p = oo.
() Ift €(0,1) and r > 0, then
w’(f7t)UK7P ~ K’(fJ)UK;P'

(i) We have the direct inequality

En(Hugp = jnf If = glluep < co(fin Nuep, n=12,...,

and the weak inverse inequality

n

wr(funil)U,ﬁp <cn" z (k+ 1)r71Ek(f)Ux7P'
k=0
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Proof. We denote by K,(f,t)w,p := K;(f,t)px the third K-functional, defined
by (12.4.4), on the ball BY. Because of Theorem 12.4.3 and (13.6.1), it suffices
for the proof of (i) to show that

K (fs)uep = Ke(fow,t/2)w, p-

Using (13.1.4) and (13.1.8), it follows that

((2e)"g)ow|, =27

|- n)s

(~75)" (g0 w)|

Ug,p H Wie.p

Hence, directly from the definition and (13.1.4),

K vep=_int {lfow—govlm,+2 (- Zce) (g0 Wlwes )
geC=(T9)

= iél,})f{ [ fow—gollwe,p+27"7| (—%,B)’/Zgollw,ﬁp} : (13.6.3)

where the infimum is taken over all gq such that gg = go w € C*(B?). Consequently,
it follows immediately that K,(f,t)v,.p > K-(f o W,t/2)w, p. To prove the reverse
inequality, for g € C*(B9), we let go(x) =27¢ ZEGZgR(s)g(x), where R(€)g(x) :=

g(ex) for e € Z‘ZI. Then g is even in each of its variables. Since %, p is invariant
under Z’zj by Theorem 11.1.5, we have

1(=Zx5)"*80llwe.p <27 X N1 (=Z5) *R(€)8llwicp < 1(=P2)"*8 I Wiy

and furthermore, we also have

Ifow—gollwe, <27 X Nfow—R(E)glwep = lf oY~ gllwep-

Consequently, since go is even in each of its variables, it follows from (13.6.3)
that K, (f,1)ve.p < K-(f o w,t/2)w, p. This completes the proof of (i). The above
consideration of taking the invariant part gy of g also implies that

En(f)uep = En(f o W)W, ps

from which the proof of (ii) follows readily from the corresponding result on B.
O
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13.7 Cubature Formulas on the Simplex

For cubature formulas, the basic results in Sect. 11.6, including Theorem 11.6.2,
hold for cubature formulas on the simplex. The lower bound in (11.6.2) is again not
sharp in general.

13.7.1 Cubature Formulas on the Simplex and on the Ball

Our main concern in this subsection is a close relation between cubature formulas
on the simplex T¢ and those on the ball B¢. Such a relation is easy to be understood
in view of Lemma 13.1.2 and the Sobolev theorem for invariant cubature formulas.

Theorem 13.7.1. If there is a cubature formula of degree n on T% given by

N
F)Ux(u)du =Y Aif (u;), (13.7.1)
i=1

Td

with all u; € T¢, then there is a cubature formula of degree 2n+ 1 on B¢, invariant
under Z’zj, given by

N
/B 8 Wie(x)dx = S A2k N ferJuir, ... €a\flig), (13.7.2)
i=1

d
e€Ls

where k(u) denotes the number of nonzero components in u. Furthermore, the
relation is reversible; that is, a cubature formula of degree 2n+ 1 invariant under Zg
in the form of (13.7.2) implies a cubature formula of degree n in the form of (13.7.1)
on T¢.

Proof. Assume that (13.7.1) exists. By (13.1.4), we have then
) ) N N 1
flug,. .., uz)We(u)du = z&if(ui) = z&,’—k : z Sew)
Bd = e 2k(u;) SEZg

for all f € IT¢. By Lemma 13.1.2, this shows that (13.7.2) holds for all f €
GITY,, that is, it holds for all Z¢ invariant polynomials in IT{,,. Hence, by
Theorem 11.6.2, (13.7.2) holds for I, 1. Evidently, the above proof is reversible.

O

Together with the result in Sect.11.6, we see that the cubature formulas on
the simplex are closely related to the cubature formulas on the sphere. In particular,
the cubature formulas for Uy(x) = 1/+/x1 ---x4(1 — [x]) on T¢ correspond to cuba-
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ture formulas for W (x) = 1/4/1 — ||x||? on B¢, which in turn correspond to cubature
formulas for do on S

13.7.2 Positive Cubature Formulas and MZ Inequality

The correspondence in Theorem 13.7.1 allows us to deduce the existence of positive
cubature formulas for a maximal separated set of nodes on a simplex.

Definition 13.7.2. Let &€ > 0. A subset A of T is called &-separated if dp(x,y) > €
for every two distinct points x,y € A. An g-separated subset A of T¢ is called
maximal if T¢ = Uyea cr(y,€), where

cr(y,€) := {x e T dp(x,y) < 8}.

Theorem 13.7.3. Given a maximal %-separated subset A C T with & € (0,8)
for some small &y > 0, there exist positive numbers Ay, y € A such that A, ~

meas. (cr(y, %)) forally € A and

/f We)dr= ¥ Af(), ferr. (13.7.3)

YEA
Proof. Given A C T?, we define Ay C B¢ by

Ap= J (Aoy)e, (Aoy)e:={(e1yxi,....€a/Xq) :x EA}.

d
e€Ls

By (13.3.3), it is easy to see that Ap is a maximal %-separated subset of B<.
Consequently, by Theorem 11.6.5, there exists a positive cubature formula on the
ball in the form of

[ AOWede= 3 4f0)= X X Afb)

YEAR eczdye(Aoy)e

which implies the existence of the cubature formulas (13.7.3) by Theorem 11.4.3.
O

We can also state a Marcinkiewicz—Zygmund inequality for Uy on T¢. Let

U <CT (w’ g)) B /cﬂw,% Uelx)d

n
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Theorem 13.7.4. Let A be a g-separated subset of T¢ and & € (0, 1].

(i) Forall0< p <o and f € I14 withm > n,

1) Sk
5 (e 0 (e (38) ) < (5) Ul 0329

YEA XECT(%;

where s, 1= d + 2|x| —2mink and cy., depends on p when p is close to 0.
(i) If; in addition, A is maximal and & € (0,6,), 8 > 0 for some r € (0,1), then for

f ey, ||flle ~maxyeq [f(v)], and for r < p < o,
5 1/p
loer~ | 3 U <C1r (y, —)) min__|f()” (13.7.5)
YEA n xecr (y, %)

1/p
~(Zoe(e(»2)) m?xé)mxw) RERES
yEA xecr\y,y,

where the constants of equivalence depend on r when r is close to 0.

Proof. For a given A C T¢, we define A as in the proof of the previous theorem.
We then apply the Theorem 11.6.6 to the function f o y over Ap for the weight
function Wy and transform the resulting inequalities on B¢ to T¢ by (13.1.4), which
gives the stated result. a

13.7.3 Product-Type Cubature Formulas

Product-type cubature formulas on the simplex T¢ can be deduced inductively from
the following relation:

1
[ rtae= [ [0 =0)a¢0 =)o,

where X' = (x,...,x4) € T¢"!. For the integral against Uy (x)dx on T¢, we can
use the above formula and Gaussian quadrature for the Jacobi weight u, g(t) =

B(1—1)® on [0, 1] to deduce a cubature formula of degree 2n — 1. Indeed, since

_1
UK(Xl,(l—xl)xl):UK.zy ’ (x)xllq 2(1—X1)‘K‘7K17%7

if we apply Gaussian quadrature (11.6.14) of degree n to the integral against Uy,

then for every f € 1'[51”71, we obtain
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. oy ; )
o [ FoUoax =i [ S (1) Vo)

where o = |k| — k1 + (d —2)/2 and B = k1 — 1/2 and d). is the normalization
constant of the integral over T¢~!, which follows since the polynomial x; —
F((1=x4)x',x4) has the same degree 2n — 1 of f, so that the Gaussian quadrature
is exact. Evidently, applying Gaussian quadrature repeatedly, we obtain a cubature
formula of degree 2n — 1 that has n? nodes.

13.8 Notes and Further Results

The connection between orthogonal structures on the simplex, the unit ball, and
the unit sphere was studied in [179], and the closed formula of the reproducing
kernel in (13.1.12) was first established in [180]. These were used for studying
orthogonal expansions in [189,190], where the convolution and translation operators
were defined. The weight function Wy is integrable if all k; are greater than —1/2.
The reason that we assume k; > 0 can be seen from the closed formulas of the
reproducing kernel (13.1.12).

The results on the maximal function and multiplier theorem in Sect. 13.5 were
established in [47], and those on the boundedness of projection operators and the
Cesaro means in Sect. 13.4 were proved in [48, 49]. The upper estimate of the
highly localized kernel in (13.5.2) was given in [91], which could be improved
to a subexponential estimate as in (2.7.1) under an additional assumption on
the cutoff function, and the estimate was used to establish an upper bound of
|La(Us;x,-)||ug,p» Which is believed to be sharp, but no matching lower bound has
been established.

The results on the weighted best approximation in Sect. 13.5 were established in
[189,190]. A natural modulus of smoothness on the simplex is an analogue of the
Ditzian—Totik modulus of smoothness. Let e¢; denote the usual coordinate vectors
andlete; ;j :=e; —e;fori # jande;; := e;. Define

(p,~7j(x) = \/)ij', i# j, and (p,~7,~(x) = \/x,‘(l — |x|)

Let &Z . denote the central difference operator taking in the direction of the vector e.
The analogue of the Ditzian—Totik modulus of smoothness then takes the form

r . AT
w(p(f’t)P o 022;1313(9”&}'@,]'%]0”1” lspse

Let d; j = d; — dj for i # j and d;; = d;. For r € N, define 8&- = 8[;18,3} Then the
analogue of the Ditzian—Totik K-functional is defined by
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Ko (f:1)p = inf){llf—gllpﬂr )Y ||<Pf,j9,~f,~g|p}-

geCr (T 1<i<j<d

These were defined in [16] and proved to be equivalent: @, (f,t), ~ K (f,t)p. They
can be used to characterize the best approximation as the Ditzian—Totik pair in one
variable.

The relation between cubature formulas on the simplex and on the ball was
established in [179], which shows, together with the results in Sect. 11.6, that
cubature formulas on the simplex, the ball, and the sphere are closely related. The
product-type formulas, however, are essentially the only family of positive cubature
formulas on the simplex that exist for all degrees. There are nonpositive cubature
formulas on the simplex with relatively smaller numbers of points [80, 84].



Chapter 14
Applications

This chapter contains several topics that can be regarded as applications of what
we have developed in the previous chapters. The first topic is tight frames, an
active research area that has potential applications in signal processing and sampling
theory, among others. In the first section we construct a family of highly localized
tight polynomial frames on the unit sphere and show that the frame expansion
converges unconditionally in L”. The second topic is about the node distribution
of positive cubature formulas on the sphere. The main result in the second section
shows that these nodes are uniformly distributed; in particular, the points of near-
minimum 7n-spherical design on S~! are uniformly distributed. The third topic is
on positive, and strictly positive, definite functions on the unit sphere, the latter
has applications in scattered data interpolation. In the third section, we shall prove
the classical characterization of Schoenberg on the positive definite function on
the sphere and more recent characterizations of strictly positive definite functions,
and include several recent results on such functions. The fourth topic is about the
asymptotics of minimal discrete energy points on the sphere, studied in the fourth
section, which investigates the asymptotics of the minimum discrete Riesz potential
of a set of N points on the sphere as N — oo. The fifth topic is computerized
tomography, one of the most outstanding examples of mathematical applications,
which requires an approximation method for recovering a function (or image)
from its Radon projections (or x-ray data). We describe, in the fifth section, such
a reconstruction algorithm, called OPED, based on orthogonal expansions on the
unit disk. The algorithm is an approximation process resulting from discretizing the
partial sum operator by Gaussian quadrature; it preserves polynomials of high order,
and as a result, is highly accurate and stable.

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 363
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4_14,
© Springer Science+Business Media New York 2013
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14.1 Highly Localized Tight Polynomial Frames
on the Sphere

Let H be a Hilbert space with its inner product denoted by (,-),, and its norm
denoted by || - ||z If {¢,} is a complete orthonormal basis in H, then the Parseval
identity states that

>0l = 1A 117
n=0

which is an example of a tight frame. For many applications, it is desirable to
construct a system with this property but without the orthogonality.

Definition 14.1.1. A family of elements {f; : i € I} in a Hilbert space H is called
a frame for H if there are constants 0 < A < B < eo such that for all f € H,

AlFIlE < S foul* < BIFIIG- (14.1.1)

icl
A frame {f;};es is called tight if the constants A and B in Eq. (14.1.1) are equal.

The main aim in this section is to construct a tight polynomial frame on the
sphere S?~! consisting of polynomials that are highly localized. The construction
requires two ingredients.

The first is a sequence of polynomials defined through the cutoff functions. To
start, we choose a nonnegative function ¢ € C*(R) such that suppp C {xeR: 1 <
|x| <2}, minxe[%%] ¢(x) > co >0, and

2
Y [¢ (%)} —1, forallxeR\{0}. (14.1.2)
It is evident that there exists a function ¢ that satisfies the first two conditions spec-
ified above and ¥ [¢(2/x)|* > 0 for x € R\ {0}. Setting ¢ (x) = ¢(x)/ X, [§(2/x)|?
then gives a ¢ that satisfies Eq. (14.1.2) as well. With ¢ chosen, we define a sequence
of polynomials on [—1, 1] by

Go(t) =1, G,-(t): 2 ¢< k )’“’kc’t(), ji>1, (14.1.3)

=[2J=2]+ 2

where A = 2 2 and t € [—1, 1]. The support set of ¢ shows that we can write the
summation over k as from 0 to co.

The second ingredient is a sequence of positive cubature formulas. For j > 0, let
A C Nf be a finite index set. Let {x; : k € A} be a set of distinct points on S~
and {Aj; k€ A;’} a set of positive real numbers in R. In the case of j = 0, we set,

for convenience, A§ = {0}, X0 = 1 and take xo to be any fixed point on S9!,
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By Theorem 6.3.3, there exists a sequence of positive cubature formulas {Q j}j.":l

on S9!, with {x; 4} as its nodes and {4, } as its weights, that satisfy the following
properties:

1. Foreach j € N,

L fo)dop) =0if = 3 Auflee). VFEId,.  (4.1.4)

Wy Jsd-1
d S keAd

2. The weights A ; in the cubature formulas (14.1.4) are positive and satisfy
Ajg~271470 VieN, VkeAd,

with the constants of equivalence depending only on d.

With these two ingredients, we can now define elements in our polynomial frame.
For j € Ngand k € Aj’-j, define

l[/j7k(x) = \/)LL](GJ'(X')CJ'J(), XESdil, (1415)

where in this section, we use x -y to denote the dot product of two vectors x,y in R?.
For convenience, we index these functions by the spherical caps c(xj,27/), j€ N
and k € Aj‘-i; that is, we set

WB(x) = ll/j,k(x) when B = c(xj’k,zfj).

Furthermore, we shall denote the collections of the spherical caps by
B = {c(xj’k,ij) ke Afl} and %= U B;.
j=0

For each spherical cap B € 4, we denote the center and the radius of B by xp and
rg, respectively. From now on, we will write (-,-) for the inner product (-,-)gs-1 of
L*(S?~1) given by Eq. (1.1.1).

The heuristic reasoning of the above construction is as follows: By the orthogo-
nality of spherical harmonics,

- k
[*xGj= Zq) (F) proj; f. (14.1.6)
k=1

Furthermore, for f € L*>(S?~!), a further computation using Eq. (1.2.5) shows that
by Eq.(14.1.2),

oo

f=Y(f*G))*Gj. (14.1.7)

Jj=0



366 14 Applications

Since f*G; and G;(x-x;) are both polynomials of degree 2/, we can apply the
cubature formula to discretize the integral of (f * G;) * G;, which is easily seen to
be exactly

f) = (f, ws)wB(x). (14.1.8)

Be#

The convergence of the expansion (14.1.8) holds in fact in LP(S?~!) for 1 < p < oo,
as will be shown in Theorem 14.1.4.

The main properties of the functions yp defined above are collected in the
following theorem. It shows, in particular, that {yp}pc 4 forms a highly localized
tight polynomial frame for L?(S?~1). For simplicity, we use throughout this section
the notation |E| to denote the Lebesgue measure o(E) of a subset E of S~ 1.

Theorem 14.1.2. The following statements hold:

(i) For each B € BB, the function yp is highly localized in the spherical cap B in
the sense that

—/
d
IWB(x)IScd,z|B|%<1+—(xr’x3)> , V>0, VxeSiTl o (14.1.9)
B

(ii) ForeachB € %, andr > 0,

=

¢ x82(x) < |BI* [wp(x)| < e, (M(x3)(x))7, xe€S4 Y, (14.1.10)

where M denotes the Hardy—Littlewood maximal function on S~ defined in
Sect. 2.3. In particular, this implies that

1

1_1
lwsllp~[B[?72, 0<p<ee (14.1.11)
(iii) For each f € L*(S%°1),
I£13="Y [(f, ws)l*: (14.1.12)
Be#A

that is, the sequence {Wg} ez forms a tight frame for L*(S?~1).

Proof. The estimate (14.1.9) follows directly from Theorem 2.6.5. To prove
Eq. (14.1.10), we assume that B = c(x;x,2~/) for some j € Ng and k € AJ‘.’. When
j =0, Eq.(14.1.10) holds trivially. Hence, without loss of generality, we may
assume j € N and write

2! T2
WB(x) =/ AjxGj(x-xjk) =\ Ajx D, 0 (2,—‘11) VTCC” (r-xj).
v=0

Since |C* (cost)| < C*(1) ~ (v+1)473, it follows that

max |Gj(cost)| = G;(1) ~ 9J(d=1)
re0,m)
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Hence, using Bernstein’s inequality for trigonometric polynomials, we obtain
0 4 .
Gj(1)— G;(cos0) = / = (Gj(cost)) dr <270G,(1),
0
which implies that for 8 € [0,27/7],

Gj(cos8) > =G;j(1) > c2/td=1).

N —

Thus, for x € %B = c(xﬁk,zfjfl)’

W () = /274G (x-xj4) = P4V > By 5 (),

which proves the first inequality in Eq. (14.1.10).
To prove the second inequality in Eq. (14.1.10), we use Eq. (14.1.9) to obtain

|y (x)| < cd7,2f<d*1>/2min{1, (2fd(x,xj7k))*d%‘} '
If0 <d(x,xjx) < 2-U+1), then %B = c(xj7k,2*.f*1) C c(x,277), and hence

T

i(d— _1 1
lwp(x)] < cg2/@" V2 <y, |BI 2 (m / <xlzj)ﬂc,g/z(y)GICF(y))

< ca,|BI (M (xp)(x)) "

On the other hand, if 6 :=d(x,x; ) > 27/, then $B C c(x,20), and hence

lws(x)| < cq,2714"D/2(279)~d=1)/r

_1 1
<cqr|Bl2 (W./c(me) XB/z()’)dG(Y)>

< car B2 (M(xp) (%)) 7.

r

Therefore, in either case, we have the desired upper estimate in Eq.(14.1.10).
Finally, Eq. (14.1.11) follows directly from Eq. (14.1.10) with 0 < r < p.
We now prove (iii). By definition, for each j € Nand k € Ad,

Wik = A% G (xjp)-
Since |f * Gj|2 € ng .1, using the cubature formula (14.1.4), it follows that

Y L= X A+ G ()P = L (f*G) ()P do(y).

Wy Jsi-1
keAd keAd d S
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From Eq. (14.1.6), it follows that

1 & o
o L =G Faot) = 3 o (5 )| w1
Consequently,
S v = 1w+ Y, Y [ vl
Be# J=lken?
o oo 2
= lpeoin 13+ 3. o (55| v 13
]: k=1
=Y I proje /113 = 17113
k=0
This proves the desired identity (14.1.12). a

The infinite series on the right-hand side of the expression (14.1.8) is well defined
for every f € L?(S?~1). Our next result concerns the unconditional convergence of
this series in L”-norm with 1 < p < eo,

Definition 14.1.3. A series Y, x, in a Banach space B is unconditionally conver-
gent if for every rearrangement 0 : N — N, the series 3" | X5(,) converges.

Theorem 14.1.4. Let 1 < p < o, The following assertions hold:

() If f € LP(ST1), then the series Y g 5 (f, Wp) W converges unconditionally to
f in the LP norm; moreover,

(> |<f,wB>|2|wB|2)%

Be#

1

(S 1w )

Be#

A1 ~

)

p
(14.1.13)

p

with the constants of equivalence depending only on d, p, and ¢.
(ii) Conversely, if {ap}pecs is a sequence of real numbers such that either

1 1
2 2
( Y |a3|2|w3|2> or ( Y |aB|2|B|1xB)
Be# Be#

is in LP(S?~1), then Y pczapyp converges unconditionally in the LP-norm to
some function f € LP(S?~1); moreover,

1

(S lanPlel )

Be#

1fllp < e <

p

. (14.1.14)
p

(> |aB|2|wB|2)é

Be#

with the constants ¢y and ¢, depending only on d, p, and ¢.
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Proof. We prove (ii) first. We begin by showing that for every sequence {ag}pc»
of real numbers, the second inequality of Eq. (14.1.14) holds. Indeed, by the second
inequality in Eq.(14.1.10) with r = 1, |ys| < cq|B|"2M(x5) for B € %, which,
together with the Fefferman—Stein inequality in Theorem 3.1.4, implies the second
inequality of Eq.(14.1.14). Second, we show that for every sequence {ap}gc s of
real numbers and every finite subset .% C %,

1

(3 fatua?)

BeF

Z agVyp

BeF

<cpa (14.1.15)

p

p

Once Eq. (14.1.15) is proved, it follows that partial sums of any rearrangement of the
series ¥ apyp form a Cauchy sequence in L”(S¢~1), which therefore converges, so
that the series Y zcapyp converges unconditionally in the space L”(S?~!). This,
together with Eq. (14.1.14), will complete the proof of (ii).

For the proof of Eq. (14.1.15), we define, for a generic g € L' (S?"1) and j =
0,1,2,...,

1

Ajg(x) :=g*Gj(x) = o /Sd*lg(Y)Gj(x-y)dG(y), xesi!

If g € LP(S9"1), then by Theorem 3.4.2, we have

(io |Aj<g>|2)%

We further define, as in the Definition 5.2.1,

o 4,(8)09)]
400 = WP TG T

<cpllglly, T<p<ee

p

xe S

Using Theorem 5.2.2 with s, =d — 1 = 8 and n = 2/, we see that it is bounded by
the maximal function of Ajg:

A%(g)(x) < cM(Ajg)(x), xS (14.1.16)

For convenience, we write Apg = Ajg for B € %;. Set h =Y. zapyp. Let g €
L4(S?=1) be such that ||g||, = 1 anq A, = de Jsa—1h(x)g(x)do(x), where g = ﬁ.
We observe that for B = c(x;,27/) € 4,

(e wm) | = \AialAs(e) ) < B [ 45(6) () do )

<casl | | M(B5g)(2)do ().
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Therefore, by the definition of & and the choice of g,

Ihllp= 3, astws.g) < ca 3 lasllBl 2 [ M(ang)x)do(s)

Be 7 BeF
1

2
( y |aB|2|B|1xB/2)

BeF

1

( > |M(ABg)|2XB/2)2

Be#

<cq

P q
Invoking the Fefferman—Stein inequality, we deduce

(;mxgnz)é

while using the first inequality in Eq. (14.1.10), we have

S C]J S C]Jv

1
3
|| Y [M(Agg)| )CB/2>

Be#

q q

1 1

2 pl—1 ? < 21 2\
> lasl|Bl x5 ) <cal Y. lasl*|wsl

BeF BeF

The desired inequality (14.1.15) then follows.
Next, we prove (i). To this end, it suffices to prove that for f € L?,

< cpalflp- (14.1.17)

H( Y 17, wB>|2|B|1xB)5

Be#

p

In fact, once Eq.(14.1.17) is proved, then by (ii) that we just proved, it follows
that for f € LP, the series Y.pc % (f, Ws) Wp is convergent unconditionally in L?, and
by Eq.(14.1.8) and a density argument we must have f = Y pc 5 (f, Wp) Wp. This
together with Egs. (14.1.14), (14.1.15), and (14.1.17) will imply the equivalences

1

(3 1w )

Be#

A1 ~

)

p

(% |<f,wB>|2|wB|2)%

Be#

p

and hence (i). For the proof of Eq. (14.1.17), we first observe that for B € %,
1 1. *
[(fs wB)| ~ [BI2|A;(f)(xp)| < CIBIZ;ggA,;f(y)
< c|B|? inf M(4,;/)(y),
yEB

which implies, using the unweighed version of Lemma 5.4.3,
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S S 1w B () <c2|M Ajf)(x (2 xp(x )

J=0BeB, BEX;
<Y IM(A;f) ()P
j=0

The desired inequality (14.1.17) then follows from the Fefferman—Stein inequality
of Theorem 3.1.4. The proof is complete. O

14.2 Node Distribution of Positive Cubature Formulas
on the Sphere

The main result in this section states that the nodes of a positive cubature formula on
the sphere must be uniformly distributed for boundary regular domains, a concept
that we now define.

Definition 14.2.1. Let D be a closed subset of SY~! with a nonempty interior and
contained in a spherical cap of arc radius less than 37/4. We call D a boundary
regular domain if its boundary, dD, satisfies

ee(aD) <ce Y vee(0,1), (14.2.1)

where for a compact subset E of S?~! and & > 0, e (E) denotes the minimum
number of points yy, ..., yy on S¢~! for which E C U?]:I c(yj, €); that is,

N
ee(E) = min{Ne N:3yy,...,yn €S9 such that E C U c(yj,s)}.
j=1

Let A be a finite subset of SY~! and assume that the positive cubature formula

1

f(x) =Y Anflxy), alldy >0, (14.2.2)

sd—-1 neA

is of degree n, that is, it is exact for f € IT,(S?~!), for some n € N.

Theorem 14.2.2. Let D be a boundary regular domain and let A and Ay, be the set
of nodes and weights of the positive cubature formula (14.2.2) of degree n. Then

: (14.2.3)

where the constant ¢ depends only on d.
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Recall that a subset X = {Zj}ljy: , of S9! is called a spherical n-design if the
cubature formula

1 1 ¥
— fy)do(y) = N Y fz)
k=1

@y Jsd-1

is exact for every f € IT,(S?"!). By a recent theorem of [19], stated as Theo-
rem 6.5.1, for every positive integer n, there exists a spherical n-design on S¢~! with
number of nodes of asymptotic order n¢~! for n sufficiently large. As a consequence
of Theorem 14.2.2, we have the following corollary.

Corollary 14.2.3. Let D be a boundary regular domain of S*'. Then the set of
nodes X = {z; }ij:l of a spherical n-design with N ~ n~" satisfies

1 1 1
—#(XND)— —oc(D)| <c¢cN 20d-1 N — oo,
FHXND) = —-o(D)| <N T,

The proof of Theorem 14.2.2 is based on one-sided approximation. We need
to construct two Lipschitz functions on S?~! that approximate the characteristic
function yp of the domain D from above and below, respectively. To be more
precise, let us define

d(x,D) := )igﬁd(x,y).

For o € (0,7/2), we define
D;:={xeS":dx,D)<a} and D, :={xcS"':d(x,D)> a}.

Let |E| denote the Lebesgue measure of a subset E of SY~!. We first consider the
approximation to yp from above. Define

1

Fr =
o (x) |C(X,O£)| Sd-1

Xpg (y)X[cosoc,l](<xa)’>)d6(y)a xesi

Lemma 14.2.4. The function F; satisfies the following properties:

(i) Fy(x)=1forx& D, and F; (x) =0 whenever x € S~! and d(x,D) > 2c.
(ii) xp(x) < Fj(x) <1 forxe S
(i) Jypr |Fit () — 20(2) do () < cax.
(iv) Fy is a Lipchitz function on S~ 1,
|y (x) = Fo (y)] <ca'd(x,y), x,yeS" . (14.2.4)

Proof. Directly from its definition, we can write
1

|c(x,a)

F(;r(x)zmo{yEC(x,a):d(y,D)ga}z o(c(x, ) DY),

(14.2.5)



14.2 Node Distribution of Positive Cubature Formulas 373

If x € D, then d(y,D) < d(y,x) < or whenever y € c(x,0), which implies that
c(x,a) C D, and hence that F, (x) = 1 for x € D. On the other hand, if x € S9! and
d(x,D) > 2a, then the triangle inequality of d(-, -) shows thatinfyc ¢ (, o) d(y,D) > @,
which implies c(x, o) N D, = 0 and hence F, (x) = 0 by Eq. (14.2.5). This proves
(i). Assertion (ii) follows directly from (i) and Eq. (14.2.5).

To prove (iii), we deduce from the already proven (i) and (ii) that

L, R @) = ao)ldo) = | Fy (x)do(x)

{xeS4-1:0<d(x,D)<2a}

< G{xeSd” 10 < d(x,dD) §2a}.

However, using the condition (14.2.1) and the definition of ez(dD), we see that
there exist finitely many points yy,...,yy € SY~! such that N < ca=¥*2 and 9D C
Uﬂy: 1¢(yj, o). Consequently,

N
G{x es?l.0< d(x,dD) < 205} < G(U c(yj,3oc)> <cNod ! < ca,
j=1
which proves assertion (iii).
Finally, we prove (iv). By (ii), we may assume, without loss of generality, that
d(x,y) < %a. We then apply Eq. (14.2.5) to obtain

Fi(v)—F () = ﬁ [6(c(x, @) NDE) — 6(c(y, ) N D))

—d+1

<com o (c(x )\ c(y,@)).

However, since for every z € c(x, o) \ c(y, @), a > d(z,x) > d(z,y) —d(y,x) > o0 —
d(y,x) > 0, it follows that

c(x,0)\ c(y, ) C {z €S a—d(x,y) <d(zx) < a} .
Since 0 < o < /2, we conclude that
Fl(x)—Fi(y) <ca o {z ST a—d(x,y) <d(zx) < a}
<co et 2d(x,y) < cold(x,y).

The Lipchitz condition (14.2.4) then follows by symmetry. a

The function that approximates yp from below is defined similarly by

Fa )= g o 2os O a0 00, 3

X, a)| S
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Lemma 14.2.5. The function F,; satisfies the following properties:
() Fy (x)=1ifx€ D andd(x,d0D) >2a; and Fy (x) =0 ifx € S~ 1\ D.
(i) 0<Fy (x) < xp(x)forallx e S

(iil) Jsu-1|xp(x) — Fy (x)|do(x) < co.
(iv) Fy is a Lipchitz function on S 1,

Fo () —Fy ()| <ca'd(x,y), VryeS™' (14.2.6)

Proof. The proof follows along the same lines as that of Lemma 14.2.4, so we shall
be brief. Directly by its definition,

N - d—1
Fa(x)_|C(x7a)|G(Daﬂc(x,a)),xeS , (14.2.7)

from which (i) and (ii) follow. Next, using (i), we have

Fy (x)— do(x) = 1—F; (x)]d
/S‘H |Fo (x) — xp(x)|do (x) /{xeD:dw(D))Sm}[ o (x)]do(x)
<co{xeS!:d(x,dD) <20a} < ca,

which proves (iii). Finally, for the proof of (iv), without loss of generality, we may
assume that d(x,y) < %a. We then obtain from Eq. (14.2.7) that

_— [G(D& Nc(x, o)) — o (Dy Ne(y, Oc)}
<coo(cx,a)\ c(y,a)) <cald(x,y).

This completes the proof of Lemma 14.2.5. O
We are now in a position to prove Theorem 14.2.2.

Proof of Theorem 14.2.2. Firstly, by the Jackson inequality in Lemma 4.2.6 and the
Lipchitz conditions (14.2.4) and (14.2.6), there exist two spherical polynomials g
and g, of degree at most n on S¢~! such that

It (14.2.8)

IFy —gnlle <co'n™t and |[Fy —g, o <co”
Using the second assertions of Lemmas 14.2.4 and 14.2.5, this implies that
g () —ca'n ' < yp(x) <gf(x)+can”!, VxeD. (14.2.9)

Now, by Eq.(14.2.8) and the third assertions in Lemmas 14.2.4 and 14.2.5,
we have
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Lr + 1 + +
o [l =20l dot < o [ )~ Fi ()] do () +ca
<coa'n'4 co,
which, in particular, implies that
Lc;(D)—L/ gE(x)do(x)| <co'n 4 ca. (14.2.10)
Wy w; Jsi-1°" -

Taking the weighted sum of Eq. (14.2.9) over the set A with weights A,, we obtain,
since Ypecp Ay =1,

S Angp(m)—ca 't < Y A< Y Aggi(n) +con
neA neAND neA

Applying the positive cubature formula (14.2.2), this implies that

1
Wy Jsd-1

1
g, (x)do(x) —co'n7! < Y, Ay < —/ g5 (x)do(x) +co'n !,
neAND Wy Jsi=1

Together with Eq. (14.2.10), the above inequality shows that

1
Y )Ln——G(D)‘ <co+can7l.
neAND g

Setting o0 = n=2 proves the desired estimate (14.2.3). a

14.3 Positive Definite Functions on the Sphere

Let f:[—1,1] — R be a continuous function. Associated with N € N and a set of
points Xy = {x1,...,xy} in SY~!, we denote by f[Xy] the N x N matrix

FIXN] = [f(cosdlxinx))]Y oy = [ (eI

Definition 14.3.1. A continuous function f : [—1,1] — R is called positive definite
if for every N € N and set of N distinct points Xy = {x{,...,xy} in S*~!, the N x N
matrix f[Xy] is Nonnegative definite, and it is said to be strictly positive definite
if f[Xn] is positive definite. We denote by @, the space of all positive definite
functions on [—1,1] and by S®, the space of all strictly positive definite functions
on [—1,1].

By the definitions of nonnegative definite and positive definite matrices, f is
positive definite if
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N
2 ,f(x,,x,)>0

”MZ

for all ¢ = (cy,...,cy) € RN and N € N, and f is strictly positive definite if
! f[Xy]c > 0 whenever ¢ # 0.

From the properties of positive definite matrices, we can deduce the following
properties of @ :
1.If ffe ®;andc; >0fori=1,2,...,n,then f=c1fi+ - +cnfn € Dy.
2. If f,g € @, then fg € D,.

The first statement follows directly from the definition. The second follows from a
theorem of Schur, since the matrix (fg)[Xy] is the Hadamard product of the matrices
f[Xy] and g[Xw], which preserves nonnegative (positive) definiteness by Schur’s
theorem. These simple properties also hold for the class S@,.

Positive definite functions are closely related to spherical harmonics, as can be

seen from the fact that the Gegenbauer polynomial C,(,dfz) / 2(t) belongs to @;.
Lemma 14.3.2. For n € Ny, the polynomial C*(t), A = % is an element of @.

Proof. Let {Y! :0 <k < a’,f }, where a’,f = dimjfjld , be an orthonormal basis of the
space %’j,d of spherical harmonics of degree n. By Eq. (1.2.8),

Cr((x,y)) +,1 Z (14.3.1)

As a result, the matrix C,’} [Xy] can be decomposed as a sum of rank-one matrices
N
(Y ()Y (x7)] i.j—1- Hence, for every c € RN,

|

which is evidently nonnegative. O

A
n+A

M
M=

T CH Xyle =

2
CiYkn(xi)] )

k

1

If f is continuous on [—1,1], then it is an element of L?(w;;[—1,1]), where
wy(t)=(1- tz)l” so that it can be expanded in the Gegenbauer series

d—2
f(cos ) Zf,,C)L (cos @), A= — (14.3.2)
where f, are given by, according to Eq. (1.2.10),
2 PRI S A - \2A
Jn =[] 2c,1/ f(cosB8)Cy (cos0)(sin0)~*d6. (14.3.3)
Jo

If all f,, are nonnegative, then f is a nonnegative sum of functions in @y, so that it
is a function in @ itself. A classical result due to Schoenberg states that all positive
definite functions are given in this way.
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Theorem 14.3.3. A continuous function f : [—1,1] = R is positive definite if and
only if f > 0 for all n, in which case the series (14.3.2) converges throughout 0 <
0 < & absolutely and uniformly to f(cos@). The most general f that is positive
definite on the sphere S¢~1 is therefore given by the expansion

f(cos0) =Y a,C}(cosB),  a,>0, Vne N,

n=0

Proof. If all f, are greater than or equal to 0 and the series (14.3.2) converges
uniformly, then the function f is continuous, and it is a continuous limit of a
sequence of functions in @, so that it is a function in @;.

In the other direction, let f be a positive definite function. We start with the
observation that for every x € S9!,

[ fedot)=o- [ [ fen)dotdot =0,

Indeed, equality follows immediately from the rotation-invariance of do, and
applying a positive cubature formula of precision n, we see that the double integral
is nonnegative if f is any polynomial of degree at most n; hence it is nonnegative for
all continuous functions f by density. Set e = (0,...,0,1). Up to a positive constant
¢, > 0, the coefficient f,, in Eq. (14.3.3) can be written as

A

Jn= F(x,€)Cr ((x,€))do ().

sd—1

Since f and C,’} are both in @, so is their product. Hence, fn > 0 for all n. The
infinite series (14.3.2) is Abel summable for all 8 € [0, 7], whence

)

n=0

fnC)L cos 6) ‘ an ) < 111}1 ifncﬁ(l)rn:f(l),
[ d S—"

which shows that the series converges absolutely and uniformly for all 0, and so it
is equal to f(cos0). O

Next we consider the strictly positive definite functions. Let f be a strictly
positive definite function, f € S®,. Since SP,; C P, by definition, f is of the form
(14.3.2) with all f, nonnegative. Directly from the definition,

anC’“ Xy =Y HCHXN],
nesF
where we define

F:={neNy: f, >0}. (14.3.4)

Thus, in order to have f € S®,, we need .# to contain enough indices so that if
cT'CHXy)e = 0 for all n € .Z, then ¢ = 0 for every Xy and N € No.
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Theorem 14.3.4. If f is strictly positive definite, then F C N, contains infinitely
many even integers and infinitely many odd integers.

Proof. For a given N, we choose Xo = {x1,...,xoy} in such a way that if x; € Xpp,
then —x; € Xpn. Splitting f into its even and odd parts, we obtain

f:fe+.f()a fe = ZonC%n and fo =

o N
f2n+lC2n+1-
n=0 n=0

Since C,% has the same parity as n, f, is an even function and f,, is an odd function.
Since if x,, € Xpp, then there is a B # a such that Xg = —Xa € Xon, it follows that
since (xq,Xj) = —({xp,X;), the rows corresponding to o and f3 are identical in f,[X]
and differ by a sign in f,[Xan]. Consequently,

rank f,[Xon] <N and rank f,[Xon] < N. (14.3.5)

Assume now that .% contains finitely many even integers. Let M be the largest
integer n for which f, # 0. Since Cf,L is a polynomial of degree n, we can write

M R A M
fe = Z onCQn(t) = 2 bmtzm
n=0 m=0

for some b, with by £ 0. Let Gy = (<xl-,xj>€)%1}’:1. For { =1, G, is the Gram matrix,
which is nonnegative definite, and since x; € St s easy to see that rank G| <d.
By Schur’s theorem, the matrices G, are also nonnegative definite, and their ranks

satisfy the inequality
rank G, < [rank G,]* < d".

Since rank(A + B) < rankA + rankB, it follows that

M M
rank f,[Xon] < 2 rank Gy, < Z d* < Md*™ +1.
m=0 m=0

Together with Eq. (14.3.5), this shows that if N > Md*" 4 1, then
rank f[Xon] < rank f, [X] 4 rank f,[X] < (Md*™ 4-1) + N < 2N.

Hence, if N > Md*™ + 1, then f[X,y] does not have full rank, which implies that f
is not strictly positive definite. The case that .% contains finitely many odd integers
can be handled similarly. O

The inverse of Theorem 14.3.4 holds as well; namely, that .% C N, contain
infinitely many even integers and infinitely many odd integers is also a sufficient
condition for a continuous function to be strictly positive definite. To prove this, we
start with a lemma that is of interest in itself.
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Lemma 14.3.5. Let Xy = {x1,...,xy} denote a set of distinct points on S*~!, and
let f € C[—1,1] be positive definite. The matrix f[Xy] is positive definite if and only
if the set of functions { f({x,x;)) : 1 <i < N} is linearly independent.

Proof. Let {Y! : 1<k < a?} denote an orthonormal basis of /<. It is convenient
to introduce the notation of Y,,(x) := (¥{"(x),...,Y”; (x)) as a column vector. By the
definition of f and Eq. (14.3.1),
N oo /,Lfn N T
Z cif({x,x;)) anZCj ((x,x;)) Zn_i_)L{chYn(xj)] Yo (x).
j=1

j=1 n=0

In particular, evaluating at x; and summing up over i shows that

N N = Af T N
:22 cicjf ((xi,xj)) zn+l|:ij )] Y ciYa(x)
i=1j=1 0 =1

Thus, by the first identity, ¥Y_; ¢;f((x,x;)) = 0 if and only if ¥Y_, ¢;Y,(x;) = 0 for
all n € .7 with . as given in Eq. (14.3.4) and, by the second identity, if and only if
c! fXn]e =0. O

For the proof of the sufficiency part, we need the addition formula for the
Gegenbauer polynomials. For x,y € S?~!, we write

= (sinfx',cos0) and y=(singy’,cos¢), 0<0,0<m x,yeS 2

Using the orthonormal basis (1.5.6) of j‘fjld, which has a product structure,
and Eq.(14.3.1) (or using the addition formula of the Gegenbauer polynomials),
we see that

A—

CH((x,y)) zbankn )Q%,n(¢)ck

NI—

(X)), (14.3.6)

where the coefficients b,);n > () are positive constants and
O ,(0) = (sin0)*C}{(cosB),  0<k<n.

Theorem 14.3.6. Let d > 3 and f be positive definite. If F C Ny contains infinitely
many even indices and infinitely many odd indices, then f is strictly positive definite
on S,

Proof. For a given set of N distinct points Xy on S, we choose a point p (the
“pole”) such that (p, x;) form a set of N distinct numbers in the open interval (—1,1).
It is elementary to prove that such a point exists. Without loss of generality, we may
assume that p = ¢4 := (0,...,0,1) € S?=1. Each point x; then has a representation
in the form

x; = (x/sin6;,cos6;), x,€S92  cos6 = (p,x;).



380 14 Applications

As we have seen in the proof of Theorem 14.3.4, the case that there exist x; and x; in
Xy such that x; = —x; deserves special attention. Such a pair is called antipodal. If
an antipodal pair exists, then cos 6; = —cos 0}, so that 6; = 7 — 0;, and consequently,
sin 6; = sin 6; and x; = —x/;. Thus, x; and x; are antipodal if and only if sin §; = sin 6;.
By Eq. (14.3.6) and the expression of f,

N oo n N
Y cifxx)) = ben > bt ZICJQ%#(@;)C/?T(@}X@) 01 ,(0).
=0 k=0 =

J=1

Hence, by Lemma 14.3.5, it is sufficient to prove the following claim: if

N 1
Y ;0 (0)CL (X)) =0, 0<k<n, ne.Z, (14.3.7)
=1

then c; = --- = ¢y = 0. Note that Qﬁﬁ(e) = (sin6)".

The proof uses induction on N, and it is sufficient to consider Eq. (14.3.7) for
k = n. The claim is obviously true when N = 1, and it is also true when N =2 and
the two points are antipodal. We now prove the claim for Xy with N distinguished
points, assuming that it has been established for X3y with M < N. Let 1 < jo < N be
such that sin 8;, = max; < j<y sin 6;. We need to consider two cases:

Case 1. The set Xy \ {xj,} does not contain the antipodal point of x;,. In this case,
sin @, > sin0; for j # jo. Hence, evaluating Eq. (14.3.7) with k = n at x;, and
dividing by the coefficient of c,, we obtain

A—

sin 9]' " Cn (<x/jvx/>) _
2 Cj - a1 +cj, = 0.
o~ \sinbjy Cn

n (1)

Since .# is an infinite set, we can let n — oo through a subset of integers in

NI—

Bl

F . Since |C,),Li%(<x3-,x’>)| < C,),L (1) and sin@;/sinBj, < 1 for all j # jo, we
conclude that ¢ j, = 0. Consequently, we can remove one point from Eq. (14.3.7),
so that we can invoke the induction hypothesis to conclude that ¢; = 0 for all
J# Jo-

Case 2. The set Xy \ {xj, } contains the antipodal point of x;,. Let xj, = —x;j, € Xy
for ji # jo. Then sin@;, = sin@;, > sin@; for j # jo,j1. Since Cy(—1) =
(—1)"CH (1), evaluating Eq.(14.3.7) with k = n at xj, and dividing by the
coefficient of ¢}, we obtain

Nl

A—
ing; \"C X, x
z . Slll’l j n (< J >)—|—C —|—(—1)”C =0.
I\ sin0. 1 Jo Ji
J#Jo:h Jo G, (1)

By the assumption on .%#, we can let n goes to infinity through a sequence of even
integers and a sequence of odd integers and obtain ¢, +cj, =0and ¢;, —cj, =0,
respectively. Consequently, ¢, = c¢;, = 0. We can again invoke the induction
hypothesis to conclude that ¢; = 0 for j # jo, ji. a
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A positive definite function on S?-1 as a univariate function defined on [—1,1],
could also be positive definite on S™ for some m # d. Our next result shows an
inclusion relation.

Theorem 14.3.7. Ford > 1, we have @51 C @4 and SP;, | C SDy.

Proof. By the connection formula (B.2.10) of the Gegenbauer polynomials,

1
=Y ah,CE0
0<k<n/2

for some constants a% , > 0, from which the stated result follows readily from

Theorems 14.3.3 and 14.3.6. O

The strictly positive definite functions can be used to interpolate scattered data on
the sphere. Suppose that numerical values A, ..., Ay are associated with prescribed
points Xy = {x1,...,xy} in SY~1 If f is a strictly positive definite function, then we
can find a function of the form

N

Fx) =Y cif(fxx),  xes™

Jj=1

that interpolates the data. Indeed, the interpolation conditions mean that
hi=F(xi) =Y cif((xi,x;)),  1<i<N,

which is a linear system that has the coefficient matrix f[Xy]. Since f[Xy] is positive
definite, the system has a unique solution.

For the purpose of interpolation, it is often desirable to choose a function f that
has compact support. We give an example of such a function. Define (x); by (x) =
xifx>0and (x); =0ifx < 0.For 0 < 6 < m and 6 > 0, define

fo.s(t) = (8 —arccosr)d, re[-1,1]. (14.3.8)

By its definition, the function y — fp 5((x,y)) = (6 —d(x,y))3 has compact support,
and its support set is the spherical cap c(x,0).

Proposition 14.3.8. If 6 > 2, then f, s is strictly positive definite on S* and S?.

Proof. Since @4 C @3, we need only to prove fy 5 € @4. Ford =4, A = 1 and CZ; =
Uy, the Chebyshev polynomial of the second kind. The coefficients of f := fq 5 are
then given by, up to a positive constant,

N 1 1 1 0
fo= [ SosUn)V/ 1= =~ ["(6- )2 Gino)do.
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Since the fractional integral

Phg— ﬁ /Ol(t— 6)4 1 g(6)d6

satisfies ZH+0 = 8 L1 it suffices to show that fn > 0 for 6 = 2, which we need
to establish for all n > 0 and 0 € (0, 7). The case n = 0 is trivial. Assume now n > 0.
Since Uy (cost) = sin(n+ 1)t/sint, we have

nfy = /09(9 - ¢)2(sin(n+ 1)¢) singdd =1(6,n)—1(0,n+2),  (14.3.9)
where, on using 2sin(n+ 1)@ sin¢ = cosng — cos(n+2)¢,
1(0,n) := %/06(9 — ¢)2cosngde.

Integrating by parts shows that

u—sinu

1(0,n) = 6°h(n0) with h(u) = , u>0.

w3
Thus, it is enough to show that / is a strictly decreasing function on (0,°). Indeed,
a straightforward computation shows that

2 —3si
() = — u—i—ucosit smu' (14.3.10)

u

By the trivial inequalities cosu > —1 and —sinu > —1, we see that
g(u):=2u+ucosu—3sinu >2u—u—3=u—3>0 foru>3.
On the other hand, the Taylor expansion of g(u) takes the form

k—Du?=3 2 4 6w’

g(“)—2,§2<‘”"( ET ) TR TR TR TR

which is an alternating series, hence positive, if u? < 21, which clearly covers
u € [0,3]. Consequently, g(u) > 0 for all > 0. This implies that 4 () is a strictly
decreasing function of u € (0,). O

For a given function f, checking the signs of all the Gegenbauer coefficients
can be an arduous, or impossible, task. In this regard, the following theorem is of
interest.
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Theorem 14.3.9. Let d € {3,4,...,8} and m = [452]. Let f : [-1,1] — R and
assume that g(-) = f(cos-) satisfies the following conditions:

(1) g € C"[0, 1], and the right derivative g""+1)(0+) exists and is finite;

(2) supp(g) C [0,7);
(3) (=1)"gt™ is convex.

Then f € @y. If, in addition, g(m), restricted to (0,7), does not reduce to a linear
polynomial, then f € S®,.

The sufficient condition given in this theorem is an analogue of the Pdlya
criterion for functions to have nonnegative Fourier transform. We do not give the
proof of this theorem. See Sect. 14.6 for references and further discussions.

14.4 Asymptotics for Minimal Discrete Energy on the Sphere

The goal in this section is to determine the asymptotics for minimal discrete energy
on the sphere. The problem is of interest in physics, chemistry, and computer
science.

Definition 14.4.1. For a given s > 0, the discrete s-energy associated with a finite
subset Ay = {x1,...,xy} of distinct points on S~ is

ES(Sdil,AN) = 2 Hx,‘—xjH*S.

1<i<j<N
The minimal s-energy for N points on the sphere is defined by

E(STIN) = i/{les(Sd’l,AN), (14.4.1)
N

where the infimum is taken over all N-point subsets of SY~!. A subset Ay of N points
on S~ for which the infimum in Eq.(14.4.1) is attained is called an s-extremal
configuration.

For a given N, s-extremal configurations are known in only a handful of cases,
when N is small. The limit of the minimal s-energy as N — oo, however, can be
determined. To illustrate the main idea, we consider the continuous case of the
energy integral first.

Let . (S?~!) denote the collection of all probability measures on the Borel o-
algebra of SY~!. For convenience, we denote by oy := 0/, the surface measure
on S?~! normalized so that 0p(S?"!) = [gu-1dop = 1.

Definition 14.4.2. For 0 < s < d — 1, the energy integral with respect to a probabil-
ity measure i on the Borel c-algebra of SY~! is defined by
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Lstwyi= [ [ T3l du(du).

Clearly, I; ;(0p) is well defined and is finite for every 0 < s <d — 1.
Theorem 14.4.3. ForO<s<d—1,

_ rrd-1-s
min Id,s(.u) :Id7s(60) = 533 ( )v :
pes (s4) r)rd-1-3)

Proof. Forx,y € S, ||x—y||*> =2 —2(x,y). We define, for £ > 0,
Kes(t):=(2—214+€)7% re[-1,1].

Using the Rodrigues formula for the Gegenbauer polynomials, Egs.(B.1.2)
and (B.2.1),

d\n
(=P ich ) = (—1)e () (1=,
where ¢, is a positive constant, we deduce by integration by parts that

;L _d=2

n +A
K, €,
€, s 2 an S )L
with ay(g,s) = ”M (Kes)n > 0 for all n € Z,. Since K ,(t) is real analytic on
[—1,1], the series converges uniformly on [—1,1]. Since for every x,y € S*~! and
s> 0,

o=yl = (2= 20x,3)) " = Ke s ((x,3),
it follows by Eq. (14.3.1) and Fubini’s theorem that

Iis(u /Sdl/sdl e.s )du(x)du(y)

:n:O &S /Sd l/sd le"/ )dp(x)du(y)

2

an(e,s) >ap(e,s), (14.4.2)

jgi /qu Y, j(x)dp(x)

which implies, by the definition of (Ieg’x)o, that for every € > 0,

1
Las(1) > ao(e,s) = cl/ (2-2t+¢)*%(1 _tz)xf%dt'
' -1
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Letting € — 0+, we deduce by the dominated convergence theorem that

r(d/2)[(d—1—s)
r((d-s)/2)r(d—1-s/2)

Finally, since K¢ <((x,y)) is a zonal function and doy is rotation-invariant,

las() = ¢ / (2-2) 2 (1) dar =

Id“(c‘)):/Sdfl(z_z@vy»*s/zdco( )—%/ (2—20)2(1 =) 2dr,

so that Iy ((i) > I5(0p). The proof is complete. O

The proof of Theorem 14.4.3 with slight modifications yields the following lower
estimates of & (S?~1, N).

Theorem 14.4.4. Letd > 3. Then as N — oo,

NY T, d-3<s<d-—1,

s (14.4.3)
N5, 0<s<d-3,

&S N) > %Nzldg(co) —c{

where c is an absolute positive constant depending only on d and s.

Proof. Let Ay := {x1,...,xy} be any given subset of S?~! and let u be a measure
in . (S that satisfies

plb) =5, 1<j<N.

Then Eq. (14.4.2) for this u ensures that

2 1
- 2 22y +e) P+ ]T]«?*S/Z > a(g,s).

1<i<j<N

Since [|x—y|| = (2 —2(x,y)) /2 > (2—2(x,y) + &)~/ for any x,y € S*~!, this
implies that

E(STIN)> =N ao(s,s)—%Ne*S/z (14.4.4)

1
2N
= (

for all € > 0. Changing variables ¢ 1 —7)/2 and rearranging, we obtain

1 _s i 3
ao(g,s)zzwscl/ (1+4£) T (- T dr (14.4.5)
0 t

Since ag(0,s) = I, 5(0p), an integration by parts shows that
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—s/2
a()(S,S) = (1 + Z) Id,s(GO) — 2217S?3S86‘l

1 -5-1 4 — s —3
x/ (1+5) tz[/ W1 —w) T dul de
0 4t 0
1 81,43
sz«m)—qs—qs/‘Mr+@ 17T de.
’ 0
For 0 < s < d — 3, the last integral is easily seen to be bounded by a constant,

whereas for d —3 < s <d — 1, it is bounded by ce T8 , as can be seen by splitting
the integral into two integrals over [0, €] and [g, 1]. To complete the proof, we then

apply Eq.(14.4.4) with e = N 7T if d —3 < s < d — 1 and with € = N7 if
0<s<d-3. a

The following theorem gives an upper estimate of &(S?~!, N).

Theorem 14.4.5. Ifd >3 and 0 <s <d— 1, then
E(STIN) < %Id,s(oo)zxﬂ —cNYaT, (14.4.6)
In particular, ford —3 <s<d—1andd >3,
&S N) = %Id,s(cro)N2 —O(1)N" T, (14.4.7)

Proof. By Theorem 6.4.2, for each positive integer N, there exists an area-regular
partition Py = {Ry,...,Ry} of SY~! such that

1
GO(R]-):N and diam(R;) <c¢N~ =y

Let 0} denote the restriction of the measure Noy to R;. Then

AEN [ [ 3 ] oy () doj )
Ry Ry 1<i<j<N

2 2 [, ol 40 ()40 )

Ri j#i

:%Nz /S(H /Sd,l [lx = y[|~* dop(x)doo (y)
__2/ / x — | ~*do (x)do} (),

which is bounded above by
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1 N, . -
§N21d,s(oo) — 5 (diam(R;)) ™ <

This proves Eq.(14.4.6). Finally, Eq.(14.4.7) follows directly from Eqs. (14.4.6)
and (14.4.3). a

Theorem 14.4.6. Ifd >3 ands > d — 1, then
AN'"TTT < &(SUN) < eoN'F T

Proof. We first prove the lower bound. Let Ay := {xj,...,xy} be any configuration
of N points on SY~!. For each 1 <i < N, define

rii= I}l;lll ||x,~ —XjH = dist (x,',AN \ {x,’}).

Clearly, for each 1 <i# j <N, ||x; — x;|| > max{r;,r;}. Thus, the spherical caps
c(x;,ri/2), 1 <i <N, are disjoint, which implies that

oo(c(xi,7i/2)) < op(ST ) =1.

Mz

N
CZ §
i=1 1

i

On the other hand, using Holder’s inequality with p =
— 757, we obtain
d—1

u d-1< Nb (d-1)p R G o
erj N»r Zr —N s erj .
j= =

Together, the above two displayed inequalities yield

71 €(0,1) and p' = % =

=5 > 0 NIFEDTT = ¢ NV T (14.4.8)

A

Jj=1

Now, foreach 1 <i <N, letting j; € {1,...,N} be such that r; = ||x; —x},||, we then
obtain from Eq. (14.4.8) that

1 N
B (5 ) =3 3 Sl 2 5 2=l

1 1j#i

SPE

.
CS,dN1+d71 ’

l\)l>—‘
N|~

which proves the desired lower bound.
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To prove the upper bound, let Ay := {x,...,xn} be a configuration of N points

on S¢~! that minimizes the s-energy. For each 7, let D; = S !\ c(x;, N~ @T) and
put D =Y D;. Then

oo(SfH\D) i (S 1\ D;) = Noo(c(x, N~ 7T)

1

<Nwd1/Nl 024 — D=1
ooy Jo wg(d—1)

which implies that

— g1
6o(D) = 1— o (Sdl D)>1——>o. 14.4.9
o(D) 0 \D) > o (d—T) ( )
Next, we define, for a given index i, the function
Ui(x):= Y lx—xj| % xes (14.4.10)

1< AN

Then, by the definition of the set D,
[ vidon) =3, [ flx—x~ doox / o)~ o)
/7él Hét
T S
§CZ/7# 09275d0 < cNTT,

Since Ay minimizes the s-energy, the function U} attains its minimum at the point
x;. Therefore, by Eq. (14.4.9) and the above inequality,

1 s
US (x; <—/U.S doo(x) < cNTT, 14.4.11
i ('xl) >~ G()(D) D (x) O(X) > ( )
It follows that
d—1 -5 1 & —s
&ETLIN) = Y xi— x| —EZZHM—X/'H
1<i<j<N i=1 j£i

1Y s
=5 Y Uf(x;) < N,
i=1

which proves the desired upper bound. O

Corollary 14.4.7. Letd > 3 and s > d — 1. Let Ay := {x1,...,xy} be a configu-
ration of points on S~ that minimizes the s-energy. Then there is a constant c,
depending only on s and d, such that

min_||x; —x;|| >N~ .
1<i#j<N



14.4  Asymptotics for Minimal Discrete Energy on the Sphere 389

Proof. By Eq.(14.4.11), we have

Y il =U ) <eNTT, 1<i<N,
JA<j#I<N

which implies, in particular, that

max ||x; —xj|| 7 < cNTT.
1<i<j<N

The desired lower estimate then follows because s > 0. a
We conclude this section with the following theorem for s =d — 1.

Theorem 14.4.8. Ford > 3,

lim (M2 logN) '€ (S, N) = 241 14.4.12
NLIEO( 0g ) d l( ) ) 2(d—1)a)d ( )
Proof. Let v, := @,/ ®y. First, we prove the lower bound:
L 2 -1 d—1 S Ya ' 4
I%njgf(N logN) ™" &;-1(S*"',N) > -1 (14.4.13)

Let ag(e,s) be defined by Eq.(14.4.2), and for simplicity, we write ap(€) :=
ap(e,d —1). From Eq. (14.4.5), a straightforward computation shows that for € — 0,

ap(e) =27y, /1451 (I +u T u " du+0(1) =2 'yl loge| + O(1).
Thus, invoking Eq. (14.4.4) with s = d — 1, we obtain
&1 (SN > %}/dN2|log£| —Ne T — O(1)N>.
Setting € = N~2/d=1) we then deduce that
&1 (SN > %NzlogN— O(1)N?,

which proves the desired lower estimate (14.4.13).
To complete the proof, it remains to prove the upper estimate,

limsup(N*logN)~'&;_ (S9!, N) < ;yd. (14.4.14)
N—yoo (d_ 1)

Let Ay := {x1,...,xy} be a configuration that minimizes the (d — 1)-energy. For
r> 0, set
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N
Di(r):gdfl\c(x,»,ﬂvfl/(d*”), 1<i<N, and D(r):=(\Di(r).
i=1

A straightforward computation as in Eq. (14.4.9) shows that

oo(D(r)) > 1— d’fllrd*. (14.4.15)

Let U;(x) be defined as in Eq.(14.4.10) and set U; := U?~". For a fixed r > 0, a
straightforward computation shows that as N — oo,

/ Ui(x) dop (x <2/ e — x4 doo(x)

—1/(d— Ya
= V|~ log(rN /()| + o(v) = ).
Since Ay minimizes the (d — 1)-energy, the function U; attains its minimum at the
point x;. Therefore, using Eq. (14.4.15), we obtain

1
U,'(x,') <

~ oo(D(r))

1 Ya
Ui(x)d NlogN+ O(N
Ly Ui)900(3) < g T NIogN +0),

where ¢, := -, which implies that

1 Y
P -1 N) = l 2] A2
a-1(8 21211] M) = l—cdrd 12(d —l)N ogh + O(N7).

Letting r — 07 yields the desired upper estimate (14.4.14). a

14.5 Computerized Tomography

Computerized tomography (CT) offers a noninvasive method for 2D cross-sectional
or 3D imaging of an object; it has a wide range of applications, including diagnostic
medicine and industrial material testing and inspection. A typical CT application
consists of two steps. The first step is acquisition of data. The energy of an x-
ray will diminish when the x-ray passes through an object being irradiated; the
measurement of the amount by which the energy diminishes is the x-ray data, which
depends on the density of the object that the x-ray encounters. The second step is
reconstruction, which means applying an algorithm to the x-ray data to recover the
density, or the image, of the object. Mathematically, each x-ray is represented by a
Radon projection of a function f, representing the density of the object, defined by

R1(6,1) ::/I(et)f(x,wdé, 0<o<2m, —1<i<1,  (145.1)
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where f is scaled so that the object is within the disk B2, 1(6,t) = {(x,y) :
xcos @ +ysin® =t} NB? is a line segment inside B2, and d/ denotes the Lebesgue
measure on the line. Thus, the image reconstruction means solving the inverse
problem of recovering a function f from its Radon projections. If continuous data
are given, that is, if projections for all t and 6 are known, then the solution to the
inverse problem of finding f from its Radon projections was solved by Radon in
1917. In practice, however, only finitely many projections can be measured. Hence,
the essential problem of CT is to find an effective algorithm that produces a good
approximation to f based on a finite number of Radon projections.

In this section we discuss an effective algorithm, called OPED, based on
orthogonal polynomial expansions on the disk. We start with the following simple
relation.

Lemma 14.5.1. For f € L'(B?), g € C[—1,1], and & = (cos ¢,sin @),

f( / Ry (f1)g (14.5.2)

Proof. The points on the line segment 1(6,7) can be represented by

x; =tcosO —ssinfB, xp=tsinO+scosb,
fors e [—\/ 1—12v/1— tz} , so that the Radon projection can be written as
Sf(tcosB —ssinB,7sin O + scos O)ds. (14.5.3)

t):/\/lﬁ

The change of variables x| = fcos ¢ — ssin¢ and x, = 7sin ¢ + scos$ amounts to a
rotation, which leads to

/Bzf(x)g«x,é))dx: /Bzf(tcosq)—ssin¢,tsin¢+scos¢)g(t)dtds

_/11/\/lﬁf(fcosd)—SSin(I),l‘Sinq)+scos¢)dsg(t)dt

The inner integral is precisely % (f1). O

sin(n+1)6
sin@

Recall that the Chebyshev polynomial of the second kind, U,(t) =
t = cos 0, satisfies the orthonormal relation

2 1
;/ Upn(x)Uy(x)V/' 1 —x2dx = &,  m,n € Ny.
J1

The following lemma gives the Radon projection of polynomials in ¥;(B?), the
space of orthogonal polynomials with respect to the constant weight on the disk.
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Lemma 14.5.2. If P € ¥(B?), then for eacht € (—1,1), 0 < 6 < 2,

Ro( \/ 1 — 12U, (t)P(cos 0,sinB). (14.5.4)

Proof. A change of variables in Eq. (14.5.3) shows that
1
o(P;t) =1 —tz/ P (tcose — sV 1—1%sin6,1sin 0 +s/1 —tzcose) ds.
~1

The integral is a polynomial in ¢, since an odd power of v/1 —¢ in the integrand
is always accompanied by an odd power of s, which has integral zero. Therefore,
0(t) := %(P;1)/V/1 — 1% is a polynomial of degree k in ¢ for every 6. Furthermore,
the integral also shows that Q(1) = P(cos 0,sin0). By Eq.(14.5.2),

74 Pt
/ Zo(Pi1) (V1 —r2dr = / (x)Uj(x1cos 0 +x,5in0)dx =0,

1—12

for j=0,1,...,k—1, since P € #,(B?). Since Q is of degree k, we conclude that
0O(t) = cUy(r) for some constant independent of ¢. Setting r = 1 and using the fact
that Uy (1) = k+ 1, we have ¢ = P(cos 6,sin0)/(k+1). |

As shown in the identity (14.5.4), the Chebyshev polynomial U; plays an
important role in our discussion below. For convenience, we define

Ur(8:x) :=Up(x;cos 0 +xpsin0), 0<0 <7, x=(x,x)e€B.

Setting f(x) = U(x1cosO + x,sin0) in Eq.(14.5.3) and using Eq.(14.5.4), we
derive from the orthogonality of the Chebyshev polynomials that

1 1
— | U(0;x)Ur(¢;x)dx = —— U —-0)), 14.5.5
= U(EU0id = S Uieos(9 - 0)), (1459
which is a special case of Eq.(11.1.18). Recall that the zeros of U, are
cosjm/(k+ 1), 1 < j <k. The above identity implies that

{Uk(kJrl; x) : Ogjgk}

is an orthonormal basis of V;(B?), which has already appeared in Theorem 11.1.11.
Using this orthonormal basis, the reproducing kernel P(-,-) of #;(B*) can be

written as
k

Pe(x,y) = Y, U(0;4:%)Uk(6; 15) 0k = ﬁ (14.5.6)
Jj=0
This kernel satisfies an integral expression given in Eq. (11.1.16). For our purpose,
however, the following formula of this kernel is more useful.
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Lemma 14.5.3. The reproducing kernel Pi(-,-) of ¥+(B?) satisfies

k+1

Any) = 5 [ U 8)U(1.8))do (£).

2r

Proof. From the elementary identity sin(k + 1) —sin(k — 1)0 = 2cosk@sin0, it
follows readily that Ug(cos 0) = Uy_»(cos 0) +2cosk6, which implies

Uk(cos®) =2 > cos(k—2j)0+ 1, (14.5.7)
0<j<(k—1)/2

where 7, = 1 if k is even and 7 = 0 if k is odd. Using the addition formula of the

cosine function, a simple computation shows that

Y
% cosif cos j(0 — ¢)dO = & jcos j¢.
—TT

Expanding both Uy (cos 6) and Uy (cos(6 — 0, x)) according to Eq. (14.5.7) and using
the above integral relation, it is not hard to verify that

% /j; Uy (cos 0)Uy(cos(¢ — 0))d6 = Ui(cos ).

In particular, by the periodicity and the definition of 6;, it then follows that
1 T
— / Ui (cos(8 — 6,))Ui(cos(8 — 6,))d6 = (k+1)5.. (14.5.8)
J =T

Now, by Eq.(11.1.16) with g = 1/2 and d = 2, for £ € S!, the polynomial
x = Ur({x,&)) is an element in #;(B?), so that it can be written as a linear
combination of the orthonormal basis {Uy(0,4:&) : 0 < j < k} of ¥(B?), which
gives, by Eq. (14.5.5),

1
k+1

HM»

Ur((x,8)) = Uk(6;.4:5) Ui (6] 4:%)-

Writing £ = (cos0,sin6) € S!, we have Ui(0; ;&) = Uk(cos(0 — 6;)). Conse-
quently, by Eq. (14.5.8), we conclude that

% / Ukl(x.8))Ui((3,6))do (§)

ZZUn i 1 X) Un (6543 y) =— /Uk 0;1:&)Ur(6x:&)do (&)

k+1 2J ~ &
1 k
= ﬁ (6 1:X)Uk(0)13y) = Pe(x,y),

where the last equal sign follows from Eq. (14.5.6). O
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Recall that the reproducing kernel P;(x,y) is the kernel function of proj, f. The
following lemma establishes the connection between the Radon projections and the
orthogonal expansions.

Theorem 14.5.4. For f € L'(B?) andn=0,1,2,...,

k+1
2m?

o) =50 [ [ v e)as @)

Proof. By the integral representation of proj, f and Lemma 14.5.3, we obtain, on
changing the order of integration,

proic /() = = [ F0IPx )y

T

o /7; UBzf(y)Uk(@a@)dy Ur({x,&))do(&).

T )
Applying Eq. (14.5.2) to the inner integral gives the desired formula. O

Recall that the partial sum operator of the orthogonal expansion is given by

Snf (x) Z proj;. f(x)

We deduce immediately the following expression for S, f.

Corollary 14.5.5. Forn=0,1,2,..., the partial sum S, f can be written as

Suf (x) 27r2/ / R (f 1) Dy (1;x1 cos O + x28in 0)drd6,

where the function @, is defined by

q)n(t;l/l) = i(k-ﬁ- I)Uk(t)Uk(u).

k=0

Thus, the partial sum S, f can be expressed as a double integral of the Radon
projections. More interesting is the following corollary, which expresses S, f in
terms of semidiscrete Radon projections.

Corollary 14.5.6. For n € Ny, let N be a positive integer such that N > 2n. Then
2/ Rz (f 1) @ (131 cos BF +xpsin 5F ) dr. - (14.5.9)
Proof. Let & = (cos0,sin6). By Eq. (14.5.2), for each fixed x, the integral

/ o) @, 110050 + xs5in)dr = [ F(5) (1. 6): (x. )y
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is a trigonometric polynomial of degree 2n in the variable 0, so that the integral of
this polynomial over [—7, 7] can be replaced by the quadrature formula (6.1.6) of N
points whenever N > 2n, since the quadrature formula is exact for all trigonometric
polynomials of degree N. Hence, Eq. (14.5.9) follows from the expression for S, f
in Corollary 14.5.5. O

In the case that n is an even integer, we can substantially reduce the number of
Radon projections in the representation (14.5.9), as in the following theorem.

Theorem 14.5.7. Forn €N, let ¢y, = =2 Z”V [ for 0 <v <n. Ifnisan even integer,
then

Suf(x) = D) +1 / Ry, (f,1)DPn (t;x1 €08 Gy +x28In ¢y ) dt. (14.5.10)
v 0

Proof. This comes from the observation that if & = (cos 0,sin 0), then the function
Ur({x, &)U ({y,&)) is an even trigonometric polynomial of degree 2k in 8 modulo
a trigonometric polynomial of degree k. Indeed, if x = r(cos ¢,sin @), then it is easy
to see that

Ur((x,8)) = Ur(rcos(8—9)) = Y, b (cos(6 — ¢))

0<j<k/2

= Y bi(r)cos(k—2/)(6 — )+ ulr),

0<j<(k—1)/2

where 1;(r) = 0 if k is odd, which implies, by the product formula of the cosine,
that Ui ((x,&))U({y,&)) has the desired property. If n is even, then the quadrature
formula (6.1.6) with n+ 1 nodes is exact for all trigonometric polynomials P(6) that
are even in 0, in addition to all trigonometric polynomials of degree n + 1, as the
proof of Proposition 6.1.5 shows. Applying this quadrature to the representation of
the reproducing kernel Py (x,y) in Lemma 14.5.3, we conclude that

k+1

Pk(xvy) +1

z Uy (x1 €08 @y 5, +x28in ¢y ) Uy (1 €OS Py, + y25in @y )
for 0 < k < n, from which Eq. (14.5.10) follows as in the proof of Theorem 14.5.4.
O

By its definition, S, f is the best approximation to f from IT? in the L*(B?)
metric. We have just proved that it can be expressed in terms of Radon projections in
finite directions. For a reconstruction algorithm, we need an approximation process
based on the finite Radon data. We can discretize the integral over [—1, 1] by the
Gaussian quadrature formula for the Chebyshev weight function of the second kind,
given in Proposition 11.6.7 with oo = 8 = 1/2, which states that

jT
— 1 —12dr = —E —_ 14.5.11
/ sin M+1 (COSM+1> (14.5.11)
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for all polynomials g of degree at most 2M — 1. We state in the following definition
a particular choice of M = n that results in an approximation process .7, f, based on
the finite Radon data.

Definition 14.5.8. Let n € Ny be an even integer. Let ¢, = % and y; , == %
Define
1 n n
A f(x) = 3N Ay (k+ 1) Ui(xcos ¢y + ysindy ), (14.5.12)
n+1755
where
1 n
My i= i) ,:21 sin((k+ 1)y )%, , (f,cos Wj ). (14.5.13)

The function .7, f is a discretization of S,f and can be used to reconstruct the
function f from the Radon data. This is the basis of the OPED reconstruction
algorithm. It has the following remarkable property.

Theorem 14.5.9. The operator <7y, in the OPED algorithm preserves polynomials
of degree n — 1. More precisely, <,(f) = f whenever f € anil.

Proof. This result comes from the construction of 7, f. If f is a polynomial of
degree at most n — 1, then so is %y, (f;t)/v'1—1? for every v by Lemma 14.5.2.
Furthermore, the polynomial @, (¢;x) is a polynomial of degree n in 7. The product
of the two then has degree 2n — 1. Applying the quadrature formula (14.5.11) with
M = n to the product of these two polynomial functions in Eq. (14.5.10), we obtain
a discretization of S, f, which is, after rearrangement, .7, f. The discretization is
exact if f is a polynomial of degree at most n — 1, so that <7, f(x) = S,.f(x) = f(x)
in this case. O

If we choose M = n+ 1 in the quadrature formula (14.5.11), so that it is exact for
all polynomials of degree 2n + 1, we would end up with a slightly different operator
<7y, that will preserve all polynomials of degree up to  instead of n— 1. By choosing
M = n, however, the angle ¢, and the angle #11 of t; have the same denominator,
which can be used to facilitate the computation. Another reason for choosing M =n
lies in the scanning geometry, which stands for the layout of the x-ray lines used in
the reconstruction algorithm, since it is determined by the design of the scanner used
for data acquisition. The fan geometry, in which the x-ray source emit x-rays in fans,
is preferred for faster data collection, where parallel geometry, in which the x-rays
are groups of parallel rays, is often called for in the reconstruction algorithm. The
data set in the OPED algorithm in Definition 14.5.8 can be collected via fan data, and
it can be reordered into parallel data, as seen in Fig. 14.1, in which the black bullets
on the circumference denote the positions where the x-ray source emits the x-rays,
and the small circles on the circumference denote the positions of the detectors that

collect the data. The thick lines denote one group of parallel rays.
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Fig. 14.1 Scanning
geometry for OPED data
withn =8
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The fact that <7, f preserves polynomials of degree n — 1 means that if the image
is represented by a polynomial of degree n — 1, then 7, f recovers the image exactly.
Since the algorithm is often used for n = 512 or more, this suggests that <7, f should
have a favorable approximation behavior. Indeed, we have the following quantitative
result.

Theorem 14.5.10. The operator norm |||« of < : C(B?) — C(B?) satisfies
|| ~ nlogn. (14.5.14)

The proof of this result is quite involved, and we refer the reader to the original
paper; see Sect. 14.6. The estimate (14.5.14) should be compared with the fact that
ISn|ls ~ n, a special case of Theorem 11.4.1, which shows that discretizing with
Gaussian quadrature increases the norm by only a benign logn factor.

Corollary 14.5.11. If f € C"(B?), then <, f in the OPED algorithm satisfies

logn
1"

If = af e < cnlognEy1(f)e < 5
Proof. Since A, f preserves polynomials, the estimate follows from the triangle
inequality and Corollary 12.2.13. a

To apply the OPED algorithm to reconstruct an image, we need to evaluate
<, f(x) on a grid of N x N points, for example, N = 256 or N = 512. Using the
fast Fourier transform (FFT), the matrix of /'Lj,v, 0 < j,v <n, can be evaluated at
the cost of n”logn operations, which can be computed independently. The double
sum in Eq.(14.5.12) costs about n? operations. Hence, evaluation of A, f over an
N x N grid requires about n> x N? operations, which is about n* operations if N ~ n.
There is, however, a fast implementation that can reduce the operation to about 7’
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computations; see the notes at the end of the chapter. Numerical computation has
shown that the OPED algorithm is an efficient, stable, and accurate algorithm for
image reconstruction.

14.6 Notes and Further Results

Section 14.1: The theory of frames and tight frames attracted considerable attention
with the spread of wavelet theory. For the theory of frames and recent developments
and applications, we refer to [31,79] and the references therein. The main references
for this section are [39, 129]. Many function spaces, such as L?, H?, the Besov
spaces, and the Triebel-Lizorkin spaces on the sphere, can be characterized in
terms of the coefficients in frame expansions (see [39, 128]). Nonlinear m-term
approximation by polynomial frames was also studied in [39, 128]. We refer also to
[121] for polynomial frames on S?~!. The elements of the tight frame in Eq. (14.1.5)
are called needlets in [129] in view of their highly localized construction.

Tight polynomial frames can be constructed in many other domains. In fact, the
construction works in a fairly general setup. Below, we give an outline, in which
notation that is not explicitly defined is mostly, we believe, self-explanatory. Let
(E,u) be a measure space and assume that there is an orthogonal decomposition
L*(E,u) = @y 7, where ¥, are finite-dimensional subspaces. Let P, be the
kernel of the orthogonal projection proj,, : L*(E, ) — ¥y, i.e.,

(proj, /ny Ju(y), felE.p).

Define the analogue of Eq. (14.1.3) in terms of the kernel P,,
Go(x,y) i=Po(x,y) and G 2 o (21 : )Pv(x ), j=12,...,

and define (L; = f)(x) := [y L;(x,y)f(y)du(y) for brevity. Then the following
decomposition follows readily from the conditions on ¢:

f=>Lix(Ljxf) forfel*E,u). (14.6.1)
j=0

If there exists a cubature formula with nodes x; and coefficients A; ; for the integral

Jg fdu and functions f = gh, where g, h € EB 0”//,,,, then we can discretize the
right-hand side of Eq. (14.6.1) to write

9=3 5 ki) [ 100 riakiiena

J= OkeAd



14.6 Notes and Further Results 399

Thus, if we define y; x(x) := /A4 L;j(xj,x), then it readily follows that

NI—

1=3 % Wi ad e = (33 10.w0F)

J=0kea? J=0kend

Following the above outline, tight polynomial frames were constructed and
studied in several other domains, including the unit ball and the simplex with the
Jacobi weight functions, as well as R? with the Hermite weight and R{{ with the
Laguerre weight; see [91, 138, 139] and the references in [91].

Section 14.2: Materials in this section were selected from the paper [172], which
contains several other interesting results on the distribution of points of a spherical
design. It is shown in [73, 170, 172] that if A is a spherical n-design on S¢~!, then

st U c(n,arccosty),

neA

where 1, is the largest root of the following algebraic polynomial on [—1,1]:

P, itn=2k—1
) n= - b
On(1) := k(u a1y
P27 (), ifn=2k,
where Pk(a’ﬂ ) is the Jacobi polynomial. The same conclusion remains true if A is the

set of points of an arbitrarily given positive cubature formula of degree n on S¢~!.

Section 14.3: The study of positive definite functions on the sphere was initiated
by L.J. Schoenberg in his classical paper [150], which contains Theorem 14.3.3 and
several other results.

The strictly positive definite functions were first studied in [193], motivated
by the problem of interpolation on the sphere, where the addition formula of
Eq. (14.3.6) was used to show that f is strictly positive definite if all f, are positive.
The requirement that .%# contain infinitely many even and infinitely many odd
integers was first recognized in [118], where the necessity in Theorem 14.3.4 was
established. The sufficiency was established in [32].

The strict positive definiteness of fg s, defined in Eq. (14.3.8), was established
in [12] for d = 3,4,...,8, while Proposition 14.3.8 contains the case d = 3,4, and
it was conjectured to hold for all d > 3. A stronger conjecture is as follows: For
6,A > 0 and n € Ny, define

F}M9(9) = /0'9(9 —$)°CH(cos¢)(sing)** dp, 0< O <. (14.6.2)

Then F;°(6) > 0 for all 6 in (0, 7] if and only if > A + 1. The function f 5 plays
a critical role in the proof of Theorem 14.3.9, which was established in [12] and was
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shown to hold for higher dimensions whenever the conjecture on fj s is affirmative.
In the case d = 2, the circle, an analogous result was given in [12]; see also [76].
For further results in this direction, see the recent survey [77]. The conditions in
Theorem 14.3.9 that warrant the positive (strictly positive) definiteness of a function
f are called Pélya’s criterion, because of their similarity to the criterion that Pdlya
developed for functions with nonnegative Fourier transforms.

The strictly positive definite functions can be used for scattered data interpo-
lation. The error of such interpolation has been studied by many authors; see, for
example, [92, 127]. Such interpolation is closely related to interpolation by radial
basis functions on R?, for which see [25, 175]. There are other tools for scattered
data interpolation on the sphere; see, for example, [72].

Section 14.4: Most of the material in this section was selected from [99]. An
improvement of Theorem 14.4.6 was obtained in [81], where it was shown that
if s > d — 1, then the limit
& d—1
lim &ELN) ;N )
N—soo N1+ﬂ

exists, and any extremal s-energy configurations are asymptotically uniformly
distributed on SY~!, whereas it remains open what this limit in fact is. For the sphere
S?, the following lower estimate is proved in [99] for s > 2:

N e

2 s
E(SLN) _ 1(8_\/3) e, (14.6.3)

where

Cr(s) == Y (m* +mn+n*) " 5> 2,
(mn)€Z2\{(0,0)}

which is the zeta function for the hexagonal lattice L consisting of points of the form
m(1,0) +n(1/2,4/3/2) for m,n € Z. It is conjectured in [99] that equality holds in
Eq.(14.6.3). It is shown in [100] that the minimum s-energy points on S¢~! are
well separated for the case d —2 < s < d — 1 as well. Namely, the conclusion of
Corollary 14.4.7 remains true when d —2 < s < d — 1. For further results, see the
recent survey [22].

Section 14.5: Computerized tomography has a wide range of applications and is
covered by many books and articles, from theoretical to computational to practical.
For further discussion on Radon transforms, we refer to [52, 83], the first of which
contains a translation of Radon’s 1917 paper that started the investigation into the
transform that bears his name. For the aspect of reconstruction of images from x-ray
data, we refer to [86, 93].

The most commonly used reconstruction algorithm is the FBP (filtered back-
projection) algorithm, based on the relationship between the Fourier transform
and the Radon transform, which has been under intense study for many decades.
The OPED algorithm was formulated much more recently in [191]. It is based
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on orthogonal expansions and has a neat mathematical formulation. The use of
orthogonal expansion for reconstruction appeared already in the landmark paper
of Cormack [35] that started the era of CT. It was also used in [110, 113, 114]
in connection with tomography. In particular, Lemma 14.5.2 was proved in [114]
and was used in [110] for a reconstruction method that uses orthogonal expansion
on the disk. That the partial sum operator can be expressed as semidiscrete Radon
data appeared more recently in [191], where the OPED algorithm was proposed and
Theorem 14.5.10 and the convergence of the OPED algorithm were established. The
fast implementation was proposed and analyzed in [194] and further accelerated in
[195]. For further features of this algorithm and its implementations, see [168] and
the references therein.

There is a BY version of the integral formula in Lemma 14.5.3; see [136, 192].
However, it is difficult to use the formula to derive a 3D reconstruction algorithm
on the ball B3, since it requires a good cubature formula for integrals on S?. For 3D
imaging, it is much easier to consider a cylindrical domain, as proposed in [191];
the analogue of Theorem 14.5.10 and the convergence theorem on the cylinder
were established in [173]. There is a close relationship between singular value
decomposition (SVD) of the Radon transform and orthogonal expansions, and the
truncated SVD can be effectively implemented by the OPED algorithm; see [192].



Appendix A
Distance, Difference and Integral Formulas

A.1 Distance on Spheres, Balls and Simplexes

The distance in R? is the Euclidean distance denoted as usual by ||x — y||. We define
the distance functions for spheres, balls and simplexes below.

Distance on the sphere: For the sphere S~!, it is more convenient to use the
geodesic distance defined by

d(x,y) :=arccos (x,y),  x,yeS’,

which is the distance between x and y on the largest circle on S?~! that passes
through x and y. Evidently, 0 < d(x,y) < &. For x,y € S9=1 the two distances are
comparable. Indeed, if x,y € S9! then

d(x,y)
2 b

which implies, by an elementary inequality of the sine function, that

=yl = V2= 2{xy) = /2 2cosd(x,y) = 2sin

2
—d(xy) < [le—yll < d(xy). (A.1.1)

Distance on the ball: For the unit ball B¢ of R?, the distance is defined by

asny) i arccos { x4/ 1= 1= o .

This distance is deduced from the geodesic distance on the hemisphere Si ={xe
S?: x441 > 0} of RY*! by the bijection

xeB iy = <x,,/1—|x||2) €s?, (A.1.2)

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 403
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4,
© Springer Science+Business Media New York 2013
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and hence it is a true distance on B. It is a more suitable distance for the unit ball
than the Euclidean distance, since it takes into account the difference between the
points inside the ball and those near the boundary.

The following lemma provides an important relation between dp(-,-) and the
Euclidean norm || - || in B9,

Lemma A.1.1. Forx,y € BY, we have

[l = Iyl < —=ds(x.y) (w [z /1 - |y||2) (A.13)

and

V1=l = /1= 1517 < aax.y). (A.14)

Proof. Let 0 < o, < /2 be defined from ||x|| = cosa and ||y|| = cosf. Using
spherical—polar coordinates x = ||x||€ and y = ||y||{, where &, € S9!, we see that

dg(x,y) = arccos(cosacos B(&, &) + sinosin f) > arccos(cos(a — f8)),

which yields dg(x,y) > | — B]. On the other hand, since 0 < o, f < 7/2, we have
cos —[3 > cos(m/4) = v/2/2, and consequently,

sin(x—i—sinﬁ:ZsinOH_ﬁ +ﬁ.
2 2
Using the above, we obtain
‘||x|\—||y|\|:|cosoc—cosﬁ|:2sin|a_ﬁ|sina+ﬁ
2 2
1
o —B|(sino+sinf) < —dp(x \/1— x 2+\/1
\/—l BI( B) 7 B(x,y)( [l I¥112)-

Thus (A.1.3) is established. The estimate (A.1.4) follows immediately from (A.1.1).
O

Distance on the simplex: The simplex T¢ is another domain that has boundary, on
which the distance is defined by

dr(x,y) := arccos { /X1y + -+ \/XaYad + /Xas 1Vdt1} »

where xg4 1 =1—x;—---—xgandyy41 =1 —y; — - —yg. This distance is deduced
from the distance on BY := {x € BY : x; > 0,...,x; > 0} under the mapping x €
B¢ — (x% . ,x[ZJ) € T 1t satisfies the following property:

Lemma A.1.2. Forx,y € T

VX — V] <dr(xy), 1<j<d+1. (A.1.5)
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Proof. Given x,y € T?, set a; := VXj =t cosBj and bj := | /yj =: cos¢;, where
0<6;,9; < /2. Applying the Cauchy—Schwarz inequality we get, for 1 < j <d,

d
ziaibi+\/1—a%—~~~—a[2]\/1—b%—---—b§§ajbj+w/1—a%1/l—b§,
pn

as can be seen by moving a;b; to the left-hand side first. Hence,

dr(x,y) > arccos(cos 0 cos ¢; + sin;sin ¢;) = arccos(cos(6; — ¢;)),

which yields dr(x,y) > |6; — ¢;|, and as a consequence, Eq. (A.1.5), on using the

trigonometric identity cos @ — cos ¢ = 2sin 92;‘1’ sin &24’ and an obvious estimate.

O

A.2 Euler Angles and Rotations

For d = 2, arotation from (x1,x) to (x},x}) by an angle 6 is given by
X} =x1c080 +x8in0, xh=—x;sin@+xyc0s0.

Writing in terms of elements in SO(2), this is given by

x)\ _ [ cos@ sin6) (x;
xy)  \—sinfcosh) \x)

For S?, a rotation can be decomposed in terms of Euler angles. Let us define

cosO sin6 0 1 0 0
812(0) = | —sin6 cosH 0 and g23(0):=[0 cosO sin6
0 0 1 0 —sin6 cosB

Lemma A.2.1. Every g € SO(3) can be decomposed as g = g12(0)g23(¢9)g12(y),
where 0,¢,y, called Euler angles of g, satisfy 0 < 0,¢ <2r, 0 <y <.

Proof. For x € S®, we write the spherical coordinates of x as
Xp =singsinf, x;=sin¢cosh x3=cos¢,

where 0 < 6 <2m and 0 < ¢ < 7, which is equivalent to x = g1 2(6)g2,3(¢)e3 for
e3 = (0,0,1). Thus, every g € SO(3) satisfies, setting x = ges, the equation gez =
812(0)g23(¢)es for some 6,¢. This shows that g23(8) 'g12(¢) 'g € SO(3), or
g =2812(0)g23(¢)h for some h € SO(3) satisfying hez = e3. Since & is a rotation in
(x1,X2), it must be of the form h = g; »(y) for some y with 0 < y < 2. O
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Euler angles form a coordinate system of SO(3). Every element in g can be
uniquely expressed in Euler angles as long as ¢ # 0,7, as can be seen from the
above proof.

The concept of Euler angles can be extended to higher dimensions. Let g;(6) €
SO(d) denote a rotation by an angle 6 in the (xj,x;;1)-plane while all other
coordinates are kept fixed. As a matrix, g;(0) differs from the identity matrix by
a2 x 2 rotation matrix on its (j, j+ 1) main minor.

Lemma A.2.2. Every rotation g € SO(d) can be represented in the form

@1 g with g™ = g1(6x) - gu(B14)-

§=8

Proof. The proof uses induction. The cases d =2 and d = 3 have already been given.
Assume the statement for SO(d — 1) and consider SO(d). Let g € SO(d) and let
es=(0,...,0,1). Then, as in the case of d = 3, the spherical coordinates of x = gey
in Eq.(1.5.1) can be written as ge; = gl(edflydfl) . -gd,l(ﬂlyd,l)ed = g(dil)ed.
Consequently, the rotation [g(?~ 1]~ !¢ belongs to SO(d — 1), a subgroup of SO(d)
that fixes eq. Thus, g = g~ Dh with h € SO(d — 1), which completes the induction.
O

There are altogether (‘21) Euler angles. The construction shows that the Euler

angles satisfy 0 < 6 < 2w and 0 < 0;; < 7, 1 < j < k. The decomposition is
unique except when one of 6;, 1 < j <k— 1, is either O or 7.

A.3 Basic Properties of Difference Operators

Let f be a function defined on R. For » = 1,2,..., we define the difference operator
A’ by

A =1, Af()=f@)—fx+1), A =ANNAfR), (A3
where I denotes the identity operator. By induction, it is easy to see that
AT =T (— 1) <Z) Flx+k). (A3.2)
k=0

For a sequence {a;};_, the difference operator A"ay is defined as A’ f(k) with
f(k) = ay, k € Np.

Some of the basic properties of the difference operators are collected in the
following proposition.

Proposition A.3.1. Let r € N. Then:
(i) The action A" f(x) satisfies

A (f(x)g(x) =Y, <2) AR F) AT R g(x+k). (A.3.3)
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(i) If f € C"(R), then

N f(x)=(-1) /[0 1]rf(r) (x+ui+---+u,)duy - - du,. (A.3.4)
(iii) If ming>q |ax| > 8 for some absolute constant § € (0,1), then

‘Ar (l) ‘ S c5’rﬁiak, (A35)

ag

where with Ay, = {(i1,...,im) 101, ,im €N, ij +- -+ im =71},

Alay:=  max [Wakl||Afzak2|---|Afmakm|]. (A3.6)

All three assertions in Proposition A.3.1 can be verified by induction, and we
leave the proofs to the interested reader. The first two properties are classical and
can be found in numerous books on approximation theory and numerical analysis.
Other useful properties of the difference operators are stated in the following two
lemmas.

Lemma A.3.2. Ifsupcy, lax| < 1 andm,r €N, then

)max{mfr,O}

A < epm” (Aay) (A2 ag , (A.3.7)
k r

, and it is agreed that 00=1. If, in addition, m > r,

0, ._
where AJ ay := maxy< j<iir|a;
then

AL (ar)™) < epm” (Ag!,ak)mirAiak. (A3.8)

Proof. For the proof of Eq. (A.3.7), we use induction on m+r. If m+r =2, then
m =r =1, and (A.3.7) holds trivially. Now assuming that Eq. (A.3.7) is true for
m+r < s and some positive integer s > 2, we deduce the assertion for the case of
m+r=s+1 as follows. If m =1 or r = 1, Eq.(A.3.7) can be verified directly.
Hence, without loss of generality, we may assume that m,r > 2. It then follows by
Eq. (A.3.3) that

Al =N (Adr) ag ) + A7 (@ Aay) =y + .

For the first term, J;, we use Eq. (A.3.3) and the induction hypothesis to deduce

r—2
il <er Y m"t! (Aiﬂak) (Agvﬂak)max{omwiz} ’Aril*vakﬂﬂ
v=0

| ararfa

max{m—r,0} .

<cm” (ALay) (A‘,}’,ak)
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An almost identical argument applies to the second term, and it shows that

max{m—r,0
[2| < cpm” (ALay) (Agvrak) {m=r0}

Together, the two estimates complete the induction process. Finally, Eq. (A.3.8)
follows directly from Eq. (A.3.7). a

Lemma A.3.3. Let s be a given nonzero real number. If there exists an absolute
constant § € (0,1) such that § < ay, < 8~ for all k € Ny, then for every nonnegative
integerr,

| A (a)'| < c5,sDLa, (A3.9)
where ¢ ., depends only on'r, 6, and s.

Proof. We use induction on r. Equation (A.3.9) holds trivially if » = 0 or s = 0. Now
assume that Eq. (A.3.9) holds for r > n for some integer n. For the case r =n+ 1
and s > 0, observe that

1
An+l(ai) =sA" (Aak/ (ak+1 +ank)S71 dx)
0

n 1
= <:> (8 ) [ 7 (@ + xsa) ™) ax

Since for x € (0,1) and k > 0, 6 < agy +xla; < 6~!, using the induction
hypothesis for r < n, we obtain that for 0 <v < n,

|AY ((ags1 +x0a) )| < e 5 (Alag+ Alagy) .
Combining the last two displayed formulas proves that
A | < Gy 5D a5 >0,

which is Eq. (A.3.9) for s > 0 and proves the lemma. a

A.4 Cesaro Means and Difference Operators

For 6 € R, the Cesaro (C,0) means of the sequence {a;};_ are defined by

1 n
== Y AL @, n=0,1,..., (A4.1)
An k=0

where

5 (k+5): (B+K)(E+k—1)...(5+1) (A4.2)

A=« k!
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Directly from the definition, A,f and sg can be seen to satisfy, for all 5,7 € R,
(1—r)" 2A5 " ASTT — ZA a2, (A.4.3)

oo o 1 n

—5— 5.8 s 1488

(=" Yar =340, = Y ATIAN]. (A4
n=0 n=0 n k=0

The numbers A,‘? are defined for all § € R. Several of their properties that can be
easily verified (see [197, p. 77]), are listed below:

AS=0, 8=-1,-2,..., n=12,..; (A.4.5)

AS = n° (1+0(n™"h) §#-1,-2,..; (A.4.6)

e RN , =2, 4.
n

A A% =A% Y AP =AZH (A47)
k=0

For r=1,2,..., the summation by parts formula is given by
Zakbk ZA’“b ZAk jaj= ZA’“bkAksk, (A4.8)

where the s¢ are the (C, §) means of {a;}}_,.

Lemma A4.1. If {a j};'o:o is a bounded sequence of complex numbers satisfying
=1 |A“1a il j¢ < oo for some nonnegative integer (, then a, converges, and if L :=
limy, e ap, then 37 (aj— L) converges and satisfies

Y(aj—L)=Y (A”laj) Aﬁ(sﬁ —L).
j=0 j=0
Proof. We first claim that for each positive integer r,
> A |AT <Y | A g | AT (A4.9)
j=0 j=0

We may assume that the infinite sum on the right-hand side of Eq. (A.4.9) is finite.
Then for each k,m € N,

k+m—1 k+m—
Nag—Nagiwl=| Y AVl < Y ]Ar+1aj]A;—>O, as k — oo,
=k =k
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which shows that {A"a;} is a Cauchy sequence in C and therefore is convergent.
Furthermore,

2k—1

Z ANaj| = |Ar71ak - Arilazk} < Crsu_P|aj| < oo,
=k /

and we must have lim,_. A"a, = 0, which further implies A’a, = 2‘7’:” A’“aj.
The claim (A.4.9) then follows.

Now applying Eq.(A.4.9) ¢ times yields 37 |Aaj| < X2, |A”1ak|A£ < oo,
which implies, in particular, that lim,,_,. a, = L exists and that lim,,_,.. A\"a,, = 0 for
all positive integers r. Thus, applying summation by parts £ + 1 times to the partial
sums s, := ¥j_o(a; — L) and letting n — o, we complete the proof. O

Lemma Ad4.2. For1<m<n,re(0,1)and 6 € R,

<c(1=r) (1+m(1=n)"). (A4.10)

m
$ a5 a2t
k=0

Proof. By Egs.(A.4.3) and (A 4.5), kazoAfnkak*E*Z = A,;l = 0. We shall now
prove that

DAL AT (1=
k=0

<e(1-7) (1 +(m(1 - r))k) .

To this end, let n € C*(R) be such that n(x) =1 for [x| < 1, and 1(x) = 0 for
|x| > % We split the sum in Eq. (A.4.10) into two parts, X; + X, where

2= éﬂ (%)Afnsz‘\;éfz(l — "),
5= ,i) (1 _ (%))Afn,jA;‘s*z(l — ),

The estimate of the second term follows from a direct computation using
Eq.(A.4.6),

1D <c(l—r) Y (m—j+1)°Tj92<c(1-7).
m/4<j<m

To estimate X, we let k be a positive integer, k > 6. Performing summation by parts
k times and using Eq. (A.4.7), we obtain

Si= ¥ AF(AL () m)) g
0<j<m/2 '
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where, and throughout this proof, the difference operator, defined in A.3.1, acts on
the variable j. Since APAS_; = A2 "% and AP(1— =T} = (=1)P(1 — )PP,
by Eq. (A.4.7) and induction, it follows from the product formula of the difference
operator (A.4.8), (A.4.6) and (1 — ™) <m(1 —r) that

4

Z <€)AZ(JZP)AP(1 . rm—j)
P

p=0

‘N (Afn,j(l —r’”*f))‘ -
St
<m0 —r) +em®! Y < >m”(1 —r)P
p=1\P
<em® (1 =7) (1 + (m(1— r))éil)
for 1 < ¢ < k, whereas for ¢ = 0, the last estimate is replaced by cm‘s’k“(l —r).

Consequently, since | AP (ﬁ)| =m P|nP)(E)| < em™P, using the product formula
of the difference operator one more time gives

A5 (A5 (Z) =) | < et = mdF

k
1+g1 (1 + (m(1—r))* 1)]

< c(1— r)mé K+ (1 +(m(1— r))k) .

Consequently, using 3 ; |A]T5’2| ~ Y+ 1)79-2 < ¢, by Eq. (A.4.6), we conclude
that '

5] < e(1—r) (1 + (m(1 —r))k) .

Putting the above together proves Eq. (A.4.10). O

A.5 Integrals over Spheres and Balls

This section contains several integral identities that are used in the text. We start
with the connection between integration on S?~! and the special orthogonal group
SO(d), which consists of orthogonal matrices with determinant 1.

Lemma A.5.1. Let dh be the Haar measure on SO(d). Then

1

_ d—1
o f a0t = /So(d) F(hz)dh, Wxe s,

Proof. Since do is invariant under the action of SO(d), it follows that

./SgH f(x)do(x) = ./So(d) /Sd*l f(x)do(x)dh = /Sd*1 ./Sow f(hx)dhdo(x).
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For x,y € S~ there is a g € SO(d) such that x = gy, so that

fan= [ fgs)an= [ p(w)an

50(d)

by the invariance of di over SO(d). Together, these two equations give the stated
result. O

Lemma A.5.2. Forxe R4

flls oot = ey [ () ar (AS.1)

sd—1

Proof. Let O € SO(d) be a rotation such that Qx = ||x||ley. Since do is invariant
under SO(d),

L Sdot) = [ f@uydot) = [ fllyado().

Parameterizing S~! by x = (€ sin6,co0s0), & € S972,0 < § < , we see that

L F(Ixllya)do () = g /ﬂf(l\xll cos 0) (sin )7 2d6.
& 0

Changing variables t — cos 0 then proves Eq. (A.5.1). O
Corollary A.5.3. Forx € RY,

L -InPras=e, [ o0 -2p e, @s2)
JB J—1

where the value of ¢, can be determined by setting f(t) = 1.

Proof. Using polar coordinates and Eq. (A.5.1),

1
L e =IyPray= [ A =2 [ rereg)do@dr
B4 0 Jsd—-1
1
:wd,l/ P / FOrlllle) (1 =) dedr.
0
Changing variables 77 — s and exchanging the order of integration, we obtain

1 1 d-3
LA e = 1Py = w1 [l [ r(1 =) =) ards

1 d—1
—cou [ flsllel)(1 =) s,
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on changing variables = (r2 —5%)/(1 —s?) in the integral against dr, where the
constant c is equal to 5 3 [0 e (1 _ f)”+udt -

Lemma A.5.4. Let d and m be positive integers. If m > 2, then

L 020 = [ (=) [ L re/i- ||x|2€)dc(§)} dr, (A5.3)

whereas if m = 1, then

dx
[0 = [ eIl o= 1) s s

Proof. For m > 2, making a change of variables y +— (x, /1 — [|x[2£), x € B¢ and
& € S™! in the integral over S**"~! yields

0z m(y) = (1 = |2?) T drdin(E),

from which Eq. (A.5.3) follows immediately. In the case of m = 1, we write, for
yeS? y=(V1—1%xt), where x € S~ and —1 <t < 1. It follows that

dog1(y) = (1—2)9224r doy(x).

Changing variables y — (V1 —2x,1) gives

/df(y / /Sd 1 V1—12x t) dog(x)(1 —12) T dr
—/ /Sd 1 V1—1% t)—i—f(\/l—tzx,—t)}do'd(x)(l—tz)%dt

_/ /Sd 1 1—12 )—l—f(rx —mndod(x)rdfl _ldirz,

from which Eq. (A.5.4) follows from Eq. (A.5.1). O




Appendix B
Jacobi and Related Orthogonal Polynomials

In this appendix we collect formulas and properties of the Jacobi polynomials and
Gegenbauer polynomials that are needed in the book. Most of the properties are
stated without proof. Our main reference is the classical treatise by Szegd [162].

B.1 Jacobi Polynomials

For parameters o, 3 > —1, the Jacobi weight function is defined by
wep() =(1-0*1+x)P, —1<x<l. (B.1.1)

The normalization constant ¢, g of the weight function is given by

! e I'(a+ 1) (B+1)

For n > 0, the Jacobi polynomials are defined by

PPy = CV  ymag s L ((1 —x)"‘*”(HX)‘””) (B.1.2)

2! i
_ (@4 Dy (—nntatprl Iox
T a+tl Ty )

where the hypergeometric function , Fj is defined by
They are normalized so that

PeB(1) = (n—i—oc) = M, (B.1.3)

n n!

The Jacobi polynomials are orthogonal with respect to wg, g: for n,m > 0,

F. Dai and Y. Xu, Approximation Theory and Harmonic Analysis on Spheres and Balls, 415
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-6660-4,
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1
Cap /7 lpéa’ﬂ PP () we p () dx = B8, 0, (B.1.4)

(0 +1)u(B+1Dn(a+B+n+1)
nl(o+B+2)(a+p+2n+1)"

hg’B =

Some properties of Jacobi polynomials are listed below:

(n—l—a—l—ﬁ—l—l)n.

1. The leading coefficient of P,Sa’ﬁ ) is a = ]
n!

2. PP (—x) = (=1y"PP ) ().
3. P,ﬁmﬁ )(x) satisfies the differential equation
(1=x?)y" = (= B+ (a+B+2)x)y +n(n+o+p+1)y=0.
4. The three-term relation holds: setting Pg’ﬁ )(x) =0, then Péa’ﬂ >(x) =1and

Qn+oa+B+1)2n+a+p+2)
2n+ D)(n+a+p+1)
(2n+a+B+1)(0* —p?) p(a,ﬁ)(x)
2+ )(nt+atrB+1)2ntatp) "
(at+n)B+n@n+atB+2) wp
n+Dm+o+B+1)2n+oa+B) !

xP,Ea’B ) (x)

PP ) =

(x)-

5. Forn>1,

%P,ﬁ“m(x) - —”+a;ﬁ+ Lplariin iy, (B.L5)

6. The Dirichlet-Mehler formula [162, (4.10.12)] holds: for it > 0,

(o—p,B+p) 1 p(e.B) _
Pl @ _ LBt AN e,
0

piPrroei gy T(B+1)I (k) PP (1)
(B.1.6)
The Jacobi polynomials also have the following additional properties:
For arbitrary o/, f € R [162, (7.32.5) and (4.1.3)],
PP (cos 9)’ <en P 40 (i +—0) B (B.1.7)
For o, 3,1t > —1 and p > 0 [162, p. 391],
nOP—2H=2 D> Da
1 P , H 2u+2
/ PP (1=0tdr~ S b logn,  p=pay.  Pawi= s (B.1.8)
0 T oa+5

n 27 p<Poc,u7
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Lemma B.1.1. ([162, p. 198]) For o, > —landn~ ' <0 <m—n"},

1

PP (cos@)=n2n 2 (sin %)’“’% (cos §) P2 [cos(NO+14)+6(1)(nsin ) '],
where N =n+ O‘JF'BH and 14 = —Z (o + %)

For n > 0, let k (waﬁ;x,y) denote the kernel of the Fourier expansion in the
Jacobi polynomials; that is,

n

kn( waﬁ X,y) z lega’ﬁ)(x)Pj{a’ﬁ)(y).

The kernel satisfies the Christoffel-Darboux formula [162, (4.5.2)]. In particular,

Fntoa+B+2  ai1p)
F(a+1)r(n+ﬁ+1)P" (x)- (B.1.9)

kn(we, g3, 1) =27 %P1

As a consequence, [162, (4.5.3)],

(@+18), _ T'(n+p+1)
B O = Frrar B2
L 2jtoa+B+DI(j+oa+B+1) (ap)
XZE) r(j+p+1) 56

(B.1.10)

For § >0, let k2 (Wgp3x,y) denote the kernel of the Cesaro (C,6) means of the
Jacobi series; that is,

K (e ix,y) : ASZA (1) PR ()PP ),

The estimate of the kernel kf (Wg g3, 1) is established in [18, Theorem 2.1] and [34,
Theorem 3.9], based on fundamental relations in [162, (9.4.4) and (9.41.14)].

Lemma B.1.2. Let o, > —1/2andu e [-1,1]. If0< 6 < o+ 3/2, then
|k,‘3(wa7ﬁ,1,u)| < Cnoc+l/278[(1_u+n72)7(8+o¢+3/2)/2
+(1+u+n*2)*<ﬁ“/2>/2}. (B.1.11)
Ifa+3/2<é<a+p+2
|k5(wa,[3,1,u)| <en (1 —u+n?2)(@43/2)

+(14u4n"2)~(@h2-9)/21  (B.1.12)
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Ifé>a+p+2

0 < kS (Weop, Lu) < en ' (1 —u+n2)~(@43/2), (B.1.13)

B.2 Gegenbauer Polynomials

For A > —1/2, the Gegenbauer weight function is defined by
wi(x) = (1 =412 —1<x<1,

which is a special case of the Jacobi weight, and its normalization constant is given
by ¢3 = ¢312,2—1/2- The Gegenbauer polynomials are defined by

22) A—1/2A-1/2
Cl _ ( n ’g /2, /2) B.2.1
and they satisfy

Ch(1) = —(2:,)”. (B2.2)

The Gegenbauer polynomials satisfy the orthogonal relation

o [ GG e, B2

There is another connection to the Jacobi polynomials, the quadratic transform,

Ch ()i P pd-dn2 ), (B.2.4)

1 n
(2),
Furthermore, there is one more representation in the following hypergeometric
formula:

A)n2" —oln
cﬁ@y_Q%T—ﬂﬂq<1jzleZ). (B.2.5)

The Gegenbauer polynomials satisfy the following properties:
A)n2"
1. The leading coefficient of C2(r) is %
n.

2. C} satisfies the differential equation
(1—x2)y" — A+ 1Dxy' +n(n+21)y=0.

3. The three-term relation holds: setting C*,(¢) = 0, then C}(t) = 1 and

2(n+ 1
Chato =210

n+1 Vl*l(‘x)'
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4. The following differentiation relation holds:

%cﬁ (x) = 2ACH 1 (x). (B.2.6)

5. We have the following recurrence relation in A:

(n+A)C*(x) = A (C“l( )—ijll(x)). (B2.7)

n+1

The Gegenbauer polynomials also satisfy the following additional properties:
The Poisson formula: for0 < r < 1,

1—72

n—i—)L
——— B.2.8
(1 —2xr4r2)A+1 2 (B28)

The product formula:

A )L
G (lc —cl/ CHay+V1—x2/1—y2 2)A-1gy, (B.2.9)

C/

The connection formula: for A > u,

Cr)= Y apaCl (), (B.2.10)
0<k<n/2

where
(n—=2k+ W)X —p(n—k)x
(n—k+p)(n—k)y '

In particular, the Gegenbauer polynomials can be expanded as

QAkn =

ﬂ

2
C*(cosH) 2 ag.qcos(n—2k)0, (B.2.11)

where a; = oy, for 0 <k < |5 |, except that app) = OCLBJ when 7 is even, and
2

(n—i—l—l)
o, = )
n

The special case A = 0 is the Chebyshev polynomial of the first kind, denoted by
T,(x), and it satisfies

)lngz))LC’l( x) =T,(x) =cosnf, x=cosH.
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The case A = 1 is a Chebyshev polynomial of the second kind, denoted by U, (x),

sin(n+1)6
sin 0

Un(x) = Cy(x) =

, x=cos0.

The case A = 5 is a Legendre polynomial, often denoted by

P(x) = G/ (),

which are orthogonal fordxon —1 <x < 1.

B.3 Generalized Gegenbauer Polynomials

The generalized Gegenbauer polynomials are orthogonal with respect to the weight
function:

V() = [P (1= ke [-1,1).

We define the generalized Gegenbauer polynomials as

) = ke P o),
HT3),
A _
) () :Mxp,gl V2172002 ), (B.3.1)
2n+1 (Ii'i‘%)
n+1

which become CflL when y = 0. They satisfy the relation

A+u),(A+3), ) (A+u), (A+3),

(Aot (1Y — _
G, (1) = T . G ()= : (B.3.2)
I’l'(‘u—f—z)” n!(“+§)n+l
Their orthogonality relation is given by
A+
bw/ T (v (1)dr = TLLC,S’W(U(SM. (B.3.3)

These polynomials are closely related to the Gegenbauer polynomials. Indeed,
forA > —1/2,u>0andn >0,

P () = ¢, /1 CHH () (1+1) (1 — 122, (B.3.4)
-1
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More generally, they satisfy

(A1) (A1) 1
Cn (.X)Cn (y) :cl’” /71CZLHLIJ(Z‘X)}_’_s1 /1 _)621 /1 _y2)

M)
X (1412)(1 —2)* (1 = s2)*~dsdr. (B.3.5)

B.4 Associated Legendre Polynomials

The associated Legendre polynomials, denoted by P¥(x) for n # k, are defined by

oy (ZDF N7 et 2
Pn(x)——znn! (1—x%) _dxk“’(l x7) (B.4.1)

for —n < k < n. For k < n, they can be written in terms of derivatives of Legendre
polynomials and further by Gegenbauer polynomials:

P = (1)1 =22 ) = ke 171 -2 ),

The case k < 0 can be expressed by k > 0 as

Ry (n—k)!
F, k('x) - (_1)k(n+k)|Pri{('x)

These polynomials satisfy the orthogonality relation

1 /! B (n+k)!
E[lpg(x)Pz(x)dx_ (2n+1)(n—k)' n,m-

B.5 Estimates of Normalized Jacobi Polynomials

In Chap. 10, we need estimates on the differences of Jacobi polynomials, for which
we work with the normalized Jacobi polynomials
/0

(a.B) (yy .
RV t)y==*_——~2 n=0,1,2,....
k Pk(a’ﬁ)(l)

First we restate several properties of the Jacobi polynomials in terms of R,((a‘ﬁ o >
for B > —%:

max, R“P 1) =RPI(1) =1, (B.5.1)
te|—1,
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, , 2k+o+pB+2 ,
RO -RIPO =050 R e, @5

d B, \ k(k+oa+p+1) (a+1,8+1)
dek (x) = i 1) R, (x). (B.5.3)
Furthermore, for 4 > 0 and 0 € [0, 7],

I'la+1)
T'o+1—w)I'(p)(1—cosh)e

R}({a,ﬁ) (cosB) =

0
X / R,({(%”’ﬁﬂo(cost)(cosz‘—cos@)“’1
Jo
(1 —cost)* Hsinrds, (B.5.4)

which is a Direchlet—-Mehler formula for the Jacobi polynomials [162, (4.10.11)].
In the rest of this section, the difference operator A/ is acting on the sequence

k— ¢k) = R,({a’m(cos 6) whenever the notation A/ (q)(k) :R,({a’m(cos 9)) is
involved, and we assume o > f§ > —%.

Lemma B.5.1. For j,k € Ngand 6 € (0, 7],

’Aj (R,ﬁ“‘ﬁ)(cose))}gc(a,ﬁ,j)e-fmin{ ,(k6)™ “*z} (B.5.5)

Proof. We use induction on the integer j. Inequality (B.5.5) for the case of j =0 is
a simple consequence of Eq. (B.1.7). Now assuming that Eq. (B.5.5) is true for j < ¢
for some ¢, we use Egs. (B.5.2) and (A.3.3) to obtain

A”lRl(ca’ﬁ)(cos 0) = MAZ ((k oth + 1) a“‘ﬁ)(cos 9))

oa+1 2
1— 0

_1zcosd (ot B
o+1 2

AZR,((OHI’IS)(COS 0) — A~ 1R,(((ﬁl m(cos 6)) )

which, using the induction hypothesis, yields the estimate Eq. (B.5.5) for the case
j={+1 O

Lemma B.5.2. Let a > 1 be a fixed number. If 6 € (0, 5] and k6 < a, then

0< < 1-R (7ﬁ)(cose) <
Coba=kkratpr1)p?  Cabe

Furthermore, let b > 1 be a fixed number. Then for j € Ng and 0 < k < b0~!,

(B.5.6)
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i1 —R,((a’m(cos 0)
k(k+ o+ p+1)62

) ’ <cappd’. (B.5.7)

Proof. Using Bernstein’s inequality for trigonometric polynomials, we have, for
j 2 O,

(o+1,8+1) _ | pla+1,B+1) (o+1,8+1)
‘Rj (cost) — 1‘ = ‘Rj (cost) —R; (cos0)

< thR,s'aHﬁm HL""[fl,l] =Jt.

It follows that for 0 <r < zij,

1
3 < RHP D (cosr) < 1. (B.5.8)

Using the identity (B.5.3), we then obtain

1
1 _RI((a,m(COSe) _ k(k+ a+p+ 1) / (oe+1,8+1)
c

2(0+1) R, (B.5.9)

0s 0

which, using Eq. (B.5.8), implies that

(@)
1 1—R, " (cos0) 1 1
< k —. (BS5.1
Hatl) S kkratprn)(i—cosd) = 2farny <0<z B30

This proves Eq. (B.5.6) for 0 < 8 < ﬁ Inequality (B.5.6) for the case % <kO <
a follows directly from Lemma B.5.3 below, which implies, in particular, that

|R](€a’ﬁ)(cos 0)| < Yap < 1 for some absolute constant ¥, g € (0,1) when k6 > 3.
Finally, we use B.5.9 to obtain

(o,B)
./ 1—R (cos0) 1 0, . LBl '
yax) k < / AJ (Rlet1.B+1) d
‘ <k(k+oc+ﬁ+l)92>‘ = 202(a+1) Jo ‘ ( k=1 (COS“))’S“‘“ “,

which is bounded from above by caﬁ,j’,,ef on using Eq.(B.5.5), which proves
Eq.(B.5.7). a

Finally, we state an estimate for the Jacobi polynomial itself. What distinguishes
this estimate is that the constant in front of the main term is 1.

Lemma B.5.3. If 6 < (0,7], then

1

RP)(cos0)| < (14 cq 5k20%) 31, (B.5.11)
for some positive constant ¢y, g that depends only on o and .

Proof. We first deal with the case k6 > a := v2(c(a,3,0))% 2%+ where
c(o,B,j) is the same constant as in Eq.(B.5.5). A straightforward computation
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shows that in this case,

(1+a#26%) 7273 > c(a, B,0)(k6) 2,
which, using Lemma B.5.1 with j = 0, implies Eq. (B.5.11), with ¢, g any constant
satisfying 0 < ¢4 g < a~2. Next, we treat the case 0 < k6 < % From the proof of
Lemma B.5.2, it follows that if 0 < k0 < %, then

1 (a,B) k(k+o+p+1)
ESRk (C059)<1—W(1_C086).
However, if ¢, = = (2a+41>(a+1), then
k(k+a+ﬁ+1) (k9)2 22 _a_ 1
]l (1— 0)<1-— <(1 k0 274, (B.5.12
4o+ 1) (1=cos8) < nz(a—i-l)_( +eak8%) ( )

Combining the last two inequalities, we have proved Eq. (B.5.11) with 0 < ¢4 g <

co for the case 0 < kO < % Finally, we consider the case % < kO <a-+1, which
is more difficult to deal with. We will use the formula (B.5.4) with u satisfying
0<p<oa+i. Let

M(t,0) := (cost —cos0)* (1 —cost)* #, 0<r<8.
Then Eq. (B.5.4) with n = 0 shows that

I'la+1)
Fla+1—w)(p)

[}
(1_62‘—(’)29)0(/0 M(t,0)sintdt =1 with cyq =

It then follows by Egs. (B.5.4) and (B.5.1) that

0
l—R,((a’m(cos 0)= %/0 (1 —R,ﬁaiﬂﬁﬂ)(cost))M(t,9)sintdt

1
> % /Ozk (1 _RI((ocfu,B+u)(Cosl))M(t,6) sinz dt

1
c 1
> 9“—25 Ozk K*>M(t,0)sintdt > ¢ > 0,
where we have used Eq. (B.5.10), 1 /2 <k6 < a+ 1, and that M(¢,0) > 0. Similarly,
using Egs. (B.5.8) and (B.5.1), one has

c(p, o)

1
B) 3 =% )
1+Rl({°‘ (cos9)25(l_cose)a/0 M(t,0)sinrdt > ¢ > 0.
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Combining the last two inequalities, we conclude that
R](Ca’ﬁ)(cose) <I—y<1l with y=min{c}g,cpp}-

This proves Eq. (B.5.11) in this last case, since using k0 < a+ 1, we can choose
C(x’ﬁ as

0<cop<(a+1)2((1-y) =T -1),

which completes the proof of the lemma. O
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